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1 Differential equations

Definition: Primitive of a function

Let f : (a, b) → R : x 7→ f(x) and F : (a, b) → R : x 7→ F (x),

� F is a primitive of f on ]a, b[ if and only if:

� F is differentiable in ]a, b[.

� ∀x ∈ (a, b) : F ′(x) = f(x).

� The Indefinite integral of f , noted by
∫
f(x) dx, represents the set of all primitives of f .

� If F is a primitive of f ,
∫
f(x) dx = F (x) + C where C ∈ R is an arbitrary constant.

t RECALL∫
xa dx =

xa+1

a+ 1
+ C ∀a ∈ R \ {−1},∀x ∈ R,R0,R+ ou R+

0 selon la valeur de a,∫
x−1 dx = ln |x|+ C ∀x ∈ R0,∫
ex dx = ex + C ∀x ∈ R,∫
sinx dx = − cosx+ C ∀x ∈ R,∫
cosx dx = sinx+ C ∀x ∈ R,∫

1

cos2 x
dx = tanx+ C ∀x ∈ R \

{π
2
+ kπ : k ∈ Z

}
,∫

1

sin2 x
dx = cotx+ C ∀x ∈ R \ {kπ : k ∈ Z}.

Important properties: linearity

∀α, β ∈ R,
∫
(αf(x) + βg(x)) dx = α

∫
f(x) dx+ β

∫
g(x) dx.

� EXAMPLE∫
(4ex + 5x7) dx = 4

∫
ex dx+ 5

∫
x7 dx = 4ex + 5

8x
8 + C.

Two methods of integration

4



CHAPTER 1. DIFFERENTIAL EQUATIONS 5

� Integration by parts:∫
f(x)g′(x) dx = f(x)g(x)−

∫
f ′(x)g(x) dx.

� EXAMPLE∫
x sinx dx = −x cosx+

∫
cosx dx = −x cosx+ sinx+ C.

� Integration by a change of varialbles:

If: ∫
f(t) dt = F (t) + C,

then: ∫
f(u(x))u′(x) dx = F (u(x)) + C.

� EXAMPLE

Consider
∫
2xex

2
dx. We set t = x2 → dt = 2x dx. From this:∫

2xex
2
dx =

∫
et dt = et + C = ex

2
+ C.

Definition: Differential equation

A differential equation is an equation in which the unknown is a function and where the unknown
function, and its succinctive derivatives appear in the equation. The order of a differential equation is
the degree of the highest derivative of the unknown function in the equation.

We represent by y or f(x) the unknown function differentiable on the open interval ]a, b[.

ª REMARK

The unknown function is sometimes dependent on the variable t (time) in which case
dy

dt
is often

denoted by ẏ,
d2y

dt2
is denoted by ÿ,

d3y

dt3
is denoted by

...
y , etc.

1.1 Equation y′ = g(x)

Where y is the unknown function and g is a given function on ]a, b[: we look for functions for which the
derivative equals g, to be precise, the primitives of g(x).

� They exist, for example, if g is continuous on ]a, b[.

� They differ by a constant.
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� The general solution (in this case, the set of all solutions) is y =
∫
g(x) dx, or equivalently, y = G(x) + C

where G is a primitive of g.

ª REMARK
The general solution of such an equation contains an arbitrary constant. They group therefore
infinitely many solutions. In many problems, an initial condition is given, usually in the form
y(0) = y0 where y0 is a given real (“Cauchy problem”). This condition often determines a unique
value for the constant, providing a unique particular solution to the differential equation.

� EXAMPLE

The general solution to the equation y′ = sinx is y = − cosx+ c (∀c ∈ R). The particular solution
corresponding to y(0) = 2 is y = − cosx+ 3.

1.2 Linear first order equations of the form y′ + g(x)y = h(x)

We choose as function M(x) one of the functions e
∫
g(x) dx (by choosing the constant of integration, for example

0), that always exists and does not become zero on ]a, b[. We have thus:

y′ + g(x)y = h(x),

↔y′M(x) + g(x)yM(x) = h(x)M(x).

are two equivalent equations. But:

(yM)′ = y′M + yM ′ = y′M + y
(
e
∫
g(x) dx

)′
= y′M(x) + g(x)yM(x).

The given equation therefore reduces to:

(yM)′ = h(x)M(x).

To summary: If we pose M(x) = e
∫
g(x) dx, the equation y′ + g(x)y = h(x) is equivalent to z′ = h(x)M(x)

with z = yM .

� EXAMPLE

Resolution of the differential equation y′ + 2x︸︷︷︸
g(x)

y = e−x2︸︷︷︸
h(x)

.

If we set M(x) = e
∫
2xdx = ex

2
(by choosing the constant of integration = 0), we get the equivalent

differential equation:

ex
2
y′ + 2xex

2
y = 1

where:

ex
2
y = x+ c

and finally:

y = xe−x2
+ ce−x2

,

which is the general solution of the differential equation.
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1.3 Linear differential equation with constant coefficients of the

order n (n ∈ N)

Definition: Linear differential equation with constant coefficients of the order n

The equation:

y(n) + a1y
(n−1) + . . .+ an−1y

(1) + any
(0) = h(x),

where h(x) is known on ]a, b[ and where, by convention, y(k) represents the kth derivative of y, ∀k ∈
N (including y(0) = y and y(1) = y′, y(2) = y′′), is a linear differential equation with constant
coefficients of order n.

ª REMARK
The case where n = 1 gives a first order linear differential equation.

Properties:

� y(n) + a1y
(n−1) + . . .+ any

(0) = 0 is by definition the homogeneous equation.

� If y1 and y2 are solutions of the equation, then y1 − y2 is a solution of the homogeneous equation.

� So GSNE = GSHE + PSNH

� Linear combinations of the homogeneous equation are also solutions.

� Where GSHE is the vector space of all solutions of homogeneous equations.

� Its dimension is n (not easy to show . . . )

� We look for a basis of this vector space, i.e. n linearly independent solutions.

� GSHE = y =
∑n

i=1 ciφi(x) where the functions φi(x) represent n linearly independent solutions of the
homogeneous equation and the ci are arbitrary constants.

1.3.0 GSHE: general solution to the homogeneous equation

If we can determine n linearly independent functions φi(t) (i = 1, . . . , n), n that are solutions to the homogeneous
equation, we can write the GSHE = y =

∑n
i=1 φn(x).

We have the homogeneous equation y(n) + a1y
(n−1) + . . .+ any

(0) = 0.

y = eλx is a solution iff:

λn + a1λ
n−1 + . . .+ anλ

0 = 0.

given that
(
eλx
)(p)

= λp
(
eλx
)
and that eλx is non-zero for all x and all λ. This polynomial is called the

characteristic polynomial of the homogeneous equation. This is an nth degree polynomial, which gives, by
the theorem of d’Alembert (see course BA1), that this polynomial has n roots in C, singular or plural.
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For each root, singular or plural, complex or real, of the characteristic polynomial, we can derive one or more
solutions of the homogeneous differential equation. We can show that the union of these solutions give a set of
n linearly independent solutions, which enables us to find the GSHE.

� if λ is a real singular root of the characteristic polynomial, then eλx is a solution of the homogeneous equation.

� if λ is a k-fold real root of the characteristic polynomial, then eλx, xeλx, . . . , xk−1eλx are k linearly independent
solutions of the homogeneous equation.

� if λ = a+ bi (and λ = a− bi) are singular complex roots of the characteristic polynomial, then eax cos bx and
eax sin bx are two linearly independent solutions of the homogeneous equation.

� if λ = a+bi (and λ = a−bi) are k-fold complex roots of the characteristic polynomial then eax cos bx, eax sin bx,
. . ., xk−1eax cos bx, xk−1eax sin bx are 2k linearly independent solutions of the homogeneous equation.

1.3.0 PSNH: Particular solution of non-homogeneous equation

Consider the equation y(n) + a1y
(n−1) + a2y

(n−2) + . . .+ an−1y
(1) + any

(0) = k(x)ebx where k(x) is a polynome
and b is not a root of the characteristic polynomial: then we try a particular solution of the form c(x)ebx

where c(x) is an (unknown) polynomial of the same degree as k(x).

� EXAMPLE

Consider the equation y′′ − 2y′ + y = x. The characteristic polynomial is λ2 − 2λ + 1 = (λ − 1)2

which has a double root, 1 and k(x)ebx = xe0x, which is a first degree polynomial multiplied by
e0x, and 0 ̸= 1. We therefore try a solution (αx + β)e0x = αx + β. So y = αx + β, y′ = α and
y′′ = 0. If we replace this in the differential equation, we get 0 − 2α + αx + β = x, so α = 1 et
β = 2.
We therefore have PSNH y = x+ 2.
As the GSHE is y = c1e

x+c2xe
x, we have that the GSNH can be written as y = c1e

x+c2xe
x+x+2,

∀c1, c2 ∈ R.

ª REMARK

If b is a α-uple root of the characteristic polynomial, we try a solution of the form xαc(x)ebx

where c(x) is an (unknown) polynomial of the same degree as k(x).

� EXAMPLE

Consider the equation y′′ − 2y′ + y = ex. The characteristic polynomial is λ2 − 2λ+ 1 = (λ− 1)2

which has a double root equal to 1 and k(x)ebx = 1e1x, which is a polynomial of degree 0 (a
constant) multiplied by e1x, with 1 a doulbe root of the characteristic polynomial.
We therefore try a solution y = Kx2ex. So:

y′ = (2Kx+Kx2)ex,

y′′ = (2K + 4Kx+Kx2)ex,

and, by replacing this in the differential equation, we get:

(2K + 4Kx+Kx2)ex − 2(2Kx+Kx2)ex +Kx2ex = ex,

This gives 2Kex = ex, so K = 1
2 . We obtain as PSNH: y = 1

2x
2ex
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As we have GSHE: y = c1e
x + c2xe

x, we get as GSNH:

y = c1e
x + c2xe

x +
1

2
x2ex, ∀c1, c2 ∈ R

1.4 Initial conditions

The general solution of a differential equation of degree n contains n arbitrary constants. They group therefore
an infinite number of different solutions. In many problems, also initial conditions are given, clasically in the

form y(0) = y0, y
′(0) = y′0, . . . , y

(n−1)(0) = y
(n−1)
0 with y0, y

′
0, . . . , y

(n−1)
0 given reals (Cauchy problem). These

conditions often permit to obtain a unique solution by fixing the constants in the general solution.

1.5 Exercises and answers

å EXERCISES

1 Solve the following first order linear differential equations (unknown function y, function of

a single variable x)

a y′ + 5y = 15

b y′ = y + ex. Determine the particular solution with y(0) = 7.

c y′ + x2y = 3x2

d y′ + 6y = e−x.

2 Resolve the following linear differential equations.

a y′′ − 2y′ + y = e3x and determine the particular solution with y(0) = 3 and y′(0) = 2.

b y′′ − y = 6ex

c y(3) − 3y′′ − 4y′ + 12y = 2ex

d y(3) − y′′ + y′ − y = x+ 3

e y′′ − 5y′ + 6y = xe3x

´ ANSWERS

1 a y = 3 + Ce−5x, ∀C ∈ R.

b y = (x+ C)ex, ∀C ∈ R; particular solution with y(0) = 7 : y = (x+ 7)ex.

c y = 3 + Ce−
x3

3 ∀C ∈ R.
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d y = 1
5e

−x + Ce−6x, ∀C ∈ R.

2 a y = C1e
x + C2xe

x + 1
4e

3x,∀C1, C2 ∈ R.

particular solution with y(0) = 3 and y′(0) = 2: y = 11
4 e

x − 3
2xe

x + 1
4e

3x.

b y = C1e
x + C2e

−x + 3xex, ∀C1, C2 ∈ R.

c y = C1e
3x + C2e

2x + C3e
−2x + 1

3e
x,∀C1, C2, C3 ∈ R.

d y = C1e
x + C2 cosx+ C3 sinx− x− 4,∀C1, C2, C3 ∈ R.

e y = C1e
3x + C2e

2x +
(
1
2x

2 − x
)
e3x,∀C1, C2 ∈ R.



2 Functions in Rn

2.1 Cartesian product

Definition: Cartesian product

Let A,B be two sets. The cartesian product of A and B is the set:

A×B = {(a, b)|a ∈ A, b ∈ B}.

Figure 2.1: Example of a cartesian product of two sets A and B

X

Y

A

B

ª REMARK
� We can also define the cartesian product of three sets A,B and C:

A×B × C = {(a, b, c)|a ∈ A, b ∈ B, c ∈ C}.

� or the cartesian product of n sets n A1, . . . , An:

A1 ×A2 × . . .×An = {(a1, . . . , an)|∀i = 1, . . . , n, ai ∈ Ai}

� EXAMPLE
� The unit square:

[0, 1]× [0, 1] ≡ [0, 1]2 = {(x, y)|x ∈ [0, 1] et y ∈ [0, 1]}

11
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� The set of all couples of reals:

R× R ≡ R2 = {(x, y)|x, y ∈ R}

� The set of all triples of reals:

R× R× R ≡ R3 = {(x, y, z)|x, y, z ∈ R}

� The set of all n-uples of reals:

R× . . .× R︸ ︷︷ ︸
n fois

≡ Rn = {(x1, . . . , xn)|x1, . . . , xn ∈ R}.

Attention! if x ∈ Rn we write x = (x1, . . . , xn)

� The set of all n-uples of non-negative reals:

Rn
+ = {(x1, . . . , xn)|x1, . . . xn ∈ R+} = {(x1, . . . , xn)|x1, . . . , xn ≥ 0}

� The set of all n-upples of strictly positive reals:

Rn
++ = {(x1, . . . , xn)|x1, . . . , xn ∈ R++} = {(x1, . . . , xn)|x1, . . . , xn > 0}

2.2 Fuctions

t RECALL

A function on a set D ⊂ R associates to each real number x ∈ D another (unique) real number
called f(x). We also write,

f : D ⊂ R → R : x 7→ y = f(x)

Figure 2.2: Illustration of a univariate function

x f y =f(x)

X(0, 0)

Y

x

(x, f(x))
f(x)
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Definition: Multivariate functions

A function of n variables for which the domain of definition is D ⊂ Rn is a rule that associates a
unique real f(x1, . . . , xn) to each n-uple x = (x1, . . . , xn) in D. We write:

f : D ⊂ Rn → R : x︸︷︷︸
(x1,...,xn)

7→ y = f(x)︸︷︷︸
f(x1,...,xn)

.

Figure 2.3: Graphical representation of a multivariate function

x1

...

xn

f y =f(x)

Y

X

Z

y

x

(x, y)

(x, y, f(x, y))

f(x, y)

We can illustrate a function of two variables f : D ⊂ R2 → R as a surface. Figure 2.4 gives the surface of the
function f(x, y) =

√
x · y.

Figure 2.4: f : [0, 1]2 → R : (x, y) 7→ f(x, y) =
√
x · y

0.2 0.4 0.6 0.8 1

0.2
0.4

0.6
0.8

1
0.2

0.4

0.6

0.8

1

√
xy

X

Y

Z
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� EXAMPLE
A frequently used function of two variables in economic models is:

f : R2
+ → R : f(k, ℓ) = Akαyβ,

where A,α, β are constants. Usually, we assume that f is only defined for k, ℓ ≥ 0. A function f
of this form is called a Cobb-Douglas-function. It is often used as a production function. Then k
is the quantity of capital and ℓ is the amount of labour. Then f(k, ℓ) gives the number of units
produced.

For certain functions, it is normal to restrict, either explicitly or implicitly the domain D on which the function
is defined. For example, if f(k, ℓ) is a production function, it is normal to assume that k and ℓ are positive. In
economics, it is often important to be clear about the domain of the functions used.

Definition: Domain of a function

The domain of a function f from Rn to R is the set of all values x ∈ Rn for which f(x) ∈ R (exists).

ª REMARK

� If D ⊂ Rn is the domain of f , we write f : D ⊂ Rn → R : x 7→ f(x).

� The domain of a function f from Rn to R is a subset of Rn.

� Existence rules:

� If f(x) =
g(x)

h(x)
, the condition is that h(x) ̸= 0.

� If f(x) = ln(g(x)) the condition is that g(x) > 0.

� If f(x) = (g(x))1/n with n even, the condition is that g(x) ≥ 0.

� EXAMPLE

� f(x, y) = x · y → no conditions, so f = R2

� f(x, y) = x2 + y2 → no conditions, so f = R2.

� f(x, y) =
1

x− y
. We have the condition that: x− y ̸= 0, so:

dom f = {(x, y) ∈ R2|x− y ̸= 0} = {(x, y) ∈ R2|x ̸= y}

� f(k, ℓ) = Ak0.5ℓ0.5. We have the condition that: k, ℓ ≥ 0, so:

dom f = {(k, ℓ) ∈ R2
+} = R+ × R+ ≡ R2

+

� f : [0, 1]× [0, 1] → R : (x, y) → y = x · y. Here the domain is explicitly given by [0, 1]× [0, 1] ≡
[0, 1]2.

https://assets.aeaweb.org/asset-server/journals/aer/top20/18.1.139-165.pdf
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Definition: Function Image

The image of a function f : D ⊆ Rn → R : x 7→ y = f(x) is the set of all (real) values that a function
can attain

imf = {f(x) ∈ R|x ∈ D}

� EXAMPLE

Consider f : [0, 1]2 → R : (x, y) 7→ x.y. We have that im f = [0, 1] because 0 ≤ x, y ≤ 1,
so 0 ≤ x · y ≤ 1. For all z ∈ [0, 1] we can find values x, y ∈ [0, 1] such that x · y = z (for
examplex = y =

√
z).

2.3 Level curves and vertical sections

Definition: Level curves of value c

The level curve of value c ∈ R of a function f : D ⊂ Rn → R : x 7→ y = f(x) is the subset of all points
x in D that attain the value c. In other words, the level set of value c is the set:

{x ∈ D|f(x) = c}.

Figure 2.5 gives an illustration of a level curve for a function of two variables. The level curve is given by the
intersection of the surface of the function and a plane parallel to the XY plane of value z = c. In the figure,
thihs intersection is given by the curve AB. We can also project this curve on the XY plane, which gives the
curve CD.

Figure 2.5: Level curve

Y
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Z

A

C

c

B

D

� EXAMPLE

Consider f : [0, 1]2 : (x, y) 7→ z =
√
x · y. The level curve of value c is:

{(x, y) ∈ [0, 1]2 :
√
x · y = c} = {(x, y) ∈ [0, 1]2 : x · y = c2}

For a function of two variables, we can illustrate this in the XY plane
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Figure 2.6: Courbes de niveau de f(x, y) =
√
x · y
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In the three-dimensional euclidean space, there are three types of fundamental objects, points, lines and planes.

� Points are represented by their coordinates, triples of real numbers (x, y, z) (there is a unique one to one
correponsence between points and the set R3).

� Plaines are sets of points (x, y, z) that satisfy an equation of the form.

ax+ by + cz = d.

with a, b, c ∈ R and not all three of the numbers a, b, c equal to zero.

� Lines in three dimensional space can be seen as the intersection of two non-parallel planes.

We are intersted in certain types of planes: vertical and horizontal ones. The vertical planes are the ones for
which there is no term in z in the equation (c = 0), so ax+ by = d.

Horizontal planes are the ones for which there is no term in z and y in the equation, so a = b = 0, giving cz = d.

Some of them might be useful. In particular,

� z = k horizontal plane parallel to the XY plane.

� x = k vertical plane parallel to the Y Z plane.

� y = k vertical plane parallel to the XZ plane.

� x = y and x = −y vertical bisection planes

The intersection of a horizontal plane z = k and the surface of a a function z = f(x, y) gives the level curve of
value k.
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Figure 2.7 gives an illutration of a vertical section AB obtained by the intersection of a the surface of a function
and a vertical plane parallel to the XZ plane (with y = k). The curve AB gives the combinations of (z, x) for
which z = f(x, k).

Figure 2.7: Vertical plane parallel to the XZ plane

Y

X

Z

k

B

A

The intersection of these planes and the surface of a function of two variables f(x, y), and the level curves often
permits the describe the surface of the function under consideration.

� EXAMPLE

z = f(x, y) = x2 + y2.
The intersections between this surface and the vertical planes with equation x = k are paraboles:

z = k2 + y2.

by symmetry, the intersections between the surface and vertical planes with equation y = k are
also paraboles. Finally, the intersection between the surface and the vertical bisectors are also
paraboles (we obtain z = 2x2. Attention to the units!!)
If we combine these results, the vertical sections with y = k et x = k, we recognize the surface of
the function.
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X

Y

Z

t RECALL
The set Rn = R× . . .× R︸ ︷︷ ︸

n fois

is a vector space .

� If x ∈ Rn, we have x = (x1, . . . , xn) where xi ∈ R.

� Two operations:

� Addition: ∀x, y ∈ Rn:

(x1, . . . , xn)︸ ︷︷ ︸
x

+(y1, . . . , yn)︸ ︷︷ ︸
y

= (x1 + y1, . . . , xn + yn)︸ ︷︷ ︸
x+y

.

� Scalar multiplication: ∀α ∈ R,∀x ∈ Rn:

α · (x1, x2, . . . , xn)︸ ︷︷ ︸
x

= (αx1, ax2, . . . , αxn)︸ ︷︷ ︸
α·x

.

2.4 The norm

Definition: euclidian norm

Consider x = (x1, . . . , xn) ∈ Rn. The (euclidean) norm of x is,

∥x∥ =

√√√√ n∑
i=1

(xi)2.
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� EXAMPLE

The norm of x = (1, 2, 3) equals:

∥x∥ =
√
1 + 4 + 9 =

√
14.

Proposition

∀x ∈ Rn : ∥x∥ ≤
n∑

i=1

|xi|.

W PROOF

Hypothesis x = (x1, . . . , xn) ∈ Rn

Thesis ∥x∥ ≤∑n
i=1 |xi|

Consider x = (x1, . . . , xn) ∈ Rn.

0 ≤ ∥x∥ ≤
n∑

i=1

|xi|,

↔∥x∥2 ≤
(

n∑
i=1

|xi|
)2

= (|x1|+ . . .+ |xn|) · (|x1|+ . . .+ |xn|), Square of non-negative numbers

↔∥x∥2 ≤
n∑

i=1

|xi|2 +
n∑

i=1

n∑
j=1
j ̸=i

|xi||xj |,

↔
n∑

i=1

(xi)
2 ≤

n∑
i=1

(xi)
2 +

n∑
i=1

n∑
j=1
j ̸=i

|xi||xj |, ∥x∥2 =

n∑
i=1

(xi)
2

↔0 ≤
n∑

i=1

n∑
j=1
j ̸=i

|xi||xj |︸ ︷︷ ︸
≥0

The last inequality is true, so the first also has to be true.

� EXAMPLE

If x = (1, 2, 3), we get ∥x∥ =
√
14 and |x1|+ |x2|+ |x3| = 6(=

√
36).
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Definition: euclidean distance

The euclidean distance between x = (x1, . . . , xn) ∈ Rn and y = (y1, . . . , yn) ∈ Rn is:

∥x− y∥ =

√√√√ n∑
i=1

(xi − yi)2.

� EXAMPLE

The distance between x = (1, 2, 3) and y = (3, 2, 1) is

∥x− y∥ =
√
(1− 3)2 + (2− 2)2 + (3− 1)2,

=
√
4 + 0 + 4 =

√
8 = 2

√
2.

Proposition: properties of the norm/euclidean distance

The norm ∥.∥ satisfies the following properties,

� ∀x ∈ Rn: ∥x∥ = 0 if and only if x = 0.

� ∀x, y, z ∈ Rn : ∥x+ y∥ ≤ ∥x∥+ ∥y∥ (triangle inequality)

� ∀α ∈ R,∀x ∈ Rn : ∥αx∥ = |α|∥x∥.

� EXAMPLE

Given x = (1, 2, 3) and y = (3, 2, 1), we obtain, ∥x+ y∥ =
√
42 + 42 + 42 = 4

√
3 and ∥x∥ = ∥y∥ =√

1 + 22 + 32 =
√
14. Note that 4

√
3 ≤ 2

√
14.

ª REMARK
� The first condition implies that the distance between a and b is zero iff a = b:

∥a− b∥︸ ︷︷ ︸
∥x∥

= 0 ↔ a− b︸ ︷︷ ︸
x

= 0 ↔ a = b.

� The second condition implies that the distance between a and c is always less than or equalt to
the sum of the distances between a and b, and b and c.

∥a− b∥ = ∥ a− c︸ ︷︷ ︸
x

+ c− b︸ ︷︷ ︸
y

∥ ≤ ∥ a− c︸ ︷︷ ︸
x

∥+ ∥ c− b︸ ︷︷ ︸
y

∥.

� The last condition implies that ∥ − x∥ = | − 1|∥x∥ = ∥x∥. As such, the distance between a and
b equals the distance between b and a.

∥a− b∥ = ∥(−1)(b− a)∥ = ∥b− a∥.
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Definition

The (euclidean) scalar product between x = (x1, . . . , xn) ∈ Rn and y = (y1, . . . , yn) ∈ Rn is,

⟨x, y⟩ =
n∑

i=1

xiyi.

ª REMARK

� We have that ∥x∥2 =∑n
i=1(xi)

2 = ⟨x, x⟩, so ∥x∥ =
√
⟨x, x⟩.

� ∀x, y, z ∈ Rn, α, β ∈ R,

α⟨z, x⟩+ β⟨z, y⟩ = ⟨z, αx+ βy⟩.

� If ⟨x, y⟩ = 0 the vectors x and y are orthogonal (the angle between the two vectors is 90 degrees).
If ⟨x, y⟩ > 0 the angle between x and y is est acute (less than 90 degrees). If ⟨x, y⟩ < 0, the angle
between the vectors x and y is obtuse (more than 90 degrees).

� EXAMPLE

Let x = (1, 2, 3) and y = (−3, 4, 5), then:

⟨x, y⟩ = −3 + 8 + 15 = 20.

2.5 Balls in Rn

Definition: Open and closed ball

An open ball of Rn with center c ∈ Rn and ray r > 0, is the set B(c, r) ⊂ Rn defined by:

B(c, r) = {x ∈ Rn | ∥x− c∥ < r} .

The closed ball of Rn with center c and ray r > 0 is the set

B(c, r) = {x ∈ Rn | ∥x− c∥ ≤ r}.

� EXAMPLE
� The balls of R are open and closed intervals centered around c.

B(c, r) = ]c− r, c+ r[ et B(c, r) = [c− r, c+ r] .

� The balls of R2 are discs (with our without “boundary”)

� The balls of R3 are spherical balls (spheres).

� The balls of Rn are ‘hyper-spheres’
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Figure 2.8: Balls of R,R2 and R3
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2.6 Exercises and answers

å EXERCISES

1 Determine and represent graphically the domain of definition of the following functions (of

two variables).

a f(x, y) =
√
x− y + 1.

b f(x, y) =
3xy

2 + x2 + y4
.

c f(x, y) = e2x
√
y2 − 4.

d f(x, y) = 2 ln(x).

e f(x, y) = ln(xy − 1) with x > 0 and y > 0.

2 For every given function, determine and represent on the same graph the leveld curves for

the indicated values. Also determine the indicated vertical sections.

a z = f(x, y) = xy

level curves of values -2, -1, 0, 1 et 2; sections for x = y and x = −y.
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b z = f(x, y) = |x|+ |y|
level curves of value -1, 0, 1, 2 et 3; sections with x = 0 and y = 0.

c z = f(x, y) = min{x, y}
level curves of value 0, 1 and 2.

d z = f(x, y) = (x− 1)2 + (y + 2)2

level curves of value 0, 1 et 2; sections with x = 1.

e z = f(x, y) =
(x− 1)2

4
+
y2

9
level curves of value 0, 1 et 4; sections with x = 1 and y = 0.

f y = f(k, ℓ) = kαℓβ (α, β, k and ℓ > 0)

level curves of value 1 and 2; sections with k = ℓ (discuss depending on whether α+β =
1)

g z = f(x, y) = 2 lnx.

level curves of value −2, 0 and 2; sections with y = 1, y = 2 and x = e.

´ ANSWERS

1 a Condition: x− y + 1 ≥ 0. So dom f = {(x, y) ∈ R2 : x− y + 1 ≥ 0}

Y

X-4

-4

-3

-3

-2

-2

-1

-1

1

1

2

2

3

3

4

4

b dom f = R2.

c Condition: y2 − 4 ≥ 0, or y2 ≥ 4 which is true if y ≥ 2 or y ≤ −2.

dom f = {(x, y)|y ≥ 2} ∪ {(x, y)|y ≤ −2} = R× {]−∞,−2] ∪ [2,∞[}
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Y

X-4

-4

-3

-3

-2

-2

-1

-1

1
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2
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3

4

4

d Condition: x > 0. So dom f = {(x, y)|x > 0} = R++ × R.

Y

X0-4
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-3
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-2

-1

-1
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3
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4

e Condition: xy − 1 > 0 or xy > 1.

dom f = {(x, y)|xy > 1 et x, y > 0} = {(x, y)|x > 0 et y > 1/x}.
Y

X1

1

2

2

3

3

4

4

5

5

2 Note that CK is the level curve of value K of the considered function.

a z = f(x, y) = xy.

� C−2 = {(x, y) ∈ R2 : xy = −2} = {(x, y) ∈ R2 : y = −2/x}. in blue

� C−1 = {(x, y) ∈ R2 : y = −1/x} in green

� C0 = {(x, y) ∈ R2 : x = 0 ou y = 0} union of the x and y axes in yellow
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� C1 = {(x, y) ∈ R2 : y = 1/x} in red

� C2 = {(x, y) ∈ R2 : y = 2/x} in black
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� Section with x = y : f(y, y) = y2 in red.

� Section with x = −y : f(−y, y) = −y2 in blue.
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4
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b z = f(x, y) = |x|+ |y|
� C1 = {(x, y) ∈ R2 : |x|+ |y| = −1} = ∅.
� C0 = {(x, y) ∈ R2 : |x|+ |y| = 0} = {(0, 0)}
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� C1 = {(x, y) ∈ R2 : |x|+ |y| = 1} en rouge.

� C2 = {(x, y) ∈ R2 : |x|+ |y| = 2} en vert.

� C3 = {(x, y) ∈ R2 : |x|+ |y| = 3} en noir.

level curves of value -1, 0, 1, 2 et 3; sections with x = 0 and y = 0. Ck = {(x, y) ∈ R2 :
|x|+ |y| = k}. C−1 = ∅, C0 = {(0, 0)}, C1 in red, C2 in green, C3 in black
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� Section with x = 0 : z = |y|.
� Section with y = 0 : z = |x|.

Y

f(0, y)

-4 -3 -2 -1 1 2 3 4

1

2

3

4

c z = f(x, y) = min{x, y} =

{
x si x ≤ y

y si x > y

� C0 = {(x, y) ∈ R2 : min{x, y} = 0} = {(x, y) ∈ R2 : (x = 0 et y ≥ 0) ou (y = 0 et x ≥
0)} in red.

� C1 = {(x, y) ∈ R2 : min{x, y} = 1} = {(x, y) ∈ R2 : (x = 1 et y ≥ 1) ou (y = 1 et x ≥
1)} in green.

� C2 = {(x, y) ∈ R2 : min{x, y} = 2} = {(x, y) ∈ R2 : (x = 2 et y ≥ 2) ou (y = 2 et x ≥
2)} in blue.
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X

Y
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4

d z = f(x, y) = (x− 1)2 + (y + 2)2

� C0 = {(x, y) ∈ R2 : (x− 1)2 + (y + 2)2 = 0} = {(1,−2)} in blue.

� C1 = {(x, y) ∈ R2 : (x − 1)2 + (y + 2)2 = 1} (circle with center (1,−2) and ray 1) in
red.

� C2 = {(x, y) ∈ R2 : (x− 1)2 + (y+2)2 = 2} (circle with center (1,−2) and ray
√
2) in

green.

X

Y

-1 1 2 3 4

-4

-3

-2

-1

1

� Section with x = 1 : z = (y + 2)2
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Y

f(1, y)

-4 -3 -2 -1 1 2

1
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4
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6

e z = f(x, y) =
(x− 1)2

4
+
y2

9
.

� C0 =

{
(x, y) ∈ R2 :

(x− 1)2

4
+
y2

9
= 0

}
= {(1, 0)}.

� C1 =

{
(x, y) ∈ R2 :

(x− 1)2

4
+
y2

9
= 1

}
in blue.

� C4 =

{
(x, y) ∈ R2 :

(x− 1)2

4
+
y2

9
= 4

}
=

{
(x, y) ∈ R2 :

(x− 1)2

16
+
y2

36
= 1

}
in red.
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� Section with x = 1 : z =
y2

9

� Section with y = 0 : z =
(x− 1)2

4
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Y

f(1, y)
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f(x, 1)

-3-3 -2 -1 1 2 3 4

1
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f y = f(k, ℓ) = kαℓβ(α, β, k et ℓ > 0).

� C1 =
{
(k, ℓ) ∈ R2 : ℓ = k

−α
β

}
in red

� C2 =
{
(K,L) ∈ R2 : ℓ = 2

1
β k

−α
β

}
in blue

X

Y

� Section wit k = ℓ:

y = ℓα+β


si α+ β < 1 in red

si α+ β = 1, in black

si α+ β > 1, in blue
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k

g z = f(x, y) = 2 lnx

� C−2 = {(x, y) ∈ R2 : 2 lnx = −2} = {(x, y) ∈ R2 : x = e−1}. (line parallel to the y
axes)

� C0 = {(x, y) ∈ R2 : 2 lnx = 0} = {(x, y) ∈ R2 : x = 1} (line parallel to the y axes)

� C2 = {(x, y) ∈ R2 : 2 lnx = 2} = {(x, y) ∈ R2 : x = e} (line parallel to the y axes.)

Ck = {(x, y) : 2 ln(x) = k}
C−2 in red, C0 in blue, C2 in green

X

Y

e−1 1 e

� Section with y = 1 : z = 2 lnx

� Section with y = 2 : z = 2 lnx

� Section with x = e : z = 2.



3 Topology of Rn

3.1 Sequences in Rn

Definition: Suites de Rn

A sequence in Rn is a function from N to Rn and is noted by (a1, a2, . . . , at, . . .) or (at)t∈N or simply
(at).

ª REMARK
Every at is an element of Rn and contains n components, that are represented by adding an index
(from 1 to n):

(a1, . . . , at, . . .) =

(a1,1, a1,2, . . . , a1,n)︸ ︷︷ ︸
a1

, (a2,1, a2,2, . . . , a2,n)︸ ︷︷ ︸
a2

, . . . , (at,1, . . . , at,n)︸ ︷︷ ︸
at

, . . .

 .

is correct by heavy notation-wise.
We often use the convention of writing for a ∈ R2 its components by (x, y) and for a ∈ R3 its
components by (x, y, z), . . .
In this case, the sequence (a1, a2, . . . , at, . . .) of elements in R2 is the sequence(x1, y1)︸ ︷︷ ︸

a1

, (x2, y2)︸ ︷︷ ︸
a2

, . . . , (xt, yt)︸ ︷︷ ︸
at

, . . .

 .

Similarly, the sequence (a1, a2, . . . , at, . . .) of elements in R3 is given by(x1, y1, z1)︸ ︷︷ ︸
a1

, (x2, y2, z2)︸ ︷︷ ︸
a2

, . . . , (xt, yt, zt)︸ ︷︷ ︸
at

, . . .

 .

This notation has the benefit of giving the usual names to the coordinates x, y, z of the points in
R3, and the usual role to the index t.
The sequence (a1, . . . , at, . . .) of elements in Rn is the sequence:(x1, y1, . . . , z1)︸ ︷︷ ︸

a1

, (x2, y2, . . . , z2)︸ ︷︷ ︸
a2

, . . . , (xt, yt, . . . , zt)︸ ︷︷ ︸
at

, . . .

 .

31



CHAPTER 3. TOPOLOGY OF Rn 32

3.2 Convergence of sequences in Rn

Definition: convergence of sequences in Rn

The sequence (a1, . . . , at, . . .) in Rn converges to a ∈ Rn iff

∀ε > 0,∃T ∈ N,∀t > T : ∥at − a∥ < ε.

This can be reformulated in terms of balls:

∀ε > 0,∃T ∈ N,∀t > T : at ∈ B(a, ε).

If (a1, . . . , at, . . .) converges to a we also write, lim
t→∞

at = a.

ª REMARK
� In words: for all ε > 0 there are only a finite number of terms in the sequence that are at a
distance greater than ε from a.

� This definition also concerns the case n = 1 and this is the usual case for convergence with the
usual norm on R:

∀ε > 0, ∃T ∈ N,∀t > T : |at − a| < ε.

� We can remove, add or modify a finite number of terms in a sequence in Rn without affecting
its convergence.

The following proposition shows that a sequence (a1, . . . , at, . . .) converges to a in Rn iff the the following
sequence of reals (∥a1 − a∥, . . . , ∥at − a∥, . . .) converges to 0 in R.

Proposition

Consider a sequene (at) in Rn. We have that,

� lim
t→∞

at = a

iff (↕)

� lim
t→∞

∥at − a∥ = 0.
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W PROOF

Let xt ≡ ∥at − a∥ ∈ R (∀t ∈ N) be the distance between at a.

lim
t→∞

at = a,

↔ (∀ε > 0,∃T ∈ N,∀t > T : ∥at − a∥ < ε) , definition

↔ (∀ε > 0,∃T ∈ N,∀t > T : |xt − 0| < ε) , parce que 0 ≤ xt = ∥at − a∥ < ε

↔ lim
t→∞

xt = 0, definition

↔ lim
t→∞

∥at − a∥ = 0. xt = ∥at − a∥

3.3 Properties of limits of sequences

t RECALL

Proposition: Sandwich theorem

Let (xt)t∈N, (yt)t∈N and (zt)t∈N be sequences in R. Consider a ∈ R.

� If lim
t→∞

xt = a = lim
t→∞

zt.

� If ∀t ∈ N : xt ≤ yt ≤ zt

then (↓)

� lim
t→∞

yt = a.

Let (at) be a sequence in R2. We have ∀t ∈ N : at = (xt, yt). So, we can consider to eah sequence
(at)t∈N = (a1, a2, . . . , at, . . .) in R2, two sequences in R, given by the sequences of the components (xt)t∈N =
(x1, x2, . . . , xt, . . .) and (yt)t∈N = (y1, y2, . . . , yt, . . .).

Proposition

Given a (at)t∈N = ((xt, yt))t∈N in R2 and given a = (x, y) ∈ R2.

� lim
t→∞

at = a

iff (↕)

� lim
t→∞

xt = x and lim
t→∞

yt = y, i.e. the sequences of the components (xt)t∈N and (yt)t∈N converge

respectively to x and y, the components of a.

ª REMARK

� In other words: The convergence in R2 is equivalent to the convergence “component by compo-
nent” in R.
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� This generalizes to sequences in Rn.

W PROOF

(↓)

Hypothesis lim
t→∞

at = a↔ ( lim
t→∞

∥at − a∥ = 0)

Thesis ( lim
t→∞

xt = x and lim
t→∞

yt = y) ↔ ( lim
t→∞

|xt − x| = 0 and lim
t→∞

|yt − y| = 0)

Note that:

0 ≤ |xt − x| =
√

(xt − x)2

≤
√

(xt − x)2 + (yt − y)2 because (yt − y)2 ≥ 0

= ∥at − a∥ definition

So 0 ≤ |xt − x| ≤ ∥at − a∥ and lim
t→∞

∥at − a∥ = 0 (by hypothesis). Using the sandwich theorem, we

obtain: lim
t→∞

|xt − x| = 0. The proof that lim
t→∞

|yt − y| = 0 is very similar.

(↑)

Hypothesis ( lim
t→∞

xt = x and lim
t→∞

yt = y) ↔ ( lim
t→∞

|xt − x| = 0 and lim
t→∞

|yt − y| = 0)

Thesis lim
t→∞

at = a↔ lim
t→∞

∥at − a∥ = 0

Note:

0 ≤ ∥at − a∥ ≤ |xt − x|+ |yt − y| because ∥v∥ ≤
n∑

i=1

|vi|

Using the sandwich theorem, we obtain: lim
t→∞

∥at− a∥ = 0 (because lim
t→∞

|xt−x| = lim
t→∞

|yt− y| = 0

and lim
t→∞

0 = 0)

� EXAMPLE

� The sequence in R2:

((
1

t
,
t2 − 1

t2 + 1

))
t∈N

converges to (0, 1) ∈ R2.

� The sequence in R2:

((
2,

(
1 +

1

t

)t
))

t∈N

converges to (2, e) ∈ R2.

� The sequence in R3:

((
2 +

1

t
,

(
1 +

1

t

)t

,
t2 − 1

t2 + 1

))
t∈N

converges to (2, e, 1) ∈ R3.
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� The sequence in R2:

((
(−1)t,

1

t

))
t∈N

does not converge because the sequence ((−1)t)t∈N does

not converge in R.

Proposition

� If the sequence (at)t∈N in Rn converges

then (↓)

� its limit is unique.

W PROOF

Hypothesis ( lim
t→∞

at = a and lim
t→∞

at = b) ↔ ( lim
t→∞

∥at − a∥ = 0 and lim
t→∞

∥at − b∥ = 0)

Thesis a = b

Note:

0 ≤ ∥a− b∥ = ∥a−at + at︸ ︷︷ ︸
=0

−b∥,

≤ ∥a− at∥+ ∥at − b∥. triangle inequality

By the sandwich theorem, we obtain ∥a− b∥ = 0 (because lim
t→∞

∥at − a∥ = 0 and lim
t→∞

∥at − b∥ = 0

and lim
t→∞

0 = 0).

Proposition

If

� the sequence (at)t∈N in Rn converges to a ∈ Rn

� the sequence (bt)t∈N in Rn converges to b ∈ Rn

so (↓)

� ∀α, β ∈ R, the sequence (αat + βbt)t∈N converges to αa+ βb.

W PROOF

Hypothesis lim
t→∞

∥at − a∥ = 0 and lim
t→∞

∥bt − b∥ = 0.

Thesis lim
t→∞

∥αat + βbt − (αa+ βb)∥ = 0.
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We have,

0 ≤ ∥αat + βbt − αa− βb∥,
= ∥α(at − a) + β(bt − b)∥,
≤ ∥α(at − a)∥+ ∥β(bt − b)∥ triangle inequality

≤ |α|∥at − a∥+ |β|∥bt − b∥ because ∥αx∥ = |α|∥x∥

using the sandwich theorem, we have lim
t→∞

∥αat + βtb − αa − βb∥ = 0 (because lim
t→∞

∥at − a∥ = 0

and lim
t→∞

∥bt − b∥ = 0 and lim
t→∞

0 = 0).

ª REMARK

� Particular case: α = 1, β = 1 gives lim
n→∞

(an + bn) = lim
n→∞

an + lim
n→∞

bn = a+ b.

� Particular case: α = 1, β = −1 gives lim
n→∞

(an − bn) = a− b.

3.4 Subsets of Rn

Definition: Closed set

A subset A of Rn is closed iff all sequences in A that convere, have their limits in A.

∀ suites (at)t∈N dans A :
(
lim
t→∞

at = a ∈ Rn
)
→ (a ∈ A) .

ª REMARK
� In other words: the limits of converging sequences in A are in A.

� EXAMPLE

� ∅,Rn and all subsets containing a single point of Rn are closed.

� The set {(x, y) ∈ R2 : x+ y ≤ 2} is closed.

Proposition

A closed ball is a closed subset of Rn.

W PROOF

Let B(c, r) be a closed ball of Rn with center c ∈ Rn and radius r > 0.
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Hypothesis
(at) is a sequence in B(c, r) that converges to a
↔ (∀t ∈ N : ∥at − c∥ ≤ r and lim

t→∞
∥at − a∥ = 0))

Thesis a ∈ B(c, r) ↔ (∥a− c∥ ≤ r)

∥a− c∥ = ∥a−at + at︸ ︷︷ ︸
=0

−c∥,

≤ ∥a− at∥+ ∥at − c∥ triangle inequality

≤ ∥at − a∥+ r hypothesis

We have lim
t→∞

∥at − a∥ = 0, so ∥a− c∥ ≤ r.

Proposition

� Intersections of closed sets are closed

� The union of a finite number of closed sets is closed

� EXAMPLE

� {a} is closed, so all finite sets are closed.

� {a} is closed, but
⋃

a∈]0,1[{a} =]0, 1[ is not closed.

Definition: Open set

A subset A of Rn is open iff its complement (in Rn) is closed.

ª REMARK

We write AC = Rn \A to denote the complement of A in Rn.

� EXAMPLE

� Rn is open because (Rn)C = ∅ is closed.

� ∅ is open because (∅)C = Rn is closed.

� Rn \ {a} is open because {a} is closed.

Proposition

An open ball in Rn is an open set.
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W PROOF

Let B(c, r) be an open ball in Rn with center c ∈ Rn and radius r > 0. Remark that:

B(c, r)C = {x ∈ Rn|∥x− c∥ ≥ r}.

We want to show that B(c, r)C is a closed set.

Hypothesis
Let (at) be a sequance in B(c, r)C that converges to a
↔ ( lim

t→∞
∥at − a∥ = 0 and ∀t ∈ N : ∥at − c∥ ≥ r)

Thesis a ∈ B(c, r)C ↔ (∥a− c∥ ≥ r)

r ≤ ∥at − c∥ = ∥at−a+ a︸ ︷︷ ︸
=0

−c∥,

≤ ∥at − a∥+ ∥a− c∥ triangle inequality

Taking the limit for t to ∞ gives lim
t→∞

∥at − a∥ = 0, so ∥a− c∥ ≥ r.

Proposition

� Unions of open sets are open.

� Finite intersections of open sets are open.

ª REMARK

� Unions (non-finite) of closed sets are potentially non-closed, for example,⋃
x∈]0,1[

[−x, x] =]− 1, 1[.

� Intersections (non-finite) of open sets are potentially non-open, for example,⋂
x∈]1,∞[

]− x, x[= [−1, 1].

Definition: Bounded sets

A set A ⊂ Rn is bounded iff it is contained in an open ball centered around the origin.

∃r > 0 : A ⊂ B(0, r) ↔ (∃r > 0, ∀x ∈ A : ∥x∥ ≤ r)
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Figure 3.1: A bounded set

X

Y

ª REMARK

� A set is bounded iff it is included in an open set (not necessarily centered around the origin).
As every ball (not necessarily centered around the origin) is contained in a ball centered around
the origin.

B(c, r) ⊂ B(0, r + ∥c∥).

� A set is bounded iff it is included in a ball (not necessarily open).

B(c, r) ⊂ B(c, r + 1).

� EXAMPLE

� A ball (open or closed) is bounded.

� [0, 1]2 is bounded.

Definition: Compact set

A subset of Rn is compact iff it is closed and bounded.

� EXAMPLE
� A closed ball is compact.

� {a} is compact

� Every finite set is compact.

� Rn is not compact.

Definition: Convex set

A set A ⊂ Rn is convex iff all convex linear combinations of two points in A is in A:

∀x, y ∈ A, ∀α ∈ [0, 1] : αx+ (1− α)y ∈ A.
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ª REMARK
A set A ⊂ Rn is convex iff it contains all segments of lines delimited by two arbitrary points in the
set.

� EXAMPLE

� The set ∅ is convex, the set Rn is convex.

� Segments of lines, lines, planes, hyperplanes, half-lines and points are convex.

Proposition

All balls in Rn are convex.

W PROOF

Let us demonstrate this for the case of open balls. Let B(c, r) be an (open) ball with center c ∈ Rn

and radius r > 0

Hypothesis x, y ∈ B(c, r) ↔ (∥x− c∥ < r and ∥y − c∥ < r).

Thesis
∀α ∈ [0, 1] : αx+ (1− α)y ∈ B(c, r)
↔ (∀α ∈ [0, 1] : ∥αx+ (1− α)y − c∥ < r)

� If α = 0 or α = 1 the proof is evident.

� Assume that α ∈ ]0, 1[.

∥αx+ (1− α)y − c∥ = ∥α(x− c) + (1− α)(y − c)∥,
≤ ∥α(x− c)∥+ ∥(1− α)(y − c)∥, triangle inequality

= |α|∥x− c∥+ |1− α|∥y − c∥, parce que ∥αv∥ = |α|∥v∥

< αr + (1− α)r = r. by hypothesis

As such αx+ (1− α)y ∈ B(c, r).

Proposition

Intersections of convex sets are convex.

ª REMARK

Attention: unions of convex sets are not necessarily convex (example?).
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3.5 Points

Definition: interior point

A point a ∈ Rn is an interior point of the set A ⊂ Rn iff a is the center of an open ball entirely contained
within A.

∃ε > 0 : B(a, ε) ⊂ A.

ª REMARK
� If a is an interior point of A, then a ∈ A.

� a is an interior point of B(a, r) (∀r > 0).

� EXAMPLE

a = (0.5, 0.5) is an interior point of A = [0, 1]2 because B(a, r) ⊂ [0, 1]2 for all 0 < r < 0.5

Definition: neighbourhood

We say that A is a neighbourhood of a ∈ Rn, if A contains an open ball centered at a.

∃ε > 0 : B(a, ε) ⊂ A.

ª REMARK
� a is an interior point of A iff A is a neighbourhood of a.

� If a is an interior point of A, then ∃ε > 0 : B(a, ε) ⊂ A, so a ∈ A. This means that every interior
point of A is also in A.

� An open ball centered at a is a neighbourhood of a.

� A closed ball centered at a is also a neighbourhood of a. (a ∈ B(a, r/2) ⊆ B(a, r))

Proposition

� A set is open

iff(↕)

� All of its points are interior.

Definition: Adherent point

A point a is an adherent point of the set A ⊂ Rn iff there exists a sequence of elements in A that
converge to a.
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ª REMARK

� If a ∈ A, then a is an adherent point of A because the sequence (a, a, a, . . . , a, . . .) is in A and
converges to a.

� EXAMPLE

The oint a = (1, 1) is an adherent point of A =]0, 1[2 because (for example) the sequence(
(1− 1

t+1 , 1− 1
t+1)

)
t∈N

is in A and converges to (1, 1).

Proposition

� A set is closed

iff (↕)

� all its points are adherent points.

ª REMARK
� If A is closed, no point outside of A is adherent to A.

� To demonstrate that A is not closed it suffices to find one adherent point of A that does not
belong to A.

Definition: Accumultation point

A point a is an accumulation point of a set A ⊂ Rn iff there exists a sequence of points in A, distinct
of a that converges to a.

ª REMARK
� If a is an accumulation point of A, then a is also an adherent point of A.

� EXAMPLE

The point a = (1, 1) is an accumulation point of A =]0, 1[2 because (for example) the sequence(
(1− 1

t+1 , 1− 1
t+1)

)
t∈N

is in A, converges to (1, 1) and all points in the sequence are different from
a.

Proposition

� If a is an interior point of A,

then (↓)

� a is an accumulation point of A.
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W PROOF

Hypothesis a is an interior point of A ↔ (∃ε > 0, ∀b ∈ Rn : ∥b− a∥ < ε→ b ∈ A)

Thesis
a is an accumulation point of A
↔ (∃ suite (at) dans A de points distincts de a et lim

t→∞
∥at − a∥ = 0)

Let b ̸= a and ∥b− a∥ < ε, so b ∈ A. Consider the sequence (at) with:

at =
1

t
b+

(
1− 1

t

)
a = a+

1

t
(b− a).

The figure gives an illustration of this construction.

a

b = a1

A

a2
a4

a3

ε

Note that:

0 ≤ ∥at − a∥ =

∥∥∥∥1t b+
(
1− 1

t

)
a− a

∥∥∥∥ ,
=

∥∥∥∥1t (b− a)

∥∥∥∥ ,
=

∣∣∣∣1t
∣∣∣∣ ∥b− a∥ ≤ 1

t
ε because ∥αx∥ = |α|∥x∥

Using the sandwich theorem, we get lim
t→∞

∥at − a∥ = 0 (because lim
t→∞

1
t ε = 0).

Next, note that ∀t ∈ N:

∥at − a∥ =
1

t
∥b− a∥ ≠ 0, parce que b ̸= a ↔ ∥b− a∥ ̸= 0

So, ∀t ∈ N : at ̸= a (because at = a iff ∥at − a∥ = 0) and ∀t ∈ N : at ∈ A. We conclude that a is an
accumulation point (the limit of the sequence (at)t∈N in A whose elements are distinct from a).

ª REMARK
� An accumulation opint of A is not necessarily an interior point of A.

For example, if A =]0, 1[⊂ R, the point 0 is an accumulation poit of A but 0 is not an interior
poit of A, because 0 /∈ A.

� An adherent point of A is not necessarily an accumulation point of A.
For exaple, if A = {p} ⊂ Rn, the point p is an adherent point of A (because p ∈ A) but p is not
an accumulation point of A because the only sequence of points in A that converges to p ois the
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sequence (p, p, . . . , p, . . .) and all of its terms equal p.

Figure 3.2: Interior point, accumulation point and adherent point

a est point intérieur de A

a est point d’accumulation de A

a est point adhérent de A

a est point de A

3.6 Exercises and answers

å EXERCISES

1 After graphically representing each of the following subsets of R2, determine for each given

point

� if it is contained in the set, if it is an interior point of the set, if it is an accumulation point
of the set, if it is an adherent point of the set.

� For every set, determine if it is open, closed, bounded or convex. Justify.

a A = R0 × R and the point (0, 0)

b B = (R+)
2 and the point (0, 0)

c C = {(x, y) ∈ R2 : 2x+ 3y ≤ 6, x ≥ 0 et y ≥ 0} and the point (0, 2)

d D = {(x, y) ∈ R2 : 0 ≤ x ≤ 3, 0 ≤ y ≤ 2} ∪ {(3, 3)} and the point (3, 3).

e E = {(x, y) ∈ R2 : 1 < x2 + y2 ≤ 9} and the point (0, 1).

f F = {(x, y) ∈ R2 : |x|+ |y| < 2} and the point (3,−3).

g G = {(x, y) ∈ R2 : x2 +
y2

2
≤ 2} and the point (0, 0).

2 Same questions for the following subsets and points in R3
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a A = (R++)
3 and (0, 1, 1).

b B = {(x, y, z) ∈ R3 : 0 ≤ x ≤ 3, 0 ≤ y ≤ 2, 0 ≤ z ≤ 1} and the point (3, 2, 1).

c C = {(x, y, y) ∈ R3 : z = x2 + y2} and the point (1, 1, 2).

´ ANSWERS

1 a

X

Y

0

The point (x, y) = (0, 0)

� is not in A because x = 0.

� is not an interior point of A because every interior point also belongs to A.

� is an accumulation point of A because, for example, the sequence ((0, 1/t))t∈T is in
A, has elements distinct from (0, 0) and converges to (0, 0).

� is an adherent point of A because every accumulation point is also adherent.

� A is open because all of its points are interior. If (x, y) ∈ A, we know that x ̸= 0 and
B((x, y), |x|) ⊂ A.

� A is not closed. The point (0, 0) is adherent to A but (0, 0) is not a point of A.

� A is not bounded because ∀K > 0, K ̸⊂ B((0, 0),K) so A contains points (x, y) with
∥(x, y)∥ as large as desired.

� A is not convex, because, for example, (1, 0) ∈ A and (−1, 0) ∈ A but 1
2(1, 0) +

1
2(−1, 0) = (0, 0) /∈ A.

b
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X

Y

0

The point (x, y) = (0, 0) is

� a point of B because x, y ≥ 0.

� is not an interior point of B because every open ball B((0, 0), ε) contains a point (x, y)
with x, y < 0 that is not in the set B.

� is an accumulation point. For example, the sequence ((1/t, 0))t∈N in B converges to
(0, 0) and (1/t, 0) ̸= (0, 0) for all t ∈ N.

� is an adherent point because it is an accumulation point.

� B is not open. For example, (0, 0) is in B, but it is not an interior point of B.

� B is closed because all points of B are accumulation points of B and therefore also
adherent points of B.

� B is not bounded. ∀K ∈ N, B ̸⊂ B((0, 0),K). B contains points (x, y) with ∥(x, y)∥
as large as desired.

� B is convex. If (x1, y1) ∈ B and (x2, y2) ∈ B we know that x1, x2, y1, y2 ≥ 0. As
such, ∀α ∈ [0, 1] : αx1 + (1 − α)x2 ≥ 0 and αy1 + (1 − α)y2 ≥ 0. Conclude that
α(x1, y1) + (1− α)(x2, y2) = (αx1 + (1− α)x2, αy1 + (1− α)y2) ∈ B.

c

3

2

X

Y

0

The point (x, y) = (0, 2)

� is a point of C because 0, 2 ≥ 0 and x+ 3y = 0 + 3.2 = 6 ≤ 6.

� is not an interior point of C because every ball B((0, 2), ε) contains a point (0, y) with
y > 2, which is not in C.

� is an accumulation point of C. For example, the sequence ((0, 2 − 1/t))t∈N in C
converges to (0, 2) and only contains elements distinct from (0, 2).
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� is an adherent point of C because it is a point of C.

� C is not open, because, for example, (0, 2) is not an interior point.

� C is closed because all its adherent points are in C.

� C is bounded, for example, C ⊆ B((0, 0), 4).

� C is convex. Let (x1, y1), (x2, y2) ∈ C and α ∈ [0, 1]. We have that

αx1 + (1− α)x2 ≥ 0 et αy1 + (1− α)y2 ≥ 0,

and

(αx1 + (1− α)x2) + 3(αy1 + (1− α)y2) = α(x1 + 3y1) + (1− α)(x2 + 3y2),

≤ α6 + (1− α)6 = 6

So α(x1, y1) + (1− α)(x2, y2) ∈ C.

d

3

2

X

Y

3

0

The point (x, y) = (3, 3)

� is a point in D (by definition)

� is not an interior point of D because all open balls B((3, 3), ε) contain points that do
not belong to D.

� is not an accumulation point because there does not exist a sequence of points in D
whose elements are distnct from (3, 3) and which converge to (3, 3).

� is an adherent point of D because it belongs to D.

� D is not open. For example, (3, 3) is in D but is not an interior point of D.

� D is closed because all its adherent points belong to D.

� D is bounded. For example, D ⊂ B((0, 0), 6)

� D is not convex. For example, (3, 3) and (3, 2) ∈ D but 0.5(3, 3)+0.5(3, 2) = (3, 2.5) /∈
D.

e



CHAPTER 3. TOPOLOGY OF Rn 48

3

310 X

Y

0

The point (0, 1)

� is not in E because 02 + 12 = 1

� is not an interior point of E because (0, 1) is not an element of E.

� is an accumulation point of E. For example, the sequence ((0, 1 + 1/t))t∈T in E
converges to (0, 1) and contains only points distinct from (0, 1).

� is an adherent point of E because it is an accumulation point of E.

� E is not open, because, for example (0, 3) is a point of E which is not an interior
point.

� E is not closed, because, for example, (0, 1) is an adherent point of E that does not
belong to E.

� E is bounded. For example, E ⊂ B((0, 0), 4)

� E is not convex. For example, (2, 0) and (−2, 0) ∈ E, but 0.5(2, 0) + 0.5(−2, 0) =
(0, 0) /∈ E.

f

2

2 X

Y

0

The point (x, y) = (3,−3)

� is not an element of F because |3|+ |3| > 2.

� is not an interior point of F because it is not an element of F .

� is not an accumulation point because there is no sequence in F that converges to
(3,−3).

� is not an adherent point because there is no sequence in F that converges to (3,−3).

� F is open because all points are interior points.
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� F is not closed. For example, the sequence (0, 2 − 1/t))t∈N in F converges to (0, 2)
but (0, 2) is not in F .

� F is bounded. For example F ⊂ B((0, 0), 2) for all (x, y) ∈ F .

� F is convex because for all (x1, y1), (x2, y2) ∈ F and ∀α ∈ [0, 1], α(x1, y1) + (1 −
α)(x2, y2) ∈ F .

g

√
2

2

X

Y

0

The point (x, y) = (0, 0)

� is in G because 0 + 0 ≤ 2.

� is an interior point of G. For example B((0, 0), 0.1) ⊂ G.

� is an accumulation point of G because it is an interior point of G.

� is an adherent point of G because it is an accumulation point of G.

� G is not open, for example (
√
2, 0) is in G but it is not an interior point of G.

� G is closed, because all adherent points of G belong to G.

� G is bounded, for example ∥(x, y)∥ ≤ 3 for all (x, y) ∈ G.

� G is convex because for all (x1, y1), (x2, y2) ∈ G and ∀α ∈ [0, 1], α(x1, y1) + (1 −
α)(x2, y2) ∈ G.

2 a The point (x, y, z) = (0, 1, 1)

� is not in A because x = 0.

� is not an interior point. Every open ball B((0, 1, 1), ε) contains points (x, y, z) with
x < 0.

� is an accumulation point. For example, the sequence ((1/t, 1, 1))t∈N in A converges to
(0, 1, 1) and only contains points different from (0, 1, 1).

� is an adherent point of A because it is an accumulation point of A.

� A is open because all of its points are interior.

� A is not closed. For example, the point (0, 0, 0) is an adherent point of A but does
not belong to A.

� A is not bounded. For all K ∈ N, there are points (x, y, z) ∈ A with ∥(x, y, z)∥ > K

� A is convex (justify!).

b The point (x, y, z) = (3, 2, 1)

� is a point of B.

� is not an interior point of B. For exaple, every open ball B((3, 2, 1), ε) contains points
(x, y, z) with x > 3.
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� is an accumulation point of B. For example, the sequence ((3 − 1/t, 2, 1))t∈N in B
converges to (3, 2, 1) and does not contain points equal to (3, 2, 1).

� is an adherent point of B because it is an accumulation point of B.

� B is not open. For example (3, 2, 1) is in B but it is not an interior point of B.

� B is closed. All its points are adherent points.

� B is bounded. For example, B ⊂ B((0, 0, 0), 4).

� B is convex (justify!).

c Attention! C is a surface (elliptical paraboloid). The point (x, y, z) = (1, 1, 2)

� is in A because 1 = 12 + 12.

� is not an interior point of C (in R3). Every open ball B((1, 1, 2), ε) contains points
for which z2 ̸= x2 + y2

� is an accumulation point of C. For example, the sequence ((1 − 1/t, 1 − 1/t, 2(1 −
1/t)2))t∈N is a sequence in C that converges to (1, 1, 2) and does not contain points
equal to (1, 1, 2).

� is an adherent point of C because it is an accumulation point.

� C is not open. (1, 1, 2) is a point of C that is not an interior point of C.

� C is closed. All of its points are adherent points.

� C is not bounded. For all K ∈ N, there are points (x, y, z) ∈ C with ∥(x, y, z)∥ > K

� C is not convex. For example, (0, 0, 0) and (1, 1, 2) ∈ C, but (0.5, 0.5, 1) /∈ C.



4 Continuity of functions of Rn → R

4.1 Limits of functions

Definition: limit of a function

� Let f : D ⊂ Rn → R.

� Let a be an accumulation point of D.

� Let b ∈ R.

We say that f(x) tends to b if x tends to a and we write: lim
x→a

f(x) = b if and only if for all sequences

(xt)t∈N = (x1, x2, . . . , xt, . . .) of elements in D, distinct from a and converging to a, we have

lim
t→∞

f(xt) = b.

ª REMARK
� Limit following a ”path”

� lim
t→∞

f(xt) = b iff the sequence (f(x1), f(x2), . . . , f(xt), . . .) in R converges to b.

� EXAMPLE

Let f(x, y) =
xy

x2 + y2
which is a function from R2 → R.

Condition: x2 + y2 ̸= 0 ↔ (x, y) ̸= (0, 0), so dom f = R2 \ {(0, 0)}. Remark: R2 \ {(0, 0)} ≠ (R0)
2.

The point {(0, 0)} is an accumulation point of domf . Select in the XY plane the set of points for
which y = αx for a certain α (the path is a line segment that passes through the origin).

51
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X

Y

Z

Y

X

y = αx

Consider a sequence ((xt, yt))t∈N on this path (so yt = αxt) that converges to (0, 0). The sequence
(f(xt, yt))t∈N = (f(xt, αxt))t∈N is given by:

f(xt, αxt) =
xtαxt

(xt)2 + (αxt)2
=

α

1 + α
.

So along the path:

lim
t→∞

f(xt, αxt) =
α

1 + α
.

This limit depends on α and therefore changes depending on the “path” followed.
As such, the limit lim

(x,y)→(0,0)
f(x, y) does not exist.

Figure 4.1: The function xy
x2+y2
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ª REMARK
It is clear that to show the existence of a limit, it is almost always impossible to use a similar
argument to the one used above (as we need to consider an infinite number of paths).
A usefull technique to calculate lim(x,y)→(a,b) f(x, y) in R2 is the following,

� First, reparametrize the problem to obtain a limit to (0, 0) by posing

{
X = x− a

Y = y − b
↔{

x = X + a

y = Y + b
.

Indeed, the limit lim
(x,y)→(a,b)

f(x, y) can then be rewritten as lim
(X,Y )→(0,0)

f(X + a, Y + b).

� next, use polar coordinates, specifically, let

{
X = ρ cos θ

Y = ρ sin θ
. The limit

lim
(X,Y )→(0,0)

f(X + a, Y + b)

then becomes (X,Y ) → (0, 0):

lim
ρ→0
θ qcq

f(ρ cos θ + a, ρ sin θ + b)

This, sometimes, gives an idea for an argument that allows to show the existence or non-existence
of the limit.

Figure 4.2: Les coordonnées polaires

Y

Xx
ρ cos θ

y
ρ sin θ

θ

ρ

� EXAMPLE

Let us determine lim
(x,y)→(0,0)

x2√
x2 + y2

. The domain of f for f(x, y) =
x2√
x2 + y2

is R2 \ {(0, 0)}.

The point (0, 0) is an accumulation point of dom f . The numerator and the denominator of the

fraction
x2√
x2 + y2

both tend to 0 when (x, y) goes to (0, 0). We therefore have an indetermination
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of the type
0

0
.

Given that it concerns a limit for (x, y) → (0, 0), we can immediately turn to polar coordinates, in

particular,

{
x = ρ cos θ
y = ρ sin θ

We have

lim
(x,y)→(0,0)

x2√
x2 + y2

= lim
ρ→0
θ qcq

ρ2 cos2 θ√
ρ2 cos2 θ + ρ2 sin2 θ

,

= lim
ρ→0
θ qcq

ρ2 cos2 θ√
ρ2(cos2 θ + sin2 θ)

,

= lim
ρ→0
θ qcq

ρ2 cos2 θ

ρ
,

= lim
ρ→0
θ qcq

ρ cos2 θ.

As, ∀θ : 0 ≤ ρ cos2 θ ≤ ρ, we can use the sandwich theorem which gives, lim
ρ→0
θ qcq

ρ cos2 θ = 0, or

lim
(x,y)→(0,0)

x2√
x2 + y2

exists and equals 0.

Let us return to the determination of lim
(x,y)→(0,0)

xy

x2 + y2
. Changing to polar coordinates gives here,

lim
(x,y)→(0,0)

xy

x2 + y2
= lim

ρ→0
θ qcq

ρ2 cos θ sin θ

ρ2 cos2 θ + ρ2 sin2 θ
,

= cos θ sin θ =
sin 2θ

2

This depends on θ. As such, lim
(x,y)→(0,0)

x2

x2 + y2
does not exist.

4.2 Properties of limits

Taking into account the relation between limits of sequences and limits of functions, the proof of the following
properties is immediate.

Proposition

The limit of a function is unique.

W PROOF

Hypothesis lim
x→a

f(x) = b and lim
x→a

f(x) = c ↔ ( lim
x→a

|f(x)− b| = 0 et lim
x→a

|f(x)− c| = 0)

Thesis b = c
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0 ≤ |b− c| = |b−f(x) + f(x)︸ ︷︷ ︸
=0

−c| ≤ |b− f(x)|+ |f(x)− c| inégalité triangulaire

By the sandwich theorem |b − c| = 0 (because lim
x→a

|f(x) − b| = 0 and lim
x→b

|f(x) − c| = 0 and

lim
x→a

0 = 0).

Proposition

Let u : A ⊆ Rn → R : x 7→ u(x).
let v : A ⊆ Rn → R : x 7→ v(x).
let a be an accumulation point of A.

� if lim
x→a

u(x) = u and lim
x→a

v(x) = v,

then (↓)
∀λ, µ ∈ R we have:

� lim
x→a

(λu(x) + µv(x)) = λu+ µv

� lim
x→a

(u(x) · v(x)) = u · v.

� if u ̸= 0 then lim
x→a

1

u(x)
=

1

u
.

ª REMARK
� Particular cases: λ = µ = 1 and λ = 1, µ = −1.

� Limits to infinity? There are many ways to go to ‘infinity’ in Rn. The notion does not make a
lot of sense in Rn.

� Hopital’s rule?

� EXAMPLE

Infinite limits: lim
(x,y)→(0,0)

−8

x2 + 4y2
= . . .?

We have lim
(x,y)→(0,0)

−8 = −8 and lim
(x,y)→(0,0)

(x2 + 4y2) = 0, so lim
(x,y)→(0,0)

−8

x2 + y2
does not exist.
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4.3 Continuity

Definition: Continuity in a point

Let f : D ⊆ Rn → R. Let a be an accumulation point of D,
We say that f is continuous (C0) in a iff:

lim
x→a

f(x) = f(a).

ª REMARK
� To be continuous in a point a, the function must be defined in a and the point a must be an

accumulation point of the domain of f (for the limit to exist).

� Often a will be an interior point of D (domain of f). Every interior point is also an accumulation
point.

ª REMARK

Let D be open, D ⊂ Rn. A function f : D → R is continuous (C0) on D iff it is continuous in
all points of D.

� If f : Rn → R is continuous on D (an open set) then it is also continuous on all (open) subsets
of D.

Proposition

Let f : D ⊂ Rn → R and g : D ⊂ Rn → R. let a be an accumulation point of D.

� If f and g are continuous in a on D

then (↓)

� ∀λ, µ ∈ R, λf + µg is continuous in a,

� fg is continuous in a.

� If also g(a) ̸= 0, then
1

g
is continuous in a.

ª REMARK
Particular case λ = µ = 1 and λ = 1, µ = −1.

� EXAMPLE

Let f(x) =


x2√
x2 + y2

si (x, y) ̸= (0, 0)

0 si (x, y) = (0, 0)
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Here, dom f = R2 and the point (0, 0) is an interior point of dom f . We already know that
lim

(x,y)→(0,0)
f(x, y) = 0, so f is C0 in (0, 0).

4.4 Exercises and answers

å EXERCISES

1 Determine, if they exists in R, the following limits

a lim
(x,y)→(0,0)

x4

x2 + y2
.

b lim
(x,y)→(2,0)

x3

y2
.

c lim
(x,y)→(0,0)

x

y
.

d lim
(x,y)→(0,0)

sin(x2 + y2)

x2 + y2

e lim
(x,y)→(−1,2)

x(x+ 2) + y(y − 4) + 5

(x+ 1)3
.

2 Study the continuity of f(x, y) =


(x− 1)3 + y3

(x− 1)2 + y2
si (x, y) ̸= (1, 0)

0 si (x, y) = (1, 0),

in the point (1, 0).

3 Study the continuity of the following functions:

a f(x, y) =


x3 + y3

x2 + y2
si (x, y) ̸= (0, 0)

0 si (x, y) = (0, 0)

b f(x, y, z) =
e
√

x2+y2

z
.

c f(x, y) = ln(xy)

d f(x, y) =

{
x2 ln(x2 + y2) si (x, y) ̸= (0, 0)

0 si (x, y) = (0, 0)

e f(x, y) =


ey − 1

y
si y ̸= 0

x si y = 0
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´ ANSWERS

1 a

lim
(x,y)→0

x4

x2 + y2
= lim

ρ→0
θ qcq

ρ4 cos4 θ

ρ2
,

= lim
ρ→0
θqcq

ρ2 cos4 θ

We have 0 ≤ ρ2 cos4 θ ≤ ρ2 so using the sandwich theorem, the limit equals 0.

b

lim
(x,y)→(2,0)

x3

y2
→ 8

0

The limit does not exist in R.
c

lim
(x,y)→(0,0)

x

y
= lim

ρ→0
θ qcq

cos θ

sin θ

This final expression depends on θ. So, the limit does not exist.

d

lim
(x,y)→(0,0)

sin(x2 + y2)

x2 + y2
= lim

ρ→0
θ qcq

sin ρ2

ρ2
= lim

ρ→0

2ρ cos ρ2

2ρ
= 1

Note the use of hopital’s rule.

e

lim
(x,y)→(−1,2)

x(x+ 2) + y(y − 4) + 5

(x+ 1)3
= lim

(X,Y )→(0,0)

(X − 1)(X + 1) + (Y + 2)(Y − 2) + 5

X3
,

= lim
(X,Y )→(0,0)

(X2 − 1) + (Y 2 − 4) + 5

X3
= lim

ρ→0
θ qcq

ρ2 cos2 θ + ρ2 sin2 θ

ρ3 cos3 θ
,

= lim
ρ→0
θ qcq

1

ρ cos3 θ

The final expression diverges to +∞ or −∞ depending on the sign of θ, so the limit
does not exist.

2

lim
(x,y)→(1,0)

(x− 1)3 + y3

(x− 1)2 + y2
= lim

(X,Y )→(0,0)

X3 + Y 3

X2 + Y 2
,

= lim
ρ→0
θ qcq

ρ3(sin3 θ + cos3 θ)

ρ2
= lim

ρ→0
θ qcq

ρ(sin3 θ + cos3 θ)

So −2ρ ≤ ρ(sin3 θ + cos3 θ) ≤ 2ρ. Using the sandwich theorem, we obtain that the limit
equals 0. So, f(x, y) is C◦ in (1, 0).
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3 a f(x, y) is C0 on R2. Indeed:

� In the open set R2 \ {0}, f(x, y) = x3 + y3

x2 + y2
is a quotient of two polynomes that are

C0 on R2. As such the denominator cancels only in (0, 0) and f(x, y) is C0 on this
open set.

� in (0, 0) we have lim(x,y)→(0,0) f(x, y) = 0 (see previous exercise) and f(0, 0) = 0, so
f(x, y) is continuous in (0, 0).

Gathering this information, we find that f(x, y) is C◦ on R2.

b f(x, y, z) is continuous on {(x, y, z) ∈ R3 : z ̸= 0} or R3 \ {(x, y, 0) : x, y ∈ R}.

c f(x, y) is continuous on {(x, y) ∈ R2 : xy > 0} = dom f .

d In the set R2
+ \ {(0, 0)}, the function is C0. Let us then look at continuity in the point

(0, 0):

lim
(x,y)→(0,0)

x2 ln(x2 + y2) = lim
ρ→0
θ qcq

ρ2 sin2 θ ln(ρ2).

Also ρ2 ln(ρ2) ≤ ρ2 sin2 θ ln(ρ2) ≤ 0 (note that ln(ρ2) < 0 if ρ2 < 1) and the two terms
(right and left) converge to 0 (hopital).

e f(x, y) is C0 on {(x, y) ∈ R2 : y ̸= 0} ∪ {(1, 0)}. Indeed:

� On the open set {(x, y) ∈ R2 : y ̸= 0} (or R × R0), f(x, y) =
ey − 1

y
, is a quotient of

two non-zero C0 functions, so f(x, y) is C0 on this open set.

� For the points (α, 0) with (α ∈ R), the determination of lim
(x,y)→(α,0)

f(x, y) depends

on the path followed as lim
(x,y)→(α,0)

y=0

f(x, y) = lim
(x,y)→(α,0)

x = α, so lim
(x,y)→(0,0)

chemin avec y ̸=0

f(x, y) =

lim
y→0

ey−1
y which, using hopital, gives .

As such, lim
(x,y)→(α,0)

f(x, y) does not exist in R except if α = 1, or, as f(α, 0) = α, f is

C0 in (1, 0) and discontinuous in all points (α, 0) with α ̸= 1.



5 Partial derivatives

5.1 Definitions

t RECALL

For a function y = f(x) of one variable, the derivative f ′(x) is a real number that measures the
rate of variation of the function as x changes. The definition of the derivative of functions of one

variable relates to the calculation of the rate of increase
f(x)− f(a)

x− a
when we take the limit for x

going to a.

Definition: (for n = 1): derivability of a function f : R → R

Let f : D ⊂ R → R : x 7→ f(x) and let a, be an interior point of D. We say that f is

differentiable in a iff lim
x→a

f(x)− f(a)

x− a
∈ R.

For functions of many variables y = f(x1, . . . , xn) we would like to determine how its value varies when the
independent variables change. If f(k, ℓ) is for example a production function, we would like to know if the
output increases when k or ℓ changes and by how much.

This can be done by keeping all variables in the function constant except for one: we then obtain, for a function
f : D ⊂ Rn → R defined in a neighbourhood of a point (a1, a2, . . . , an) (a is an interior point of D) n rates of
change:

f(x1, a2, . . . , an)− f(a1, a2, . . . , an)

x1 − a1
,

f(a1, x2, . . . , an)− f(a1, a2, . . . , an)

x2 − a2
,

...

f(a1, a2, . . . , xn)− f(a1, a2, . . . , an)

xn − an
.

that may (or not) have a limit when taking x→ a (i.e. xi → ai).

The ones that exist are noted by:

lim
xi→ai

f(a1, . . . , xi, . . . , an)− f(a1, . . . , ai, . . . , an)

xi − ai
=

∂f

∂xi
(a1, . . . , an) =

∂f

∂xi
(a).

(only xi changes) and we call these the partial derivatives of f in a with respect to xi.

60
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Definition: Partial derivatives

Let f : D ⊂ Rn → R. Let a be an interior point of D.
We say that f is differentiable with respect to xi in a iff:

lim
xi→ai

f(a1, . . . , xi, . . . , an)− f(a1, . . . , ai, . . . , an)

xi − ai
,

exists in R.
This limit is denoted by

∂f

∂xi
(a1, . . . , an) or

∂f

∂xi
(a).

These (partial) derivatives are often determined in multiple points or in an arbitrary point (x1, . . . , xn).

Case n = 2: Let f : D ⊂ R2 : (x, y) → f(x, y) and a = (a1, a2), an interior point of D. The function f is
differentiable with respect to x in a iff

lim
x→a1

f(x, a2)− f(a1, a2)

x− a1
∈ R.

if so, the real value obtained is the partial derivative of f with respect to x in a, denoted by
∂f

∂x
(a). The partial

derivative
∂f

∂x
(a1, a2) measures the variation in f(a1, a2) for one unit increase in a1 keeping a2 fixed.

The function f is differentiable with respect to y in a iff

lim
y→a2

f(a1, y)− f(a1, a2)

y − a2
∈ R.

if so, the real value obtained is called the partial derivative of f with respect to y in a, denoted by
∂f

∂y
(a). The

partial derivative
∂f

∂y
(a1, a2) measures the change in f(a1, a2) for a one unit increase in a2, keeping a1 fixed.

For the geometric intuition, consider a function of two variables, represented by f(x, y) in Figure 5.1. If we take
a plane through the point P parallel to the ZY plane, it cuts the surface of the function in the curve APB (in
red). The value of x remains constant throughout this curve. The slope of the line tangent to the curve APB
in P represents the rate at which z changes with respect to y in P . Similar reasonings hold for a parallel plane
to the XZ plane. The partial derivatives have the following geometric interpretation. :

∂f

∂x
(P ) = tanβ = slope of CPD in P.

∂f

∂y
(P ) = tanα = slope of APB in P.
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Figure 5.1: Partial derivatives of a function
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� EXAMPLE

� Production function y = f(k, ℓ).

�
∂f

∂k
(k, ℓ) gives an approximation of the increase in the production y if k increases by 1 (keeping

ℓ fixed).

� And
∂f

∂ℓ
(k, ℓ) gives an approximation of the increase in y if ℓ increases by 1 (keeping k fixed).

� If f(k, ℓ) = Akαℓβ, we obtain
∂f

∂k
(k, ℓ) = αAkα−1ℓβ and

∂f

∂ℓ
(k, ℓ) = βAkαℓβ−1.

ª REMARK
The computation of the partial derivatives agrees with the usual computation of the derivatives of a
function of one variable. In particular, the usual rules apply relative to sums, differences, products
and quotients of functions.

Definition: Partially differentiable in a point

A function is partially differentiable in a iff it is partially differentiable with respect to each of its variables
in a.

ª REMARK

� For n = 1, f is C0 ̸→ f is differentiable.

� For n > 1, f is C0 ̸→ f is differentiable.

� For n = 1, if f is (partially) differentiable → f is C0.

� For n > 1, f is partially differentiable ̸→ f is C0.
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� EXAMPLE

Let f(x, y) =

{
3 si xy = 0

0 si xy ̸= 0
.

This function is not continuous at (0, 0), but it is partially differentiable with respect to x and y
in (0, 0). We have:

∂f

∂x
(0, 0) = lim

x→0

f(x, 0)− 3

x− 0
= lim

x→0

3− 3

x− 0
= 0.

et

∂f

∂y
(0, 0) = lim

y→0

f(0, y)− 3

y − 0
= lim

y→0

3− 3

y − 0
= 0.

Definition: Gradient vector

The gradient vector in a point a of a function f : Rn → R that has all its partial derivatives in a is the
vector:

∇f(a) =
[
∂f

∂x1
(a) . . .

∂f

∂xn
(a)

]
.

we also write grad f(a).

� EXAMPLE

Let f(x, y) = xy2. This function is a polynome, so it is partially differentiable in all (x, y) ∈ R2.

∀(x, y) ∈ R2, we have
∂f

∂x
(x, y) = y2 and

∂f

∂y
(x, y) = 2xy, so:

∇f(x, y) =
[
∂f

∂x
(x, y)

∂f

∂y
(x, y)

]
=
[
y2 2xy

]
.

For example, ∇f(−2, 5) =
[
25 −20

]
.

ª REMARK

The partial derivatives of a function f : Rn → R (when they exist) are themselves functions from
Rn to R, and may therefore themselves have partial derivatives.
When i ̸= j, we write

∂

∂xi

(
∂f

∂xj

)
not
=

∂2f

∂xi∂xj
.

(Note the order of the derivation) and

∂

∂xi

(
∂f

∂xi

)
not
=

∂2f

∂(xi)2
.

The second order derivatives of the same variable where the variable xi is used twice.
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� EXAMPLE

If f : R2 → R : (x, y) 7→ f(x, y) = x · y2 we have:

∂2f

∂(x)2
= 0,

∂2f

∂y∂x
= 2y,

∂2f

∂x∂y
= 2y,

∂2f

∂(y)2
= 2x.

Let f : R2
+ → R : (k, ℓ) → Akαℓβ with α, β ∈ (0, 1). We have:

∂2f

∂(k)2
= α(α− 1)Akα−2ℓβ

∂2f

∂k∂ℓ
= αβAkα−1ℓβ−1

∂2f

∂ℓ∂k
= αβAkα−1ℓβ−1 ∂2f

∂(ℓ)2
= β(β − 1)kαℓβ−2.

ª REMARK

� The second order derivatives (if they exist) are also functions Rn → R (even if some of them are
equal to zero) so the second order derivatives may also have partial derivatives, etc.

� In the previous example,
∂2f

∂x∂y
=

∂2f

∂y∂x
.

� The function f : Rn → R is partially differentiable in the neighbourhood of a point a if
all of its partial deriviatives exist in every point of the neighbourhood of a.

� The function f : Rn → R is k times partially differentiable in the neighbourhood of a if all of its
partial derivatives up to order k exist in a neighbourhood of a.

Definition: Partial elasticities partielle

If f : D ⊂ Rn → R is partially differentiable with respect to xi (i = 1, . . . , n) in a neighbourhood of the
point a ∈ dom f such that ai ̸= 0 and if f(a) ̸= 0, we can define the partial elasiticity of f with respect
to xi in a by:

E(f, xi)(a) =
∂f

∂xi

ai
f(a)

.

ª REMARK

The partial elasticity E(f, xi) gives the change in f (in percentages) for a 1 percentage increase in
xi. (and all other variables remain fixed).

� EXAMPLE

If f(k, ℓ) = Akαℓβ then (for k, ℓ ̸= 0) we have:

E(f, k) = α et E(f, ℓ) = β
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Proposition

Let D be an open subset of Rn
++ and let f : D → R++, partially differentiable with respect to xi

(i = 1, . . . , n) on D,
then ↓

E(f, xi) =
∂ ln(f(x))

∂ ln(xi)

W PROOF

Note that for xi > 0, we can write xi = eln(xi). If we introduce the variables zi = ln(xi), alors
xi = ezi we can define the function:

g(z1, z2, . . . , zn) = ln(f( ez1︸︷︷︸
x1

, . . . , ezn︸︷︷︸
xn

)).

Or in terms of x1, . . . , xn

g(ln(x1), . . . , ln(xn)) = ln(f(x1, . . . , xn)).

Remark that:

∂g(z)

∂zi
=

1

f(ez1 , . . . , ezn)

∂f

∂xi
(ez1 , . . . , ezn) ezi

Or in terms of x1 = ez1 , . . . , xn = ezn

∂g(ln(x1), . . . , ln(xn))

∂ ln(xi)
=
∂ ln(f(x))

∂ ln(xi)
=

1

f(x)

∂f

∂xi
(x) xi = E(f, xi).

� EXAMPLE

If f(k, ℓ) = Akαℓβ then (for A, k, ℓ > 0) we have:

ln(f(k, ℓ)) = ln(A) + α ln(k) + β ln(ℓ)

So:

E(f, k) =
∂ ln(f(k, ℓ))

∂ ln(k)
= α et E(f, ℓ) =

∂ ln(f(k, ℓ))

∂ ln(ℓ)
= β.

5.2 C1, C2, . . .

Definition: C1 in a point

The function f : D ⊂ Rn → R is C1 (differentiable) in a, interior point of D, iff

� All its partial derivatives (of order 1) exists in a neighbourhood of a,

� its partial derivatives of order 1 are continuous at a.
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ª REMARK

� In general, f is Cℓ at a ∈ Rn iff it has all its partial derivatives up to order ℓ in a neighbourhood
of a and all its partial derivatives of order ℓ are continuous at a.

� f is C∞ at a ∈ Rn iff f has all its partial derivatives of any order in a neighbourhood of a and
all of its partial derivatives are continuous at a.

� We say that f is C0 at a ∈ Rn iff f is continuous at a.

� A function f : D ⊂ Rn → R is of class Cℓ on an open set A ⊂ D iff it is of class Cℓ at every
point of A.

Proposition

Let k, ℓ ∈ N ∪ {0} and k < ℓ.

� If f : D ⊂ Rn → R is Cℓ at a, interior point of D,

then (↓)

� f is Ck at a ∈ Rn.

ª REMARK

f est C∞

. . .

f est C3

f est C2

f est C1

f est dérivable f est C0
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5.3 Young’s theorem (Schwarz/Cairaut)

(a) Clairaut (1713-1763) (b) Schwarz (1843-1921) (c) Young (1863-1942)

source: Wikipedia

In the preceding examples, we have discovered that
∂2f

∂x∂y
(x, y) =

∂2f

∂y∂x
(x, y). This equation is true in general

if f is C2 at (x, y). This result is called Young’s theorem (or Schwarz’ theorem).

Proposition: Young’s theorem (Schwarz/Clairaut)

� If f : D ⊂ Rn → R is C2 at a, interior point of D,

then (↓)

� ∀i, j ≤ n
∂2f

∂xi∂xj
(a) =

∂2f

∂xj∂xi
(a)

W PROOF For (n = 2) (Outline)

We can interpret the theorem as a result of double differencing. Indeed, an approximation of the
partial derivative is the difference:

∂f

∂x
(x, y) = lim

∆x→0

f(x+∆x, y)− f(x, y)

∆x
et
∂f

∂y
(x, y) = lim

∆y→0

f(x, y +∆y)− f(x, y)

∆y
,

So the second order partial derivative is like a difference of differences:

∂2f

∂x∂y
(x, y) = lim

∆x→0

∂f

∂y
(x+∆x, y)−

∂f

∂y
(x, y)

∆x
,

= lim
∆x→0

lim
∆y→0

f(x+∆x, y +∆y)− f(x+∆x, y)

∆y
− f(x, y +∆y)− f(x, y)

∆y

∆x
,

= lim
(∆x,∆y)→(0,0)

f(x+∆x, y +∆y)− f(x+∆x, y)− f(x, y +∆y) + f(x, y)

∆x∆y
.
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and

∂2f

∂y∂x
(x, y) = lim

∆y→0

∂f

∂x
(x, y +∆y)−

∂f

∂x
(x, y)

∆y
,

= lim
∆y→0

lim
∆x→0

f(x+∆x, y +∆y)− f(x, y +∆y)

∆x
− f(x+∆x, y)− f(x, y)

∆x

∆y
,

= lim
(∆x,∆y)→(0,0)

f(x+∆x, y +∆y)− f(x+∆x, y)− f(x, y +∆y) + f(x, y)

∆x∆y
.

(the validity for the exchange of limits is guaranteed because f is C2).

ª REMARK

For functions of two variables f(x, y), that are C2 at a, we obtain,

∂2f

∂x∂y
(a) =

∂2f

∂y∂x
(a).

� EXAMPLE

f : R2
++ → R : (x, y) 7→ f(x, y) = xy3 + ln(y)y4ey. We have:

∂f

∂y
(x, y) = 3xy2 + y3ey + ln(y)3y3ey + ln(y)y4ey et

∂2f

∂x∂y
= 3y2,

∂f

∂x
= y3 et

∂2f

∂y∂x
= 3y2.

5.4 La hessienne

Figure 5.3: Otto Hesse (1811-1874)

Source: Wikipedia



CHAPTER 5. PARTIAL DERIVATIVES 69

Definition: Hessienne

Let f : D ⊂ Rn → R be C2 at a, interior point of D. The hessian of f at a is the following symmetric
matrix:

Hf (a) =


∂2f

∂(x1)2
(a) . . .

∂2f

∂x1∂xn
(a)

...
. . .

...
∂2f

∂xn∂x1
(a) . . .

∂2f

∂(xn)2
(a)


︸ ︷︷ ︸

n×n

ª REMARK
� Sometimes we use the notation

Hf (a) =

[
∂2f

∂xi∂xj
(a)

]

� As f is C2 at a, this matrix is symmetric (Young’s theorem).

� EXAMPLE

Let f(x, y) = x ln(xy) which is C∞ on (R++)
2. We obtain:

Hf (x, y) =

[
1
x

1
y

1
y − x

y2

]

5.5 Exercises et answers

å EXERCISES

1 Study the (partial) differentiability of the following functions at the indicated point. Deterine,

if it exists the gradient of the function at the point.

a f(x, y) =


xy

x2 + y2
if (x, y) ̸= (0, 0)

0 if (x, y) = (0, 0)

b f(x, y) = e−(x2+y2) at (0, 0) and at (1, 2).

c f(x, y, z) =
3 + x2y − z

3x2 + 1
at (0, 1, 2).

2 Study the partial differentiability of the following functions:

a f(x, y) =


xy

x2 + y2
if (x, y) = (0, 0)

0 if (x, y) = (0, 0)
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b f(x, y) = x+ |y|.

c f(x, y) =


y3 − 2x3

x2 + y2
if (x, y) ̸= (0, 0)

0 si (x, y) = (0, 0)

d f(x, y) =


xy if x < y

y2 si x = y

x2 if x > y

.

3 After having justified the existence on the indicated domain, give the hessian matrix of the

following functions.

a f(x, y) = xey on R2.

b f(k, ℓ) = kαℓβ(0 < α < 1) on (R0)
2.

c f(x, y, z) = y
√
x

z on (R++)
3.

4 Determine the partial elasticities of f if,

a f(x, y, z) = ex,y,z at the point (1, 2, 3)

b E(f, x)(α, β) with f(x, y) =
xy

x2 + y2
and (α, β) ̸= 0.

´ ANSWERS

1 a

lim
x→0

0

x2
− 0

x− 0
= 0,

lim
y→0

0

y2
− 0

y − 0
= 0

So f is partially differentiable with respect to x and y at (0, 0) and ∇f(0, 0) =
[
0 0

]
.

b

∂f

∂x
(x, y) = −e−(x2+y2)2x,

∂f

∂y
(x, y) = −e−(x2+y2)2y.

so ∇f(0, 0) =
[
0 0

]
and ∇f(1, 2) =

[
−2e−5 −4e−5

]
.

c f(x, y, z) is partially differentiable with respect to x, y and z in R3 as is is a quotient of
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polynomials with non-zero denominator. We have:

∂f

∂x
(x, y, z) =

2xy(3x2 + 1)− (3x2y − z)6x

(3x2 + 1)2
,

∂f

∂y
(x, y, z) =

x2

3x2 + 1
,

∂f

∂z
(x, y, z) =

−1

3x2 + 1
.

So ∇f(0, 1, 2) =
[
0 0 −1

]
.

2 a On the open set R2 \ {(0, 0)}, f(x, y) =
xy

x2 + y2
which is partially differentiable with

respect to x and y on this open set as it is a quotient of polynomials with non-zero
denominator. Also, we have seen (exercise 1. a) that the function f is partially differ-
entiable with respect to x and y at the point (0, 0). As such, f is partially differentiable
in R2.

b In R × R−−, we have f(x, y) = x − y which is partially differentiable. In R × R++ we

have f(x, y) = x+ y which is also partially differentiable. For y = 0 we have:

lim
y→0+

f(x, y)− f(x, 0)

y − 0
= lim

y→0+

x+ y − x

y − 0
= lim

y→0+

y

y
= 1,

lim
y→0−

f(x, y)− f(x, 0)

y − 0
= lim

y→0−

x− y − x

y − 0
= lim

y→0−

−y
y

= −1,

∂f

∂x
(0, 0) = lim

x→0

x− 0

x− 0
= 1

We conclude that f is partially differentiable with respect to x at (0, 0) but is not
partially differentiable with respect to y at (0, 0).

c f(x, y) is partially differentiable in R2. In R2 \ {(0, 0)} the function is partially differen-

tiable as it is a quotient of polynomials with non-zero denominator. For (x, y) = (0, 0)
we obtain:

∂f

∂x
(0, 0) = lim

x→0

−2x3

x2

x− 0
= −2,

∂f

∂y
(0, 0) = lim

y→0

y3

y2

y − 0
= 1.

So f is partially differentiable on R2.

d f(x, y) is differentiable in R2 \ {(x, y) ∈ R2 : x = y ̸= 0}. The function f is partially

differentiable if x < y and if x > y. For x = y we have that:

lim
x→y,x>y

x2 − y2

x− y
= lim

x→y

2x

1
= 2y,

lim
x→y,x<y

xy − y2

x− y
= lim

x→y

y

1
= y.

So
∂f

∂x
(y, y) exists iff y = 0.
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Also:

lim
y→x,x>y

x2 − x2

y − x
= 0,

lim
y→x,x<y

xy − x2

y − x
= lim

y→x

x

1
= x.

So
∂f

∂y
(x, x) exists iff x = 0. Conclude that f is partially differentiable on R2\{(x, y)|x =

y ̸= 0}.

3 a The function f is of class C2 on R2.

∂f

∂x
(x, y) = ey,

∂f

∂y
(x, y) = xey

∂2f

∂x∂y
=

∂2f

∂y∂x
= ey,

∂2f

∂(x)2
= 0

∂2f

∂(y)2
= xey.

So Hf (x, y) =

[
0 ey

ey xey

]
.

b The function f is C2 on (R+
0 )

2.

∂f

∂k
= αkα−1ℓβ

∂f

∂ℓ
= βkαℓβ−1

∂2f

∂k∂ℓ
=

∂2f

∂ℓ∂k
= αβkα−1ℓβ−1

∂2f

∂(k)2
= α(α− 1)kα−2ℓβ

∂2f

∂(ℓ)2
= β(β − 1)kαℓβ−2.

So Hf (k, ℓ) =

[
α(α− 1)kα−2ℓβ αβkα−1ℓβ−1

αβkα−1ℓβ−1 β(β − 1)kαℓβ−2

]
.

c The function f is C2 on (R+
0 )

3.
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∂f

∂x
(x, y, z) =

y

2
√
xz

∂f

∂y
(x, y, z) =

√
x

z

∂f

∂z
(x, y, z) = −y

√
x

z2
∂2f

∂(x)2
= − y

4x3/2z

∂2f

∂(y)2
= 0

∂2f

∂(z)2
= 2

y
√
x

z3

∂2f

∂x∂y
=

1

2
√
xz

∂2f

∂x∂z
= − y

2
√
xz2

∂2f

∂y∂z
= −

√
x

z2
.

So Hf (x, y, z) =


− y

4x3/2z
1

2
√
xz

− y
2
√
xz2

1
2
√
xz

0 −
√
x

z2

− y
2
√
xz2

−
√
x

z2
2y

√
x

z3


4 a We obtain:

∂f

∂x
(x, y, z) = yzexyz,

∂f

∂y
(x, y, z) = xzexyz,

∂f

∂z
(x, y, z) = xyexyz.

So

E(f, x)(1, 2, 3) = 6e6
1

e6
= 6,

E(f, y)(1, 2, 3) = 3e6
2

e6
= 6,

E(f, z)(1, 2, 3) = 2e6
3

e6
= 6.

b

∂f

∂x
=

y3 − x2y

(x2 + y2)2

∂f

∂y
=

x3 − xy2

(x2 + y2)2

So,

E(f, x)(α, β) =
β3 − α2β

(α2 + β2)2
α2 + β2

αβ
α,

=
β(β2 − α2)

α2 + β2
1

β
,

=
β2 − α2

α2 + β2
.
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and

E(f, y)(α, β) =
α3 − β2α

(α2 + β2)2
α2 + β2

αβ
β,

=
α(α2 − β2)

α2 + β2
1

α
,

=
α2 − β2

α2 + β2
.



6 Tangent plane

t RECALL

Equation of the tangent (for n = 1).

Figure 6.1: Tangent line

X

Y f(x)

x0

f(x0)

T (x)

� Function f : D ⊂ R → R : x 7→ y = f(x) differentiable at x̂

� y = T (x), tagent of the function f at x̂:

� T (x) is a linear function: y = T (x) = α+ βx, α, β ∈ R
� at x̂, T (x̂) = f(x̂). As such, α+ βx̂ = f(x̂)

� at x̂ the slope of f equals the slope of T . So, β = f ′(x̂).

We obtain the following conditions:{
α+ βx̂ = f(x̂),

β = f ′(x̂)
↔
{
β = f ′(x̂)

α = f(x̂)− f ′(x̂)x̂

So

T (x) = f(x̂) + f ′(x̂)(x− x̂).

Cass n = 2:

75
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Figure 6.2: Tangent plane

P

Z

Y
X

� Function f : R2 → R : (x, y) → z = f(x, y), C1 at (x̂, ŷ).

� z = T (x, y), tangent at the function f at (x̂, ŷ).

� The function T (x, y) is a linear function: z = T (x, y) = α+ βx+ γy, α, β, γ ∈ R
� at (x̂, ŷ), T (x̂, ŷ) = f(x̂, ŷ). So, α+ βx̂+ γŷ = f(x̂, ŷ)

� at (x̂, ŷ) the slope of f in the direction of x equals the slope of T in the direction of x. So β =
∂f

∂x
(x̂, ŷ)

� at (x̂, ŷ) the slope of f in the direction of y equals the slope of T in the direction of y. So γ =
∂f

∂y
(x̂, ŷ)

We obtain the conditions:
z = α+ βx̂+ γŷ

β =
∂f

∂x
(x̂, ŷ)

γ =
∂f

∂y
(x̂, ŷ)

↔


α = f(x̂, ŷ)− ∂f

∂x
(x̂, ŷ)x̂− ∂f

∂y
(x̂, ŷ)ŷ

β =
∂f

∂x
(x̂, ŷ)

γ =
∂f

∂y
(x̂, ŷ).

So:

z = f(x̂, ŷ) +
∂f

∂x
(x̂, ŷ)(x− x̂) +

∂f

∂y
(x̂, ŷ)(y − ŷ).

This is the equation of a plane z = T (x, y) of R3 that passes through the point (x̂, ŷ, f(x̂, ŷ)).

Consider the vertical plane with x = x̂ parallel to the Y Z plane, the couple (z, y) on the line

z = T (x̂, y) = f(x̂, ŷ) +
∂f

∂y
(x̂, ŷ)(y − ŷ),

which is the equation of the tangent at the curve defined by the intersection of the surface and the vertical
plane x = x̂.

Consider the vertical plane y = y0 parallel to the XZ plane, the couple (z, x) on the line (y = ŷ):

z = T (x, y) = f(x̂, ŷ) +
∂f

∂x
(x̂, ŷ)(x− x̂),
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which is the equation of the tangent at the curve defined by the intersection of the surface z = f(x, y) with the
vertical plane y = ŷ.

In other words, the plane T is the unique “plane” that contains the two tangents to the curves defined by the
intersection of the surface with the vertical planes parallel to the axes through the chosen point (x̂, ŷ, f(x̂, ŷ)).

Cas général: Let f : Rn → R : (x1, . . . , xn) → z = f(x1, . . . , xn), C
1 at (x̂1, . . . , x̂n). Then:

T (x) = f(x̂) +

n∑
i=1

(xi − x̂i)
∂f

∂xi
(x̂1, . . . , x̂n),

= f(x̂) + ⟨∇f(x̂), (x− x̂)⟩.
is the equation of the tangent plane to the hypersurface z = f(x1, . . . , xn) at the point x̂ = (x̂1, . . . , x̂n).

Definition: Tangent plane

Let f : D ⊂ Rn → R, C1 at x̂ ∈ D.
The tangent plane of f at x̂ is:

T (x) = f(x̂) + ⟨∇f(x̂), (x− x̂)⟩

ª REMARK

For the case (n = 2) with f : D ⊂ R2 → R, C1 at (x̂, ŷ).

T (x) = f(x̂, ŷ) +
∂f

∂x
(x̂, ŷ)(x− x̂) +

∂f

∂y
(x0, y0)(y − ŷ).

6.1 The differential

t RECALL

Let f : D ⊆ R → R : x 7→ y = f(x), C1 at x̂. The differential of f at x̂ is

dy = f ′(x̂) dx.

the tangent is:

y = f(x̂) + f ′(x̂)(x− x̂)

↔ y − f(x̂)︸ ︷︷ ︸
dy

= f ′(x̂) (x− x̂)︸ ︷︷ ︸
dx

.

dy is a good approximation of the increase if dx is small.

Cass n = 2: Let f : D ⊆ R2 → R : (x, y) 7→ f(x, y), C1 at a:

z − f(x̂, ŷ)︸ ︷︷ ︸
dz

=
∂f

∂x
(x̂, ŷ) (x− x̂)︸ ︷︷ ︸

dx

+
∂f

∂y
(x̂, ŷ) (y − ŷ)︸ ︷︷ ︸

dy

,

↔dz =
∂f

∂x
(x0, y0) dx+

∂f

∂y
(x0, y0) dy.
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The value of dz is an approximation of the increase in f(x, y) − f(x̂, ŷ) if x and y increase by an amount dx
and dy respectively and if dx and dy are small.

Definition: The differential of a C1 function

Let f : D ⊂ Rn → R, C1 at x̂ ∈ D.
The differential of f at x̂ is the expression:

df =
n∑

i=1

∂f

∂xi
(x̂) dxi = ⟨∇f(x̂), dx⟩.

� EXAMPLE

y = f(k, ℓ) = kαℓβ. We have the differential:

dy = αkα−1ℓβ dk + βkαℓβ−1 dℓ.

So:

dy = α
y

k
dk + β

y

l
dℓ.

As such, if y ̸= 0:

dy

y
= α

dk

k
+ β

dℓ

ℓ
.

6.2 Exercises and answers

å EXERCISES

1 Determine the tangent plane of

a f(x, y) = ln(xy) at the point (1, 1).

b f(x, y) = sinx cos y at the point (0, 0).

c f(x, y) =
√
x2 + y2 at the point (3, 4)

d f(x, y, z) = exyz at the point (1, 2, 3)

2 Let f(x) = (
∑

i(xi)
α)1/α (0 < α). Give an expression for df

f in terms of dxi
xi

(for xi > 0)

3 Let f(A, r) = A(1 + r)t with t ∈ N, A, r > 0. Give an expression for df
f in terms of dA

A and
dr
r .

4 Show that for f : D ⊂ Rn → R with f(x) ̸= 0:

df

f
=

n∑
i=1

E(f, xi)
dxi
xi
.
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5 Let y = f(A, k, ℓ) = Ak0.2ℓ0.8 be a production function. For two years, we have the following

figures:

Period y k ℓ

1 100 10 5
2 200 15 10

Determine (by approximation) the value of dA
A .

´ ANSWERS

1 a The point (1, 1) is an interior point of dom f = (R++)
2 and f is C∞ in (R++)

2. The

partial derivatives are
∂f

∂x
(1, 1) = 1 and

∂f

∂y
(1, 1) = 1, so T (x, y) = ln(1) + 1(x − 1) +

1(y − 1) = −2 + x+ y.

b dom f = R2 and f is C∞ in R2. The partial derivatives are
∂f

∂x
(0, 0) = cos 0 cos 0 = 1

and
∂f

∂y
(0, 0) = − sin 0 sin 0 = 0. So T (x, y) = sin 0 cos 0 + 1x+ 0y = x.

c The function is C∞ on R2 \ {0, 0} and
∂f

∂x
(3, 4) = 2·3

2
√
32+42

= 2·3
10 = 3

5 ,
∂f

∂y
(3, 4) = 4

5 . So

T (x, y) = 5 + 3
5(x− 3) + 4

5(y − 4) = 3
5x+ 4

5y.

d The function f is C∞ on R3 and,

∂f

∂x
(1, 2, 3) = 6e6,

∂f

∂y
(1, 2, 3) = 3e6,

∂f

∂z
(1, 2, 3) = 2e6

So, T (x, y, z) = e6 + 6e6(x− 1) + 3e6(y− 2) + 2e6(z − 3) = −17e6 + 6xe6 + 3ye6 + 2ze6.

2 We have
∂f

∂xj
(x) = 1

α (
∑

i(xi)
α)

1
α
−1 αxα−1

j . So:

df

f
=

∑n
j=1 (

∑
i(xi)

α)
1
α
−1 xα−1

j dxj

(
∑

i(xi)
α)

1
α

,

=
∑
j

xαj∑
i(xi)

α

dxj
xj

.

3 We have
∂f

∂A
= (1 + r)t and

∂f

∂r
= At(1 + r)t−1. So

df

f
=

(1 + r)t

A(1 + r)t
dA+

At(1 + r)t−1

A(1 + r)t
dr,

=
dA

A
+

tr

1 + r

dr

r
.
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4 If f is C1 at x interior point of D, and if f(x), xi ̸= 0, we have:

df

f
=

1

f(x)

n∑
i=1

∂f

∂xi
(x) dxi,

=

n∑
i=1

∂f

∂xi
(x)

1

f(x)
xi
dxi
xi
,

=
n∑

i=1

E(f, xi)
dxi
xi
.

5 Note that
dy

y
=

dA

A
+ 0.2

dk

k
+ 0.8

dℓ

ℓ
. Also

dy

y
≈ 200− 100

100
= 1,

dk

k
≈ 15− 10

10
= 0.5 and

dℓ

ℓ
≈ 10− 5

5
= 1. So:

dA

A
≈ 1− 0.2 · 0.5− 0.8 · 1 = 0.1.



7 Fonctions de Rn → Rm

A function f : D ⊂ Rn → Rm maps every point x = (x1, . . . , xn) of D ⊂ Rn to a point y of Rm: the vector y
has therefore m components (y1, . . . , ym), each being a function from Rn → R.

A function f from Rn → Rm is therefore equivalent to m functions f1, . . . , fm from Rn → R. We can write
f = (f1, f2, . . . , fm) or also,

f(x) = f(x1, . . . , xn)

= (f1(x), . . . , fm(x))

= (f1(x1, . . . , xn), f2(x1, . . . , xn), . . . , fm(x1, . . . , xn))

x1

...

xn

f

y1 =f1(x1, . . . , xn)

...

ym =fm(x1, . . . , xn)

� EXAMPLE

f : R2 → R4 : (x, y) 7→ f(x, y) =

x+ y︸ ︷︷ ︸
f1(x,y)

, xy︸︷︷︸
f2(x,y)

, 1︸︷︷︸
f3(x,y)

, x︸︷︷︸
f4(x,y)

.

7.1 Limites, continuité et dérivabilité de fonctions de Rn → Rm

Definition: Limits of functions

Let f : D ⊂ Rn → Rm and x̂ an accumulation point of D. We say that f tends to b when x tends to x̂,
and we write lim

x→x̂
f(x) = b iff

for all sequences (xt)t∈N in D, whose elements are distinct from x̂, and that converge to x̂, the sequence
(f(xt))t∈N (in Rm) converges to b ∈ Rm.

ª REMARK
x̂ ∈ Rn and b ∈ Rm.

81
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Proposition

Let f : D ⊂ Rn → Rm and x̂, an accumulation point of D.

� lim
x→a

f(x) = b

iff (↕)

� lim
x→a

∥f(x)− b∥ = 0

Proposition

Let f : D ⊆ Rn → Rm and x̂, accumulation point of D.

� lim
x→x̂

f(x) = b

iff (↕)

� ∀j = 1, . . . ,m : lim
x→x̂

fj(x) = bj ,

In other words, the convergence in Rm is equivalent to the convergence, component by component.

W PROOF

(↓)

Hypothesis
lim
x→x̂

f(x) = b

(↔ lim
x→x̂

∥f(x)− b∥ = 0)

Thesis

∀j = 1, . . . , n : lim
x→x̂

fj(x) = bj

(↔ ∀j = 1, . . . ,m : lim
x→x̂

|fj(x)− bj | = 0)

As such, ∀j = 1, . . . ,m

0 ≤ |fj(x)− bj | ≤

√√√√ m∑
k=1

(fk(x)− bk)2 = ∥f(x)− b∥. addition of non-negative terms

Using the sandwich theorem, we obtain that lim
x→x̂

|fj(x)− bj | = 0 (because lim
x→x̂

∥f(x)− b∥ = 0 and

lim
x→x̂

0 = 0)

(↑)

Hypothesis
∀j = 1, . . . , n : lim

x→x̂
fj(x) = bj

(↔ ∀j = 1, . . . ,m : lim
x→x̂

|fj(x)− bj | = 0)
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Thesis
lim
x→a

f(x) = b

(↔ lim
x→x̂

∥f(x)− b∥ = 0)

So,

0 ≤ ∥f(x)− b∥,

≤
m∑
j=1

|fj(x)− bj |. parce que ∥v∥ ≤
n∑

i=j

|vj |

Using the sandwich theorem, we obtain that lim
x→x̂

∥f(x) − b∥ (because lim
x→x̂

|fj(x) − bj | = 0 and

lim
x→x̂

0 = 0).

� EXAMPLE

Let f : R2 → R4 : (x, y) 7→ f(x, y) = (x+ y, xy, 1, x).

lim
(x,y)→(−1,2)

f(x, y) = (1,−2, 1,−1).

Definition: Continuity

Let f : D ⊆ Rn → Rm : x → f(x). Let x̂ ∈ D be an accumulation point of D. We say that f is
continuous at x̂ iff lim

x→x̂
f(x) exists in Rm and equals f(x̂) (limx→x̂ f(x) = f(x̂)).

Proposition

Let f : D ⊆ Rn → Rm and x̂ be an accumulation point of D.

� f is continuous at x̂

iff (↕)

� every function fj (j = 1, . . . ,m) is continuous at x̂.

� EXAMPLE

Let f : R2 → R4 : (x, y) → (x+ y, x · y, 1, x). All functions,

f1(x, y) = x+ y,

f2(x, y) = x · y,
f3(x, y) = 1,

f4(x, y) = x,

are continuous, so f is continuous.
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Definition: C1

Let f : D ⊂ Rn → Rm : x 7→ f(x) = (f1(x), . . . , fm(x)) and x̂, interior point of D. The function f is
partially differentiable

C1

...

C∞

en x̂ ssi chaque fonction fj (j = 1, . . . ,m) est


partially differentiable

C1

...

C∞

en

x̂.

7.2 Jacobian matrix

Figure 7.1: Carl Gustav Jacob Jacobi (1804-1851)

Source: Wikipedia

Definition: Matrice Jacobienne

Let f = (f1, f2, . . . , fm) : D ⊂ Rn → Rm (n,m ≥ 1) be partially differentiable at a, interior point of D.
Every of its m functions has therefore n partial derivatives at a.
We can present these in a matrix (the jacobian)

Jf (a) =

∇f1(a)...
∇fm(a)

 =


∂f1
∂x1

(a) . . . ,
∂f1
∂xn

(a)

...
. . .

...
∂fm
∂x1

(a)
...

∂fm
∂xn

(a)


︸ ︷︷ ︸

m×n

every line of this matrix is the gradient of one of the components of f .

ª REMARK
The jacobian is usually non-square.
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� EXAMPLE

Consider the function f : R2 → R4 : (x, y) 7→ f(x, y) = (x + y, x · y, 1, x). As each of the four
functions is a polynome, they are partially differentiable at every point in R2. The jacobian of f is
of dimension 4× 2

Jf (x, y) =


∇f1(x, y)
∇f2(x, y)
∇f3(x, y)
∇f4(x, y)

 =


1 1
y x
0 0
1 0



7.3 Composition of functions

� EXAMPLE

Consider y = f(k, ℓ) and

{
k = k(r)

ℓ = ℓ(r)
.

So we can write y = f(k(r), ℓ(r)). Note that y depends on r by the intermediary functions k and
ℓ.

Question: how to determine
dy

dr
?

ª REMARK

� Let f : Rn → Rm and g : Rm → Rp, suppose x̄ ∈ Rn, ȳ ∈ Rm, ȳ = f(x̄), z̄ = g(ȳ).

� Let f be defined on an open ball B centered at x̄ and suppose g is defined for all y for which
y = f(x) with x ∈ B.

� We can now determine z = g(y) where ∀x ∈ B : y = f(x) and, consequentially, h = g ◦ f is
defined on B.

� We have z̄ = (g ◦ f)(x̄) = g(f(x̄)) = h(x̄) or also z̄ = g(ȳ) with ȳ = f(x̄).

Figure 7.2: Composite function h = g ◦ f

x f y = f(x) g z = g(y) = g(f(x)) = (g ◦ f)(x)

h = g ◦ f
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Proposition

� If f : Rn → Rm is defined in a neighbourhood of x̄ and continuous at x̄,

� if ȳ = f(x̄) and if g is defined in a neighbourhood of ȳ and continuous at ȳ,

So (↓)

� h = g ◦ f is defined in a neighbourhood of x̄ and continuous at x̄.

W PROOF

Hypothesis f is C1 at x̄ and g is continuous at f(x̄) = ȳ

Thesis
h = g ◦ f is continuous at x̄
(∀ suites (xt) that converges to x̄, the sequence (h(xt))t∈N converges to h(x̄))

Let (xt) be a sequence that converges to x̄.
→ the sequence (f(xt))t∈N converges to f(x̄) (because f is continuous at x̄.)
define yt = f(xt).
→ (yt)t∈N = (f(xt))t∈N is a sequence that converges to f(x̄) = ȳ.
→ the sequence (g(yt))t∈N converges to g(ȳ) (because g is continuous at ȳ)
→ the sequence (h(xt))t∈N = (g(yt))t∈N converges to h(x̄) = g(ȳ).
→ h = g ◦ f is continuous.

Proposition

� If f : D ⊂ Rn → Rm is C1 at x̄, interior point of D

� If g : E ⊂ Rm → Rp is C1 at ȳ = f(x̄) an interior point of E

then (↓)

� g ◦ f is defined in a neigbourhood of x̄ and

� g ◦ f is partially differentiable at x̄

� The jacobian of g ◦ f at x̄ is the matrix product of the jacobian of g at ȳ = f(x̄) and the jacobian of
f at x̄.

Jg◦f (x̄) = Jg(f(x̄)) Jf (x̄).

ª REMARK

� If f and g are C1 in a neighbourhood of x̄ and f(x̄) respectively, we obtain that g ◦ f is partially
differentiable in a neighbourhood of x̄ and above formula shows the continuity of the partial
derivatives in a neighbourhood of x̄.
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ª REMARK
We obtain the formula:

Jg◦f (x̄)︸ ︷︷ ︸
p×n

= Jg(f(x̄))︸ ︷︷ ︸
p×m

Jf (x̄)︸ ︷︷ ︸
m×n

(matrix product).

(Compare to the case f : R → R and g : R → R.) If f is partially differentiable at x̄ and g is
partially differentiable at ȳ = f(x̄) we have that g ◦ f is partially differentiable at x̄ and

Jg◦f (x) = (g ◦ f)′(x̄) = g′(f(x̄)) · f ′(x̄)
= Jg(f(x̄)) · Jf (x̄).

A bit more details:

� Let f : Rn → Rm : (x1, . . . , xn) → (f1(x1, . . . xn), . . . , fm(x1, . . . , xn)).

� Let g : Rm → Rp : (u1, . . . , um) → (g1(u1, . . . , um), . . . , gp(u1, . . . , um)).

� Let h = g ◦ f : Rn → Rp : (x1, . . . , xn) → (h1(x1, . . . , xn), . . . , hp(x1, . . . , xn)).

Then, h(x1, . . . xn) = (g1(f1(x1, . . . , xn), . . . , fm(x1, . . . , xm)), . . . , gp(f1(x1, . . . , xn), . . . , fm(x1, . . . , xn))).

So for i = 1, . . . , p we have:

hi(x1, . . . , xj , . . . xn) = gi(f1(x1, . . . , xj , . . . , xn), . . . , fm(x1, . . . , xj , . . . , xn)).

Question: what is the value of
∂hi
∂xj

(x1, . . . , xn)?

We look for the element on row i and column j of the jacobian:

Jh(x) = Jg(f(x)) · Jf (x).

So:


...

. . .
∂hi
∂xj

(x) . . .

...

 =


...

...
...

∂gi
∂u1

(f(x)) . . .
∂gi
∂uk

(f(x)) . . .
∂gi
∂um

(f(x))

...
...

...





. . .
∂f1
∂xj

(x) . . .

...

. . .
∂fk
∂xj

(x) . . .

...

. . .
∂fm
∂xj

(x) . . .


We obtain:

∂hi
∂xj

(x) =
m∑
k=1

∂gi
∂uk

(f(x))
∂fk
∂xj

(x).

This gives us the chain rule:

hi(x1, . . . , xj , . . . xn) = gi(f1(x1, . . . , xj , . . . , xn)︸ ︷︷ ︸
u1

, . . . , fm(x1, . . . , xj , . . . , xn)︸ ︷︷ ︸
um

).
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Then:

∂hi
∂xj

(x) =
m∑
k=1

∂gi
∂uk

(f(x))
∂fk
∂xj

(x).

� EXAMPLE

y(r) = f(k(r), ℓ(r)) gives:

dy

dr
(r) =

∂f

∂k
(k(r), ℓ(r)) k′(r) +

∂f

∂ℓ
(k(r), ℓ(r)) ℓ′(r).

=

[
∂f

∂k
(k(r), ℓ(r))

∂f

∂ℓ
(k(r), ℓ(r))

] [
k′(r)
ℓ′(r)

]
.

� EXAMPLE

h(w, t) = g(f(w, t)︸ ︷︷ ︸
x

, r(w, t)︸ ︷︷ ︸
y

).

∂h

∂w
(w, t) =

∂g

∂x
(x, y)

∂f

∂w
(w, t) +

∂g

∂y
(x, y)

∂r

∂w
(w, t).

and

∂h

∂t
(w, t) =

∂g

∂x
(x, y)

∂f

∂t
(w, t) +

∂g

∂y
(x, y)

∂r

∂t
(w, t).

So,

[
∂h

∂w
(w, t)

∂h

∂t
(w, t)

]
=

[
∂g

∂x
(x, y)

∂g

∂y
(x, y)

] ∂f∂w (w, t)
∂f

∂t
(w, t)

∂r

∂w
(w, t)

∂r

∂t
(w, t)



� EXAMPLE

Let us form the composite f ◦ g of f : R2 → R : (x, y) 7→ x2y3 and g : R → R2 : t 7→ (x, y) =
(x0 + vt, y0 + vt) we have:

h(t) = f(g(t)) = (x0 + vt)2 · (y0 + vt)3

Determine h′(t).

h′(t) = 2(x0 + vt) · (y0 + vt)3︸ ︷︷ ︸
∂f

∂x
(g(t))

v︸︷︷︸
g′1(t)

+3(x0 + vt)
2(y0 + vt)2︸ ︷︷ ︸

∂f

∂y
(g(t))

v︸︷︷︸
g′2(t)

.

Form the composite f ◦ g of f : R2 → R : (x, y) 7→ x2 + y2 and

g : R2 → R2 : (ρ, θ) 7→
{
x = ρ cos θ

y = ρ sin θ
. What is the gradient of f ◦ g?

(f ◦ g)(ρ, θ) = (ρ cos θ)2 + (ρ sin θ)2.
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So:

∂(f ◦ g)
∂θ

(ρ, θ) =
∂f

∂x
(g(ρ, θ))

∂g1
∂θ

(ρ, θ) +
∂f

∂y
(g2(ρ, θ))

∂g

∂θ
(ρ, θ),

= −2(ρ cos θ)ρ sin θ + 2(ρ sin θ)ρ cos θ,

= 0.

and

∂(f ◦ g)
∂ρ

(ρ, θ) =
∂f

∂x
(g(ρ, θ))

∂g1
∂ρ

(ρ, θ) +
∂f

∂y
(g(ρ, θ))

∂g2
∂ρ

(ρ, θ)

= 2(ρ cos θ) cos θ + 2(ρ sin θ) sin θ = 2ρ.

7.4 Exercises and answers

å EXERCISES

1 Let F (x1) = f(x1, h(x1)) where h is C1 on R and f is C1 on R2.

a Determine, using the chain rule F ′(x1).

b If h(x) = ex and f(X,Y ) = X2 + Y 3, determine F ′(x1).

i. using the response to a)

ii. computing first the expression for F (x1).

2 Let f : R3 → R : (x, y, z) → f(x, y, z) with f ∈ C1 on R3, g : R2 → R3 : (u, v) → g(u, v) =

(g1(u, v), g2(u, v), g3(u, v)) with g ∈ C1 on R2 and h = f ◦ g.

a After having “written” h(u, v) = f(g(u, v)), give, using the chain rule, the partial deriva-

tive
∂h

∂u
(u, v).

b If f(x, y, z) = x2+y+ez, g1(u, v) = u, g2(u, v) = v2 and g3(u, v) = 4, determine
∂h

∂u
(u, v)

i. using the response to a)

ii. by computing first the expression for h(u, v).

3 Let w = f(x, y, z) with


x = Ω(t)

y = t

z = t2
where f is C1 on R3 and Ω(t) is C1 on R. Determine

w′(t).
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4 Let F (x, y) = f(g(x, y), y) where f(x, y) and g are C1 on R2. If we know that:

g(0, 0) = 1
∂g

∂x
(0, 0) = −1

∂g

∂y
(0, 0) = 2

f(0, 0) = 4
∂f

∂x
(0, 0) = −2

∂f

∂y
(0, 0) = 1

f(1, 0) = 5
∂f

∂x
(1, 0) = −3

∂f

∂y
(1, 0) = 5

f(0, 1) = −1
∂f

∂x
(0, 1) = −1

∂f

∂y
(0, 1) = 10

Determine
∂F

∂x
(0, 0) and

∂F

∂y
(0, 0).

5 Let u(x, y, z) = x
y + y

z , x(t) = 2t, y(t) = 1
t and z(t) = t2. Let f(t) = u(x(t), y(t), z(t)).

Determine f ′(t).

´ ANSWERS

1 a F ′(x1) =
∂f

∂X
(x1, h(x1)) · 1+

∂f

∂Y
(x1, h(x1)) · h′(x1) =

∂f

∂X
(x1, h(x1)) +

∂f

∂Y
(x1, h1(x1)) ·

h′(x1).

b 1) As
∂f

∂X
(X,Y ) = 2X,

∂f

∂Y
(X,Y ) = 3Y 2 and h′(x1) = ex1 we have:

F ′(x1) = 2x1 + 3(ex1)2ex1 = 2x1 + 3(ex1)3 = 2x1 + 3e3x1 .

2) F (x1) = f(x1, e
x1) = x21 + (ex1)3 = x21 + e3x1 where F ′(x1) = 2x1 + 3e3x1 .

2 a We have h(u, v) = f(g(u, v)) = f(g(u, v), g2(u, v), g3(u, v)). By the chain rule, we ob-

tain:

∂h

∂u
(u, v),

=
∂f

∂x
(g(u, v))

∂g1
∂u

(u, v) +
∂f

∂y
(g(u, v))

∂g2
∂u

(u, v) +
∂f

∂z
(g(u, v)))

∂g3
∂u

(u, v).

b 1) As
∂f

∂x
(x, y, z) = 2x,

∂f

∂y
(x, y, z) = 1 and

∂f

∂z
(x, y, z) = ez and g1(u, v) = u, g2(u, v) =

(v)2 and g3(u, v) = 4, by the result in a), we have

∂h

∂u
(u, v) = 2u · 1 + 1 · 0 + e4 · 0 = 2u.

2) ditto!

3 We have w(t) = f(Ω(t), t, t2). By the chain rule, we obtain:

w′(t) =
∂f

∂x
(Ω(t), t, t2) · Ω′(t) +

∂f

∂y
(Ω(t), t, t2) + 2t

∂f

∂z
(Ω(t), t, t2).



CHAPTER 7. FONCTIONS DE Rn → Rm 91

4 F (x, y) = f(g(x, y), y). From this
∂F

∂x
(x, y) =

∂f

∂x1
(g(x, y), y) · ∂g

∂x
(x, y). (justify!) and

∂F

∂y
(x, y) =

∂f

∂x1
(g(x, y), y) · ∂g

∂y
(x, y) +

∂f

∂x2
(g(x, y), y) (justify!). So:

∂F

∂x
(0, 0) =

∂f

∂x1
(g(0, 0), 0) · ∂g

∂x
(0, 0) = (−3) · (−1) = 3,

and

∂F

∂y
(0, 0) =

∂f

∂x1
(g(0, 0), 0) · ∂g

∂y
(0, 0) +

∂f

∂x2
(g(0, 0), 0) = (−3) · (2) + 5 = −1.

5 We have:

f ′(t) =
∂u

∂x
x′(t) +

∂u

∂y
y′(t) +

∂u

∂z
z′(t) ,

=
1

y
2 +

(
− x

y2
+

1

z

)(
− 1

t2

)
+
(
− y

z2

)
2t,

= 2t+

(
−2t · t2 + 1

t2

)(
− 1

t2

)
+

(
− 1

t · t4
)
2t,

= 2t+ 2t− 1

t4
− 2

t4
= 4t− 3

t4
.

We can also calculate directly,

f(t) = 2t2 +
1

t3

So f ′(t) = 4t− 3
t4
.



8 Homogeneous functions

Figure 8.1: Leonhard Euler (1701-1783)

Source: Wikipedia

Let A, be a subset of Rn such that tx ∈ A for all t > 0 and all x ∈ A.

The projection of such setA onto the axes (the projection of a point (a, b) on theX axis is a) are R+,R−,R++,R−−, 0,R0 ≡
R \ {0} or R! In particular, sets A are often of the type (R++)

n or Rn or (R+)
n.

Definition: Homogeneity of degree α

A function f : A ⊂ Rn → R is homogeneous of degree α ∈ R on a subset A of Rn iff for all x ∈ A and
all t > 0:

tx ∈ A et f(tx) = tαf(x).

ª REMARK
The degree α is often a positive integer.

92
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Figure 8.2: Level curves of a homogeneous function

X

Y

a

b

2a

2b

3a

3b

4a

4b

f(a)

2αf(a)

3αf(a)

4αf(a)

� EXAMPLE

� f : R2 → R : (x, y) 7→ f(x, y) = x · y2.
If (x, y) ∈ R2, we have (tx, ty) ∈ R2.

f(tx, ty) = (tx)(ty)2 = t3xy2 = t3f(x, y). So f is homogeneous of degree 3 on R2.

� f : R× R0 → R : (x, y) 7→ f(x, y) = x
y .

If (x, y) ∈ R× R0, we have ∀t > 0, (tx, ty) ∈ R× R0.

f(tx, ty) = tx
ty = x

y = f(x, y). So f is homogeneous of degree 0 on R× R0.

� f : R2 → R : (x, y) 7→ f(x, y) = x+ y.

If (x, y) ∈ R2, we have (tx, ty) ∈ R2.

f(tx, ty) = tx+ ty = t(x+ y) = tf(x, y). So f is homogeneous of degree 1 on R2.

� f : R2
+ → R : (k, ℓ) 7→ f(k, ℓ) = Akαℓβ.

If (k, ℓ) ∈ R2
+, we have ∀t > 0, (tk, tℓ) ∈ R2

+.

f(tk, tℓ) = A(tk)α(tℓ)β = tα+βf(k, ℓ). So f is homogeneous of degree α+ β on R2
+.

Proposition

� If f : A ⊂ Rn → R is homogeneous of degree α on A and C1, ∀x ∈ A,

then (↓)

� its partial derivatives (of order 1) are homogeneous of degree α− 1 on A.
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W PROOF

Hypothesis f is homogeneous of degree α on A and C1 on A.

Thesis
∂f

∂xi
is homogeneous of degree α− 1.

The function f is C1 at x, so we can apply the chain rule to the function f(tx), as a function of
the variables x1, . . . , xn only (not of t). This function from Rn → Rn : x→ tx has all of its partial
derivatives.
The function f is homogeneous of degree α, so f(tx) = tαf(x) for all x ∈ A and all t > 0

f(tx1, tx2, . . . , txn) = tαf(x1, x2, . . . , xn).

By taking derivatives on both sides with respect to xi, we obtain:

∂f

∂xi
(tx) · ∂txi

∂xi
= tα

∂f

∂xi
(x),

↔ ∂f

∂xi
(tx) · t = tα

∂f

∂xi
(x),

↔ ∂f

∂xi
(tx) = tα−1 ∂f

∂xi
(x) because t ̸= 0.

Conclude that
∂f

∂xi
is homogeneous of degree α− 1.

Proposition: Euler’s Théorème

� If f : A ⊂ Rn → R is homogeneous of degree α on A and C1 on A.

then (↓)

�
∑n

i=1

∂f

∂xi
(x) xi = ⟨∇f(x), x⟩ = αf(x).

W PROOF

Hypothesis The function f is homogeneous of degree α on A and C1 on A.

Thesis ⟨∇f(x), x⟩ = αf(x).

This time, we consider f(tx) as a function of the single variable t. The function g : R → Rn : t →
g(t) = f(tx) is C1 everywhere and the chain rule is applicable.
We have for all x and all t > 0:

g(t) = f(tx) = tαf(x)
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So:

g′(t) =
∑
i

∂f

∂xi
(tx)

∂txi
∂t

= αtα−1f(x),

We obtain that ∀t > 0:

n∑
i=1

∂f

∂xi
(tx) xi = αtα−1f(x).

If we choose t = 1:

n∑
i=1

∂f

∂xi
(x) xi = αf(x).

ª REMARK

If f(x) ̸= 0, we can multiply both sides by 1
f(x) .

1

f(x)

n∑
i=1

∂f

∂xi
(x) · xi = α,

↔
n∑

i=1

∂f

∂xi
(x) xi

f(x)
= α,

↔
n∑

i=1

E(f, xi)(x) = α,

where E(f, xi) is the partial elasticity of f with respect to xi. So the sum of the partial elasticities
of f are equal to its degree of homogeneity.

� EXAMPLE

The function f(k, ℓ) = Akαℓβ is homogeneous of degree α+ β. We have:

k
∂f

∂k
(k, ℓ) + ℓ

∂f

∂ℓ
(k, ℓ) = kAαkα−1ℓβ + ℓAβkαℓβ−1

= αf(k, ℓ) + βf(k, ℓ),

= (α+ β)f(k, ℓ)

8.1 Exercises and answers

å EXERCISES

1 Are the following functions homogeneous on A? If yes, give their degree of homogeneity α

and verify that its partial derivatives are homogeneous of degree α− 1.
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a f(x, y, z) =
5

y2
ln
x

z
and A = (R+

0 )
3.

b f(x, y) = ex+y and A = R2.

c f(k, ℓ) = kαℓβ and A = (R+
0 )

2 with 0 < α < 1 and 0 < β < 1.

2 Let f(x, y) = yλ

x1−λ −x2y with λ ∈ R. Determine if possible, a value for the parameter λ such

that the function f(x, y) is homogeneous on (R++)
2. What is the corresponding degree of

homogeneity?

3 Let f : R2 → R be homogeneous of degree, let g : R → R be homogeneous of degree 2 and

let h : R → R be homogeneouos of degree.

Consider the function F (x) = f(g(x), h(x)x ) defined on R0. What is its degree of homogeneity?

4 Let f : (R+
0 )

2 → R be homogeneous of degree 2 and C2 on (R+
0 )

2.

If we know that f(3, 4) = 5 and
∂f

∂y
(3, 4) = 4. Determine (justify) f(6, 8) and

∂f

∂y

(
3

2
, 2

)
.

´ ANSWERS

1 a f(x, y, z) =
5

y2
ln
x

z
on A = (R+

0 )
3 is homogeneous of degree (−2) on A. Its partial

derivatives are
∂f

∂x
(x, y, z) =

5

y2
1

x
,
∂f

∂y
(x, y, z) = −10

y3
ln
x

z
and

∂f

∂z
(x, y, z) = − 5

y2
1

z
, all

three are homogeneous of degree (−3) on A.

b f(x, y) = ex+y on A = R2 is not homogeneous.

c f(k, ℓ) = kαℓβ on A = (R+
0 )

2 with 0 < α < 1 and 0 < β < 1 is homogeneous of degree

α + β on A. Its partial derivatives are
∂f

∂k
(k, ℓ) = αkα−1ℓβ and

∂f

∂ℓ
(k, ℓ) = βkαℓβ−1,

both of them are homogeneous of degree α+ β − 1 on A.

2 We have,

(ty)λ

(tx)1−λ
− (tx)2(ty) = t2λ−1 yλ

x1−λ
− t3x2y.

So, the function is homogeneous if 2λ − 1 = 3 ↔ λ = 2. In that case, f is homogeneous of
degree 3.

3 We have

F (tx) = f(g(tx),
h(tx)

tx
),

= f(t2g(x),
t3

t

h(x)

x
),

= (t2)3f(g(x),
h(x)

x
),

= t6F (x).
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So F is homogeneous of degree 6.

4 f is homogeneous of degree 2 → ∀(x, y) ∈ (R+
0 )

2, ∀k > 0, f(k(x, y)) = k2f(x, y). From this,

f(6, 8) = f(2(3, 4)) = 22f(3, 4) = 4f(3, 4) = 4 · 5 = 20.

On the other hand, f is homogeneous of degree 2 and partially differentiable on (R+
0 )

2,
∂f

∂y

is homogeneous of degree 2− 1 = 1 on (R+
0 )

2 → ∂f

∂y
(k(x, y)) = k

∂f

∂y
(x, y).

From this,
∂f

∂y

(
3

2
, 2

)
=
∂f

∂y

(
1

2
(3, 4)

)
=

1

2

∂f

∂y
(3, 4) =

1

2
· 4 = 2.



9 Directional derivatives/Taylor’s formula

Let x ∈ Rn. A line passing through x ∈ Rn can be specified by a direction v ∈ Rn (v ̸= 0) or by another point
y in Rn.

Definition

The line passing through x ∈ Rn in the direction v ∈ Rn \ {0} is the set:

{x+ tv|t ∈ R}.

Definition

The line passing through x ∈ Rn and y ∈ Rn (x ̸= y) is the set:

{(1− t)x+ ty|t ∈ R}.

Let x, v(v ̸= 0) be two vectors in Rn. Consider the vector x+ tv where t ∈ R.

Figure 9.1: Lines passing through x
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Y

v

x− v

x

x+ v

X

Y

x

y
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ª REMARK

� Let y = x + v. Then the line {x + tv|t ∈ R} passing through x with direction v is the same as
the line {(1− t)x+ ty|t ∈ R} passing through x and y.

� Let v = y − x. Then the line {(1 − t)x + ty|t ∈ R} passing through x and y is the same as the
line {x+ tv|t ∈ R} passing through x in the direction v.

� Of course, all non-zero multiples of v define the same direction.

9.1 Directional derivative

Definition: Directional derivative in a point

We say that f : D ⊂ Rn → R is differentiable in x, interior point of D, in the direction v (∥v∥ = 1)
if F (t) = f(x + tv) is differentiable with respect to t at the point t = 0, the derivative of f in the
direction v at x is

F ′(0) =
n∑

i=1

∂f

∂xi
(x)vi = ⟨∇f(x), v⟩.

To obtain the expression for F ′(0), we apply the chain rule to the function F (t) = f(x+tv) = f(x1+tv1, . . . , xn+
tvn):

F ′(t) =
∂f

∂x1
(x+ tv)

d(x1 + tv1)

dt
+ . . .+

∂f

∂xn
(x+ tv)

d(xn + tvn)

dt
,

=
n∑

i=1

∂f

∂xi
(x+ tv)vi,

= ⟨∇f(x+ tv), v⟩.

ª REMARK

� F (t) = f(x + tv) is the value of the function f evaluated on the line passing through x in the
direction v.

� It is often useful to capture a direction by a normalized vector. For example, v = (1, 0) or

v =

(√
2

2
,

√
2

2

)
which have the property that ∥v∥ = 1.

� In R2, the vectors in the direction of the coordinate axes are given by (for example) v = (0, 1)
(and (1, 0)).

f((x, y) + tv) then becomes f(x+ 0, y + t) = F (t) (axis y) and

F ′(t) =
∂f

∂x
(x, y + t) · 0 + ∂f

∂y
(x, y + t) · 1 =

∂f

∂y
(x, y + t).

So the derivative of f in the direction (0, 1) at (x, y) gives:

F ′(0) =
∂f

∂y
(x, y).
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� EXAMPLE

Let f(x, y) = x2 + y2 − 3xy. Determine the directional derivative of f at (x, y) = (3, 5) in the
direction v = (

√
1/2,

√
1/2). The directional derivative of f at (x, y) in the direction v = (vx, vy)

is:

∂f

∂x
(x, y)vx +

∂f

∂y
(x, y)vy = (2x− 3y)vx + (2y − 3x)vy.

As such, the directional derivative at (x, y) = (3, 5) in the direction v = (
√

1/2,
√

1/2) is:

(6− 15)
√

1/2 + (10− 9)
√
1/2 = −8

√
1/2.

ª REMARK
Figure 9.2 gives the intuition for the directional derivative. We place ourselves at the point x and
choose a direction v. This coincides with choosing the points x+ tv, ∀t. We can now determine the
vertical plane that passes through x and x + v. The intersection with the surface z = f(x) gives
a vertical section. The slope of the tangent of this curve at the point (x, f(x)) is the directional
derivative.

Figure 9.2: The directional derivative

X

Z

x
Y

v

In a similar manner, we have the mean value theorem.

t RECALL

Proposition: Mean value theorem for n = 1

Let f : D ⊂ R → R, C1 on D, a convex set.
then (↓)

∀x, y ∈ D, there is a c between x and y such that:

f(b)− f(a) = f ′(c) · (b− a).
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Proposition: Mean value theorem for n > 1

Let f : D ⊂ Rn → R, C1 on D, a convex set.
then (↓)

∀y ∈ B, ∃α ∈]0, 1[ such that for c = (1− α)x+ αy:

f(y)− f(x) =

n∑
i=1

∂f

∂xi
(c)(yi − xi) ≡ ⟨∇f(c), (y − x)⟩.

W PROOF

Hypothesis f is C1 on D and x, y ∈ B

Thesis ∃α ∈]0, 1[: f(y)− f(x) = ⟨∇f(c), (y − x)⟩ with c = (1− α)x+ αy.

Consider the direction v = y − x and define:

F : [0, 1] → R : α 7→ F (α) = f(x+ αv) = f((1− α)x+ αy)

Remark that x+ αv = x+ α(y − x) = (1− α)x+ αy.
We have that F is differentiable on [0, 1] (because f is differentiable on the set B, B is convex and
x, y ∈ B, so all points x+ αv avec α ∈ [0, 1] are also in B).
We can apply the mean value theorem (for n = 1) to F with b = 1 and a = 0. So there exists an
α ∈ [0, 1] such that:

F (1)− F (0) = F ′(α)[1− 0] = F ′(α).

Remark that F (1) = f(y), F (0) = f(x) and

F ′(α) =
n∑

i=1

∂f

∂xi
(x+ αv) · vi ≡ ⟨∇f(x+ αv︸ ︷︷ ︸

c

), v⟩

Defining c = (1− α)x+ αy ≡ x+ αv, we obtain:

f(y)− f(x) = ⟨∇f(c), y − x⟩.
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9.2 Taylor’s formula

Figure 9.3: Brook Taylor (1685-1731)

Source: Wikipedia

t RECALL

Let f : D ⊂ R → R : x 7→ f(x), C2 on D and consider x0 interior point of D. The first order
approximation is the line tangent to the curve of f (the blue line in Figure 9.4),

T (x) = f(x0) + f ′(x0)(x− x0).

We an also take a second order approximation:

V (x) = α+ β(x− x0) + γ(x− x0)
2.

We want that f(x) ≈ V (x) in the neighbourhood of x0. So:
f(x0) = V (x0) = α,

f ′(x0) = V ′(x0) = β,

f ′′(x0) = V ′′(x0) = 2γ.

→ V (x) = f(x0) + f ′(x0)(x− x0) +
f ′′(x0)

2
(x− x0)

2.

We obtain the quadratic curve in red in figure 9.4. In the neighbourhood of x0, it is a better
approximation of f compared to the tangent line T (x).

Figure 9.4: First and second order approximation of f

X

Y f(x)

x0

T (x)

V (x)
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Proposition: Taylor’s formula of order 2 (n = 1)

Let f : D ⊂ R → R : x→ y = f(x), C2 on D, a convex set.
then (↓)

∀x, y ∈ D, there is a c between x and y such that:

f(x) = f(x0) + f ′(x0)(x− x0) +
1

2
f ′′(c)(x− x0)

2.

≡ f(x0) + f ′(x0)(x− x0) +
1

2
f ′′(x0)(x− x0)

2 +
1

2

[
f ′′(c)− f ′′(x0)

]
(x− x0)

2.

ª REMARK

� The term f(x0)+f
′(x0)(x−x0) is the linear approximation of f in the neighbourhood

of x0.

� The term
1

2
f ′′(c)(x− x0)

2 is the remainder of order 1.

� We obtain:

f(x) = f(x0) + f ′(x0)(x− x0) +
1

2
f ′′(x0)(x− x0)

2︸ ︷︷ ︸
second order approximation of f in the neighbourhood of x0

+
1

2
[f ′′(c)− f ′′(x0)](x− x0)

2︸ ︷︷ ︸
remainder of order 2

Proposition: Taylor’s formula (for n > 1)

If f : D ⊂ Rn → R, C2 on D, a convex set:
then (↓)

∀y ∈ B, ∃α ∈ [0, 1] such that c = (1− α)x+ αy:

f(y) = f(x) +

n∑
i=1

∂f

∂xi
(x) (yi − xi) +

1

2

n∑
i=1

n∑
j=1

(yi − xi)
∂2f

∂xi∂xj
(c) (yj − xj),

= f(x) + ⟨∇f(x), y − x⟩+ 1

2
(y − x)tHf (c)(y − x).

W PROOF

Hypothesis f is C2 on B, a convex set that contains x and y.

Thesis
∀x ∈ B, ∃α ∈ [0, 1] : f(y) = f(x) + ⟨∇f(x), y − x⟩ + 1

2(y − x)tHf (c)(y − x)
with c = (1− α)x+ αy.

Let v = y− x and define F : [0, 1] → R : α 7→ F (α) = f(x+ αv) = f((1− α)x+ αy). The function
F is C2 on [0, 1]. As such, we can apply Taylor’s formula applied to functions of a single variable
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(n = 1): ∃α ∈ [0, 1] such that:

F (1)− F (0) = F ′(0)[1− 0] +
1

2
F ′′(α)[1− 0]2,

= F ′(0) +
1

2
F ′′(α).

Remark that F (1) = f(y) and F (0) = f(x). In addition:

F ′(α) =
n∑

i=1

∂f

∂xi
((1− α)x+ αy)(yi − xi) = ⟨∇f((1− α)x+ αy), y − x⟩.

As such,

F ′(0) = ⟨∇f(x), y − x⟩.

and:

F ′′(α) =

n∑
i=1

n∑
j=1

(yi − xi) ·
∂2f

∂xi∂xj
((1− α)x+ αy) · (yj − xj),

= (y − x)t · Hf ((1− α)x+ αy︸ ︷︷ ︸
c

) · (y − x).

Setting c = (1− α)x+ αy, gives:

f(y)− f(x) = ⟨∇f(x), y − x⟩+ 1

2
(y − x)t · Hf (c) · (y − x).

ª REMARK
We also have that:

f(y)− f(x) = ⟨∇f(x), y − x⟩+ 1

2
(y − x)t · Hf (x) · (y − x) + e(c)

Defining e(c) =
1

2
(y − x)t · (Hf (c)−Hf (x)) · (y − x), we see the development of the error of order

2, e(c) in which the three terms (y − x)t, (y − x) and Hf (c) − Hf (x) tend to 0 when y → x, by
continuity of the second order partial derivatives.
In particular e(c) tends “three times” to 0 for y → x

� EXAMPLE

Let f(x, y) = ln(xy) + xy (with x, y > 0). Give Taylor’s approximation of orer 2 in (x0, y0). We
have :

∇f(x0, y0) =
[

1
x0

+ y0
1
y0

+ x0
]
,

Hf (x0, y0) =

[
− 1

(x0)2
1

1 − 1
(y0)2

]
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So,

f(x, y) ≈f(x0, y0) +
(

1

x0
+ y0

)
(x− x0) +

(
1

y0
+ x0

)
(y − y0),

+ (x− x0)(y − y0)−
1

2(x0)2
(x− x0)

2 − 1

2(y0)2
(y − y20).

9.3 Exercises and answers

å EXERCISES

1 Let f(x, y) = 3x2 + 4y2.

a Determine, if it exists, Taylor’s approximation of order 1 for f(x, y) in the neighbourhood

of a = (0, 1), by deriving the tangent plane at the surface of the equation z = f(x, y) at
this point.

b Determine, if it exists, Taylor’s approximation of order 2 of f(x, y) in the neighbourhood

of the point a.

2 Same question for f(x, y) = xe2y in the neighbourhood of the point a = (0, 0).

3 Let f(x1, x2, x3) = ln(1 + x1) + x2 + 2x2x3.

a Give the domain of f(x1, x2, x3).

b Determine, if it exists, Taylor’s approximation of order 1 of f(x1, x2, x3) in the neigh-

bourhood of the point a = (0, 0, 0).

c Determine, if it exists, Taylor’s approximation of order 2 of f(x1, x2, x3) in the neigh-

bourhood of a.

´ ANSWERS

1 f is C∞ on R2 because it is a polynome. As such, we can determine the approximations at

every neighbourhood for all points in R2.

a We have that
∂f

∂x
(x, y) = 6x and

∂f

∂y
= 8y, so

∂f

∂x
(0, 1) = 0 and

∂f

∂y
(0, 1) = 8. The

tangent plane is T (x, y) = 4 + 0(x− 0) + 8(y − 1) = −4 + 8y.

b We have
∂2f

∂(x)2
= 6 and

∂2f

∂(y)2
= 8 and

∂2f

∂x∂y
= 0, so the second order approximation

is:

− 4 + 8y +
6

2
x2 +

8

2
(y − 1)2 + 0x(y − 1) = 3x2 + 4y2

2 f is C∞ on R2 as it is a product of two functions that are C∞ on R2. We can determine the

requested approximations for every neighbourhood for every point in R2.
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We get
∂f

∂x
(x, y) = e2y and

∂f

∂y
= 2xe2y so

∂f

∂x
(0, 0) = 1 and

∂f

∂y
(0, 0) = 0. We obtain the

following first order approximation z = 0 + x+ 0y = x.

For the second order approximation, we use
∂2f

∂(x)2
(0, 0) = 0,

∂2f

∂(y)2
(0, 0) = 0 and

∂2f

∂x∂y
= 2.

This gives the following second order approximation:

z = x+ 2
2

2
xy = x(1 + 2y).

3 a The domain conditions are 1+x1 > 0 or x1 > −1. So dom f =]−1,∞[×R×R. f is C∞

on dom f as it is a sum of C∞ functions on their respective domains. We can therefore
determine the requested approximations in every neighbourhood of every point in dom
f .

b We have
∂f

∂x1
(x1, x2, x3) =

1
1+x1

,
∂f

∂x2
(0, 0, 0) = 1+2x3 and

∂f

∂x3
(0, 0, 0) = 2x2. As such,

∂f

∂x1
(0, 0, 0) = 1,

∂f

∂x2
(0, 0, 0) = 1 and

∂f

∂x3
(0, 0, 0) = 0 so the first order approximation

gives y = 0 + 1x1 + 1x2 = x1 + x2.

c We have
∂2f

∂(x1)2
(0, 0, 0) = −1,

∂2f

∂(x2)2
(0, 0, 0) = 0,

∂2f

∂(x3)2
(0, 0, 0) = 0,

∂2f

∂x1∂x2
= 0,

∂2f

∂x1∂x3
= 0 and

∂2f

∂x2∂x3
= 2. We get the following second order approximation:

f(x1, x2, x3) ≈ x1 + x2 −
1

2
(x1)

2 + 2x2x3.



10 Convex functions

Definition: Convex functions

Let D be a convex subset of Rn. Then f : D ⊂ Rn → R is convex on D iff,

∀x, y ∈ D,∀α ∈ [0, 1], f(αx+ (1− α)y) ≤ αf(x) + (1− α)f(y).

ª REMARK

� Equivalently, ∀α ∈]0, 1[.

� The set D is convex such that αx+ (1− α)y ∈ D, ∀x, y ∈ D.

� In words: the image of the linear convex combination of x and y is smaller than or equal to the
same linear convex combination of f(x) and f(y).

In Figure 10.1, we have the points A = (x, f(x)), B = (y, f(y)), C = (αx+ (1− α)y, αf(x) + (1− α)f(y)) and
D = (αx+ (1− α)y, f(αx+ (1− α)y)). The function is convex if C is above D for all x, y ∈ D and α ∈ [0, 1].

Figure 10.1: A convex function of a single variable convexe d’une variable

X

Y

x yαx+ (1− α)y

A

B

C

D

Definition: Concave functions

Let D be a convex subset of Rn. Then f : D → R is concave on D iff ∀α ∈ [0, 1] (or ]0, 1[):

∀x, y ∈ D, f(αx+ (1− α)y) ≥ αf(x) + (1− α)f(y)

107
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In Figure 10.2, the function is concave if C = (αx + (1 − α)y, f(αx + (1 − α)y) is above D = (αx + (1 −
α)y, αf(x) + (1− α)f(y)) for all x, y ∈ D and α ∈ [0, 1].

Figure 10.2: A concave function of a single variable

X

Y

x yαx+ (1− α)y

A

B

C

D

Given x and y ∈ D, we can define:

F (α) = f((1− α)x+ αy) ≡ f(x+ α(y − x)).

The function F : [0, 1] → Rn traces out the value of f between f(x) and f(y). Note that:

F ′(α) =

n∑
i=1

∂f

∂xi
(x+ α(y − x)) · (yi − xi) = ⟨∇f(x+ α(y − x)), y − x⟩.

Proposition

Let D be a convex subset of Rn. Let f : D ⊂ Rn → R.

� f is convex (concave) on D

iff (↕)

� ∀x, y ∈ D, the function F : [0, 1] → R : α 7→ F (α) = f((1− α)x+ αy) is convex (concave)

W PROOF

(↓)

Hypothesis
f is convex
(↔ ∀x, y ∈ D,∀α ∈ [0, 1] : f((1− α)x+ αy) ≤ (1− α)f(x) + αf(y))

Thesis
F is convex
(↔ ∀α, β ∈ [0, 1],∀τ ∈ [0, 1] : F ((1− τ)α+ τβ) ≤ (1− τ)F (α) + τF (β))
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Let α, β ∈ [0, 1], let τ ∈ [0, 1] We have that:

F (α) = f((1− α)x+ αy) ≡ f(x+ α(y − x))

et F (β) = f((1− β)x+ βy) ≡ f(x+ β(y − x)).

So:

F ((1− τ)α+ τβ︸ ︷︷ ︸
γ

) = f(x+ γ(y − x)),

= f(x+ ((1− τ)α+ τβ)︸ ︷︷ ︸
γ

(y − x)),

Note that:

x+ ((1− τ)α+ τβ)(y − x),

= (1− τ)x+ τx︸ ︷︷ ︸
x

+(1− τ)α(y − x) + τβ(y − x),

= (1− τ)(x+ α(y − x)) + τ(x+ β(y − x))

So

F ((1− τ)α+ τβ) = f ((1− τ)[x+ α(y − x)] + τ [x+ β(y − x)]) ,

≤ (1− τ) f(x+ α(y − x))︸ ︷︷ ︸
F (α)

+τ f(x+ β(y − x)︸ ︷︷ ︸
F (β)

by convexity of f ,

= (1− τ)F (α) + τF (β).

As such, F is convex. (↑)

Hypothesis
F is convex
(↔ ∀α, β ∈ [0, 1],∀τ ∈ [0, 1] : F ((1− τ)α+ τβ) ≤ (1− τ)F (α) + τF (β))

Thesis
f is convex
(↔ ∀x, y ∈ D,∀α ∈ [0, 1] : f((1− α)x+ αy) ≤ (1− α)f(x) + αf(y))

Note that:

F (0) = f(x) et F (1) = f(y).

We have:

(1− α)f(x) + αf(y) = (1− α)F (0) + αF (1)

≥ F ((1− α) · 0 + α · 1) F is convex

= F (α) = f((1− α)x+ αy),

so f is convex.
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10.1 Convex functions that are C1

Cas n = 1:

Figure 10.3 shows a convex function that is also C1. Let x be an interior point of the domain of f . The tangent
line through the point (x, f(x)) at the curve of f is entirely below the curve of f .

In other words, if we consider the points A = (y, f(y)) and B = (y, f(x) + f ′(x)(y− x)), we see that A is above
B, or f(y) ≥ f(x) + f ′(y)(x− y).

Figure 10.3: Convex function that is C1

X

Y

x y

A

B

Proposition

Let f : D ⊆ R → R be differentiable and C1 on the open convex set D.

� f is convex (concave) on D.

iff (↕)

� for all x, y ∈ D:

f(y) ≥ (≤)f(x) + f ′(x)(y − x).

In words, the graph of the function is above every tangent of the curve of the function.

W PROOF

(↓)

Hypothesis f is convex.

Thesis ∀x, y ∈ D, f(y) ≥ f(x) + f ′(x)(y − x).
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Let f be convex on D. Let x, y ∈ D and α ∈ (0, 1).

f(αy + (1− α)x) ≤ αf(y) + (1− α)f(x)

↔f(y) ≥ f(x) +
f(x+ α(y − x))− f(x)

α

Let us define h = α(y − x) and remark that h→ 0 if α→ 0.
So:

f(y) ≥ f(x) +
f(x+ h)− f(x)

h
(y − x).

If we now take the limit for h→ 0, we obtain:

f(y) ≥ f(x) + f ′(x)(y − x).

(↑)

Hypothesis ∀x, y ∈ D : f(y) ≥ f(x) + f ′(x)(y − x).

Thesis f is convex.

For all x, y, z ∈ D:

f(x) ≥ f(z) + f ′(z)(x− z)

f(y) ≥ f(z) + f ′(z)(y − z).

So for α ∈ [0, 1] we obtain:

αf(x) + (1− α)f(y) ≥ f(z) + f ′(z)(αx+ (1− α)y − z).

If we now choose z = αx+ (1− α)y ∈ D we obtain,

αf(x) + (1− α)f(y) ≥ f(αx+ (1− α)y).

So f is convex.

Cas n > 1:

Proposition

Let f : D ⊂ Rn → R, be a C1 function on an open convex set D.

� f is convex (concave) on D,

iff (↕)

� ∀x, y ∈ D:

f(y) ≥ (≤)f(x) + ⟨∇f(x), (y − x)⟩.
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ª REMARK

The inequality f(y) ≥ f(x) + ⟨(y − x),∇f(y)⟩ written for functions of two variables becomes:

f(y1, y2) ≥ f(x1, x2) + (y1 − x1)
∂f

∂x1
(x1, x2) + (y2 − x2)

∂f

∂x2
(x1, x2).

W PROOF

(↓)

Hypothesis f is convex.

Thesis ∀x, y ∈ D : f(y) ≥ f(x) + ⟨∇f(x), y − x⟩.

Let f be convex. For all x, y ∈ D the function F : [0, 1] → R : α → F (α) = f((1 − α)x + αy) is
convex. So:

F (1) ≥ F (0) + F ′(0)1.

Also:

F ′(α) = ⟨∇f((1− α)x+ αy), y − x⟩.

In particular:

F ′(0) = ⟨∇f(x), y − x⟩.

Note that F (1) = f(y) and F (0) = f(x). So for α = 0, we obtain,

f(y) ≥ f(x) + ⟨∇f(x), (y − x)⟩.

(↓)

Hypothesis ∀x, y ∈ D : f(y) ≥ f(x) + ⟨∇f(x), y − x⟩

Thesis f is convex.

Let x, y, z ∈ D. We have:

f(x) ≥ f(z) + ⟨∇f(z), (x− z)⟩,
f(y) ≥ f(z) + ⟨∇f(z), (y − z)⟩.

So for α ∈ [0, 1]

αf(x) + (1− α)f(y) ≥ f(z) + ⟨∇f(z), (αx+ (1− α)y − z)⟩.

If we choose z = αx+ (1− α)y ∈ D we obtain,

αf(x) + (1− α)f(y) ≥ f(αx+ (1− α)y).

So f is convex.
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10.2 Convex functions that are C2

case n = 1:

For functions of a single variable, we also have the following property.

Proposition

Let f : D ⊂ R → R where D is an open convex set and f is C2 on D.

� f is convex (concave) on D

iff (↕)

� f ′′(x) ≥ (≤)0,∀x ∈ D.

W PROOF

(↓)

Hypothesis f is convex on D.

Thesis f ′′(x) ≥ 0.

Let x, y ∈ D. The function f is C1 and convex on D, so:

f(x)− f(y) ≥ f ′(y)(x− y),

f(y)− f(x) ≥ f ′(x)(y − x).

0 ≥ [f ′(x)− f ′(y)](y − x)

As such,

0 ≥ [f ′(x)− f ′(y)](y − x).

↔(f ′(y)− f ′(x))(y − x)) ≥ 0,

→f ′(y)− f ′(x)

y − x
≥ 0 divide by (y − x)2 > 0

Define h = y − x, we obtain,

f ′(x+ h)− f ′(x)

h
≥ 0

If we take the limit for h→ 0, we obtain f ′′(x) ≥ 0.

(↑)

Hypothesis ∀x ∈ D : f ′′(x) ≥ 0

Thesis f is convex.
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Let y, x ∈ D. Taylor’s formula gives α ∈ [0, 1] and c = (1− α)x+ αy such that:

f(y) = f(x) + f ′(x)(y − x) +
1

2
f ′′(c)(y − x)2,

≥ f(x) + f ′(x)(y − x) parce que c ∈ D, et f ′′(c) ≥ 0

As such,

f(y) ≥ f(x) + f ′(x)(y − x).

Case n > 2:

We can also generalize this proposition to functions of multiple variables.

t RECALL

Definition: eigenvalues

Let A be a square matrix of dimension n. The number (real of complex) λ is an eigenvalue
of A if there exists a vector v ∈ Rn, v ̸= 0 such that

Av = λv.

The vector v is called an eigenvector.

A square matrix A of dimension n×n has n eigenvalues (some of them may have the same value).
We can find them by solving the following equation:

dét (A− λI) = 0,

where I is the unit matrix of dimension n.

Definition

Let A be a symmetric matrix of dimension n.

� A is positive definite (p.d.) iff x′Ax > 0, ∀x ∈ Rn, x ̸= 0

� A is negative definite (n.d.) iff x′Ax < 0, ∀x ∈ Rn, x ̸= 0

� A is positive semi-definite (p.s.d.) iff x′Ax ≥ 0, ∀x ∈ Rn

� A is negative semi-definite (n.s.d.) iff x′Ax ≤ 0, ∀x ∈ Rn
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Proposition

Let A be a symmetric matrix (n× n).

� A is p.d. iff all of its eigenvalues are > 0.

� A est n.d. iff all of its eigenvalues are < 0.

� A is p.s.d. iff all of its eigenvalues are ≥ 0.

� A is n.s.d. iff all of its eigenvalues are ≤ 0.

Proposition

Let f : D ⊂ Rn → R be C2 on the open convex set D.

� f is convex (concave) on D,

iff (↕)

� ∀x ∈ D, the hessien Hf (x) is p.s.d. (n.s.d.).

W PROOF

(↓)

Hypothesis f is convex.

Thesis ∀x ∈ D, Hf (x) is p.s.d.

Let f be convex. We have that for all x, y ∈ D, the function F : [0, 1] → R : α → F (α) =
f((1− α)x+ αy) is convex. As such, for all α ∈ (0, 1), F ′′(α) ≥ 0.
we have:

F ′(α) = ⟨∇f((1− α)x+ αy), y − x⟩,

and

0 ≤ F ′′(α) = (y − x)t · Hf ((1− α)x+ αy) · (y − x)

if we now take the limit for α→ 0:

0 ≤ F ′′(0) = (y − x)tHf (x) · (y − x).

This inequality is true for all y in a neighbourhood of x, so Hf (x) is p.s.d.

(↑)

Hypothesis ∀x ∈ D : Hf (x) is p.s.d.
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Thesis f is convex.

Let x, y ∈ D. Taylor’s formula gives a value α ∈ [0, 1] and c = (1− α)x+ αy such that:

f(y) = f(x) + ⟨∇f(x), (y − x)⟩+ 1

2
(y − x)tHf (c)(y − x),

≥ f(x) + ⟨∇f(x), (y − x)⟩ because c ∈ D and Hf (c) est p.s.d.

So, ∀y ∈ D,

f(y) ≥ f(x) + ⟨∇f(x), (y − x)⟩.

Conclude that f is convex.

Proposition

Let f : D ⊂ Rn → R be a C2 function on the convex and open set D. Let x ∈ D.

� If the hessian Hf (x) is p.d. (n.d.)

then (↓)

� f is convex (concave) on a convex neighbourhood of x.

ª REMARK
� As convex neighbourhood of x, we can take an open ball centered at x.

� If Hf (x) is p.d. (n.d.) for all x ∈ D, then f is also convex (concave) on D.

W PROOF

Hypothesis Hf (x) is p.d.

Thesis f is convex on a (convex) neighbourhood of x.

� As Hf (x) is p.d., its eigenvalues are strictly positive.

� The eigenvalues are continuous functions of the elements in the matrix Hf (x) and the elements
of the matrix Hf (x) are continous in x (because f is C2).

� As such, there exists an open ball B centered at x such that for all y ∈ B, Hf (y) have strictly
positive eigenvalues.

� As such, ∀y ∈ B, Hf (y) is p.d.

� On this open ball B (which is a convex set), f is C2 and Hf is p.s.d. As such, f is convex on B.
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� EXAMPLE

f : R2 → R : (x, y) → x2 + y2 is C∞ on R2 which is a convex and open set. .
The function is convex on R2 because as:

∂f

∂x
= 2x,

∂f

∂y
= 2y,

∂2f

∂(x)2
= 2,

∂2f

∂(y)2
= 2,

∂2f

∂x∂y
= 0.

so the quadratic form
[
v1 v2

] [2 0
0 2

] [
v1
v2

]
= 2v21 + 2v22 is strictly positive for all (v1, v2) ̸= (0, 0).

This means that Hf (x) is p.d. (note that Hf is a diagonal matrix, so its eigenvalues are 2 and 2,
which are strictly positive).

� EXAMPLE

The function f : R2 → R : (x, y) → x2 is convex on R2 as:

∂f

∂x
= 2x,

∂f

∂y
=

∂2f

∂(y)2
=

∂2f

∂x∂y
= 0,

∂2f

∂(x)2
= 2.

and the quadratic form
[
v1 v2

] [2 0
0 0

] [
v1
v2

]
= 2v21 which is always greater or equal to zero. As

such, Hf is p.s.d. on R2. The eigenvalues are 2 and 0 ≥ 0.

10.3 Sylvester’s criterium

Definition: Principal minor of a matrix

Let A be a symmetric matrix (n×n). The principal minors of order k of the matrix A are the determinants
of the square submatrices of size k obtained by deleting n − k rows and n − k columns with the same
indices.

Definition: Dominant principal minor of a matrix

Let A be a symmetric matrix (n × n). The dominant principal minor of order k of the matrix A is the
determinant of the square submatrix of size k obtained by deleting the last n−k rows and n−k columns
of A.
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Proposition

Let A be a symmetric matrix (n× n).

� A is p.d. iff the n dominant principal minors of A are > 0.

� A is n.d. iff the kth order dominant principal minor of A is > 0 if k is even and < 0 if k is odd. (the
strict sign is (−1)k).

� A is p.s.d. iff the principal minors of A are ≥ 0.

� A est n.s.d. iff the principal minors of order k are ≥ 0 if k is even and ≤ 0 if k is odd (the weak sign
is (−1)k).

� EXAMPLE

Let A =

1 5 2
5 3 8
2 8 4

. We have:

� dét
[
1
]
> 0

� dét

[
1 5
5 3

]
= 3− 25 = −22 < 0.

� dét

1 5 2
5 3 8
2 8 4

 = −64 < 0

So A is neigher p.d. nor n.d.

� EXAMPLE

Let A =

[
1 2
2 4

]
. We obtain:

� All principal minors of order 1 (1 and 4) are ≥ 0.

� dét

[
1 2
2 4

]
= 0,

So A is p.s.d. We see also that the eigenvalues are equal to 5 and 0.

10.4 Exercises and answers

å EXERCISES

1 Determine the sign (p.s.d., n.s.d., p.d., n.d., indeterminate) of the following matrices.

a A =

−2 −6 0
−6 −1 −1
0 −1 4


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b B =

 2 −1 0
−1 2 −1
0 −1 2


c C =

 2 −1 −1
−1 2 −1
−1 −1 2


d D =

1 2 3
2 5 4
3 4 9


e E =

−1 3 0
3 −9 0
0 0 −2


2 For which value of a is the following matrix

[
−2 2a
2a −2

]
s.d.n.?

3 Determine the convexity, concavity of the following functions.

a f(x, y) = x2 + y2 − 3xy

b f(x, y) = ln(xy) with x, y > 0.

c f(x, y) = ex+y

d f(x, y) = xαyβ (0 < α < 1, 0 < β < 1) and dom f = R2
+

e f(x, y) = x2

y on {(x, y) ∈ R2|y > 0}

4 Demonstrate that the sum of two convex functions is also convex.

5 Let D ⊂ Rn be a convex set. Show that f : D → R is convex if −f is concave.

6 Let D ⊂ Rn be a convex set. Show that if f : D ⊂ Rn → R is convex, C1 and homogeneous

of degree 1, then ∀y, x ∈ D:

⟨∇f(y), y⟩ ≥ ⟨∇f(x), y⟩

7 Study the convexity of the following function f(x, y, z) = ex+z + y4 in R3.

´ ANSWERS

1 Determine the sign of the matrices.

a ∆̂2 = −34 so A is indeterminate.

b ∆̂1 = 2, ∆̂2 = 3, ∆̂3 = 4 so B is p.d.
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c ∆̂1 = 2, ∆̂2 = 3, ∆̂3 = 0 so C is not p.d. nor n.d.

∆1 = 2, 2, 2,∆2 = 3, 3, 3,∆3 = 0, so C is p.s.d.

d ∆̂1 = 1, ∆̂2 = 1, ∆̂3 = −4, so D is indeterminate.

e ∆̂1 = −1, ∆̂2 = 0, ∆̂3 = 0, so E is not n.d. nor p.d.

∆1 = −1,−9,−2 < 0, ∆2 = 0, 2, 18 ≥ 0, ∆3 = 0 ≤ 0 so E is n.s.d.

2 We want that ∆1 = −2,−2 ≤ 0 and ∆2 = 4−4a2 ≥ 0. This gives the condition 4(1−a2) ≥ 0

which holds for all values a ∈ [−1, 1].

3 a Let us determine the hessian. We have
∂f

∂x
(x, y) = 2x− 3y,

∂f

∂y
= 2y− 3x so

∂2f

∂(x)2
= 2,

∂2f

∂(y)2
= 2 and

∂2f

∂x∂y
= −3 so the hessian equals Hf =

[
2 −3
−3 2

]
. The eigenvalues are

the roots of the following equation.

(2− λ)2 − 9 = λ2 − 4λ− 5

We have ∆ = 16 + 20 = 62. The roots are 2+6
2 and 2−6

2 . One is positive and the other
one negative, so f is not concave and not convex.

b Let us determine the hessian. We have
∂f

∂x
=

1

x
and

∂f

∂y
=

1

y
. As such,

∂2f

∂(x)2
= − 1

x2

and
∂f

∂y
= − 1

y2
and

∂2f

∂x∂y
= 0. As such, the hessian equals Hf =

[
−1/x2 0

0 −1/y2

]
.

The two eigenvalues are negative, so f is concave.

c Let us determine the hessian. We have
∂f

∂x
= ex+y and

∂f

∂y
= ex+y. As such,

∂2f

∂(x)2
=

ex+y,
∂2f

∂(y)2
= ex+y and

∂2f

∂x∂y
= ex+y so the hessian is H =

[
ex+y ex+y

ex+y ex+y

]
. One of the

eigenvalues equals 0. The other is the root of the following equation:

(ex+y − λ)2 − e2(x+y) = 0 → ex+y − λ = ex+y

λ = 2e(x+y) > 0. As such, the hessian is p.s.d. which means that f is convex.

d The hessian equals Hf =

[
α(α− 1)xα−2yβ αβxα−1yβ−1

αβxα−1yβ−1 β(β − 1)xαyβ−2

]
.

The determinant of this matrix equals:

x2α−2y2β−2
[
α(α− 1)β(β − 1)− α2β2

]
,

= x2α−2y2β−2αβ [1− β − α]

So it is positive if α+ β ≤ 1 and negative if α+ β ≥ 1. The principal minors of order 1
are non-positive. As such, the function is concave if α+ β ≤ 1.

e We obtain
∂f

∂x
=

2x

y
,
∂f

∂y
= −x

2

y2
. So

∂2f

∂(x)2
= 2

y ,
∂2f

∂(y)2
= 2

x2

y3
and

∂2f

∂x∂y
= −2x

y2
.

As such, Hf =


2

y
−2

x

y2

−2
x

y2
2
x2

y3

. The determinant equals



CHAPTER 10. CONVEX FUNCTIONS 121

4
x2

y4
− 4

x2

y4
= −2

x2

y4
= 0.

As such, the principal minors of oder 1 are non-negative and the principal minor of order
2 equals 0. This means that the function is p.s.d., so f is convex.

4 Let f, g : D ⊂ Rn → R be two convex functions on D, a convex subset of Rn. For x, y ∈ D

and ∀α ∈ [0, 1] We have:

f(αx+ (1− α)y) ≤ αf(x) + (1− α)f(y),

g(αx+ (1− α)y) ≤ αg(x) + (1− α)g(y).

If we take the addition, term by term, we get:

f(αx+ (1− α)y) + g(αx+ (1− α)y) ≤ α(f(x) + g(x)) + (1− α)(f(y) + g(y))

So f + g is also convex.

5 If f is convex, then ∀x, y ∈ D, ∀α ∈ [0, 1]:

f(αx+ (1− α)y) ≤ αf(x) + (1− α)f(y).

Multiply both terms by −1:

− f(αx+ (1− α)y) ≥ α(−f(x)) + (1− α)(−f(y)).

As such, −f is concave.

6 The function f is convex and C1, so ∀x, y ∈ D,

f(y)− f(x) ≥ ⟨∇f(x), y − x⟩ = ⟨∇f(x), y⟩ − ⟨∇f(x), x⟩

f is homogeneous of degree 1, so f(x) = ⟨∇f(x), x⟩ and f(y) = ⟨∇f(y), y⟩. As such,

⟨∇f(y), y⟩ ≥ ⟨∇f(x), y⟩.

7 f is C∞ on R3.

The hessian of f is Hf =

ex+z 0 ex+z

0 12y2 0
ex+z 0 ex+z

. The principal minors of order 1 are ex+z > 0

and 12y2 ≥ 0. The principal minors of order 2 are 12y2ex+z ≥ 0 and 0. The principal minor
of order 3 is 0. As such, Hf is p.s.d. and f is convex.

We can also calculate the eigenvalues which are 0, 12y2 and 2ex+z. All three of them are ≥ 0.



11 Implicit functions

� EXAMPLE

Question: Given an equation g(x, y) = c (c ∈ R). Under which conditions is this equation equivalent
to an equation of the form y = f(x) where f is a function?

� The equation 3x− y+5 = 0 is equivalent to the equation y = 3x+5 or the equation x =
y − 5

3
.

As such, an explicitation of y as a function of x or x as a function of y.

� The equation x2 + y2 = 1 can be transformed to y2 = 1 − x2. So y = ±
√
1− x2. We have two

expressions of y as a function of x.

� The equation exy + 7x+ 9y − 10 = 0 is more problematic to rewrite . . .

ª REMARK
We work “locally”

Figure 11.1: Equation y2 + x2 = 1

Y

Xx

y

X

Y

Figure 11.1 shows the idea. In a neighbourhood of (x, y), the value of y that satisfies f(x, y) = 0 can be
expressed as a function of x.

122
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Figure 11.2: Équation y2 + x2 = 1

Y

X

X

Y

Figure 11.2 shows that in the neighbourhood of the point (1, 0) this does not work, as there are mulitple values
of y for a same value of x. As such, y cannot be expressed as a function of x in this neighbourhood.

Remark the vertical tangent at (1, 0) (infinite partial derivative for the desired function) which means that
∂g

∂y
(1, 0) = 0. Indeed:

∂(x2 + y2)

∂y
(1, 0) = 0,

The implicit function theorem in the simplest version:

Proposition: Implicit function theorem

� If g : D ⊂ R2 → R is C1 in a neighbourhood of (x̂, ŷ), interior point of D.

� If g(x̂, ŷ) = c, with c ∈ R a constant.

� If
∂g

∂y
(x̂, ŷ) ̸= 0.

then (↓)

� there is an open ball A ⊂ R centered at x̂ and an open ball B ⊂ R centered at y and there exists a
function f : A→ B : x 7→ f(x) such that

� ŷ = f(x̂),

� ∀x ∈ A : g(x, f(x)) = c,

� In addition, f is differentiable at x̂ and:

f ′(x̂) = −
∂g

∂x
(x̂, ŷ)

∂g

∂y
(x̂, ŷ)

.
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Where does the expression f ′(x̂) = −
∂g

∂x
(x̂, ŷ)

∂g

∂y
(x̂, ŷ)

come from?

We have (given the conditions of the theorem), ∀x ∈ A, y ∈ B : g(x, y) = 0 ↔ y = f(x) where f is a function
defined in a neighbourhood of x̂.

In this neighbourhdoo, we have g(x, f(x)) = c. If we take the derivative of both sides with respect to x, we
get:

∂g

∂x
(x, f(x)) +

∂g

∂y
(x, f(x))f ′(x) = 0.

Evaluating this at x = x̂, we obtain:

f ′(x̂) = −
∂g

∂x
(x̂, ŷ)

∂g

∂y
(x̂, ŷ)

.

� EXAMPLE

Let exy + 7x+ 9y − 10 = 0. can we express y as a function of x in a neighbourhood of (0, 1)?
The equation g(x, y) = exy + 7x+ 9y − 10 is equal to 0 if (x, y) = (0, 1).
g(x, y) is C∞ in R2 because g is the sum of an expontential and a polynome of degree 1.

Also,
∂g

∂y
(x, y) = xexy + 9 which equals 9 ̸= 0 if (x, y) = (0, 1).

Using the implict function theorem, g(x, f(x)) = 0 in a neighbourhood of (0, 1) where f satisfies
f(0) = 1. In addition:

f ′(0) = −
∂g

∂x
(0, 1)

∂g

∂y
(0, 1)

= −8

9

We do not know f , but, we know f(0) and f ′(0). Using a Taylor approximaiton of order 1, we
have thatf(x) ≈ f(0) + xf ′(0) = 1− 8

9x.

� EXAMPLE

y = kαℓβ and f(k̂, ℓ̂) = ȳ. Consider the equation f(k̂, ℓ̂) = ȳ = 0 and g(k, ℓ) = f(k, ℓ). If g is

C1 in a neighbourhood of (k̂, ℓ̂) and
∂g

∂k
(k̂, ℓ̂) =

∂f

∂k
(k̂, ℓ̂) ̸= 0 we have a function k(ℓ) defined in a

neighbourhood of ℓ̂ such that g(k(ℓ), ℓ) = f(k(ℓ), ℓ) = ȳ and:

k′(ℓ̂) = −
∂f

∂ℓ
(k̂, ℓ̂)

∂f

∂k
(k̂, ℓ̂)

= −βk̄
αℓ̂β−1

αk̂α−1ℓ̂β

= −βk̂
αℓ̂
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Generalisation: Consider n equations g1(x1, . . . , xm) = c1, . . . , gn(x1, . . . , xm) = cn (m > n) and c1, . . . , cn ∈ R
constants. Here, we havem unknowns and n equations. For which conditions, can we write n of them unknowns
in terms of the p = m− n other variables?

� We can define g = (g1, . . . , gn) which defines a function g : D ⊂ Rm → Rn.

� These equations are compatible with at least one point x̂ ∈ Rm if g(x̂) = c.

� There are m unknowns and n equations. If n < m, we can expect to select n variables among the m and
express these as a function of the others (solve the system of equations). Let us call y1, . . . , yn the variables
that we want to determine as a function of the others x1, x2, . . . , xp (n+ p = m)

� The point (x̂, ŷ) with x̂ ∈ Rp and ŷ ∈ Rn satisfies the system
g1(x̂1 . . . , x̂p, ŷ1, . . . , ŷn) = 0
...

gn(x̂1, . . . , x̂p, ŷ1, . . . , ŷn) = c.

Consider the jacobian of the function g = (g1, . . . , gn) with respect to the variables (x1, . . . , xp) and (y1, . . . , yn):

Jg(x̂, ŷ) =



∂g1
∂x1

. . .
∂g1
∂xp

...
. . .

...
∂gn
∂x1

. . .
∂gn
∂xp︸ ︷︷ ︸

(n×p)
A(x̂,ŷ)

∂g1
∂y1

. . .
∂g1
∂yn

...
. . .

...
∂gn
∂y1

. . .
∂gn
∂yn︸ ︷︷ ︸

(n×n)
B(x̂,ŷ)


� In the general case, the condition is that det B(x̂, ŷ) ̸= 0 or equivalently that the rang of the (n × n) is of
rank n.

Proposition

� Let m > n, g : Rm → Rn noted as g(x, y) with p+ n = m, x ∈ Rp, y ∈ Rn,

� Let (x̂, ŷ) satisfy g(x̂, ŷ) = c,

� If g is C1 on an open ball centered at (x̂, ŷ)

� If det B(x̂, ŷ) ̸= 0.

then

� there exists a neighbourhood A ⊂ Rp of x̂ and a neighbourhood B of ŷ and there exists a function
f = (f1, . . . , fn) : A→ B such that

� ŷ = f(x̂),

� ∀x ∈ A : g(x, f(x)) = c.

� In addition, f is partially differentiable at x̂ and:

Jf (x̂) = −B(x̂, ŷ)−1A(x̂, ŷ)
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To understand the condition Jf (x̂) = −B(x̂, ŷ)−1A(x̂, ŷ), let us start with the system of equations g(x, f(x)) =
c: 

g1(x1, . . . , xj , . . . , xp, f1(x1, . . . , xj , . . . , xp), . . . , fn(x1, . . . , xj , . . . , xp)) = c1
...

gi(x1, . . . , xj , . . . , xp, f1(x1, . . . , xj , . . . , xp), . . . fn(x1, . . . , xj , . . . , xp)) = ci
...

gn(x1, . . . , xj , . . . , xp, f1(x1, . . . , xj , . . . , xp), . . . , fn(x1, . . . , xj , . . . , xp)) = cn.

Let us take the derivative of the equation gi(x, f(x)) = ci with respect to xj :

∂gi
∂xj

(x, f(x)) +

n∑
k=1

∂gi
∂yk

(x, f(x))
∂fk
∂xj

(x) = 0.

We obtain a system of p× n equations (j = 1, . . . , p; i = 1, . . . , n) that can be put in matrix form:
∂g1
∂x1

. . .
∂g1
∂xp

...
. . .

...
∂gn
∂x1

. . .
∂gn
∂xp


︸ ︷︷ ︸

(n×p)
A(x,y)

+


∂g1
∂y1

. . .
∂g1
∂yn

...
. . .

...
∂gn
∂yn

. . .
∂gn
∂yn


︸ ︷︷ ︸

(n×n)
B(x,y)


∂f1
∂x1

. . .
∂f1
∂xp

...
. . .

...
∂fn
∂x1

. . .
∂fn
∂xp


︸ ︷︷ ︸

(n×p)
Jf (x)

=

0 . . . 0
...

. . .
...

0 . . . 0

 .

Evaluating this at x = x̂ (with ŷ = f(x̂) and rewriting this system, we get:

Jf (x̂) = −B(x̂, ŷ)−1A(x̂, ŷ).

� EXAMPLE
Let us try to extract y from:

x2 + y2 = 1,

in a neighbourhood of a =

(√
2

2
,

√
2

2

)
.

Let g(x, y) = x2 + y2. We have that g(a) = 0 and
∂g

∂y
(a) =

√
2 ̸= 0.

Using the implict function theorem, we obtain a function f defined in the neighbourhood of
√
2
2

that satisfies,

g(x, f(x)) = 1.

for all points in this neighbourhood, and:

f ′(
√
2/2) = −

∂g

∂x
(a)

∂g

∂y
(a)

= −
√
2√
2
= −1.
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� EXAMPLE
Try to extract, x, y ou z from:

x2 + y2 + z2 = 1

In a neighbourhood of a =

(
0,

√
2

2
,

√
2

2

)
. Note that if g(x, y, z) = x2+y2+ z2, we obtain g(a) = 1

and Jg(a) = ∇g(a) = [0,
√
2,
√
2]. So we can extract y as a function of x and z or z as a function

of x and y, but not x as a function of y and z.
For the first, we obtain a function f(x, z) defined in a neighbourhood of (0,

√
2/2) that satisfies :

g(x, f(x, z), z) = 1,

for all points in this neighbourhood, and:

∂f

∂x
(0,

√
2/2) = −

∂g

∂x
(a)

∂g

∂y
(a)

= 0 et
∂f

∂z
(0,

√
2/2) = −

∂g

∂z
(a)

∂g

∂y
(a)

= −1.

For the second, we obtain a function f(x, y) defined in a neighbourhood of (0,
√
2/2) that satisfies:

g(x, y, f(x, y)) = 1,

for all points in the neighbourhood and:

∂f

∂x
(0,

√
2/2) = −

∂g

∂x
(a)

∂g

∂z
(a)

= 0 et
∂f

∂y
(0,

√
2/2) = −

∂g

∂y
(a)

∂g

∂z
(a)

= −1.

11.1 Exercises and answers

å EXERCISES

1 For the following equations. Verify if we can use the implict function theorem at the point

indicated. If so, give the derivative of this implict function.

a ln(xy) = 0 and (x, y) = (1, 1).

b
√
x2 + y2 = 5 and (x, y) = (3, 4).

c x4 + y3 − y2 − x2 + x− y = 0 and the points (0, 0) and (1, 1).

2 Consider the system

{
x2 + y2 − 2z2 = 0

x2 + 2y2 + z2 = 4
and the point (1, 1, 1). Show that for x close to

1 there is positive functions f1(x) and f2(x) such that (x, f1(x), f2(x)) solve the equations.
Determine f ′1(1) et f

′
2(1).
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´ ANSWERS

1 (justify!)

a Let g = ln(x, y). We have g(1, 1) = ln(1) = 0 and
∂g

∂y
(1, 1) = 1 ̸= 0, so there is a

function f that satisfies g(x, f(x)) = 0 in the neighbourhood of 1. We have :

f ′(1) = −
∂g

∂x
(1, 1)

∂g

∂y
(1, 1)

= −1.

b Let g =
√
x2 + y2 − 5. We have g(3, 4) =

√
25− 5 = 0 and

∂g

∂y
(3, 4) =

8

2
√
25

=
4

5
̸= 0.

So, there is a function f that satisfies g(x, f(x)) = 0 in a neighbourhood of 3. We have:

f ′(3) = −
∂g

∂x
(3, 4)

∂g

∂y
(3, 4)

= −6

8
= −3

4
.

c Let g = x4 + y3 − y2 − x2 + x− y. We have g(0, 0) = 0 and g(1, 1) = 0

For the point (0, 0) we have
∂g

∂y
(0, 0) = −1 ̸= 0. So, there exists a function f defined in

the neighbourhood of 0 and for all x in the neighbourhood of 0, g(x, f(x)) = 0. and:

f ′(0) = −
∂g

∂x
(0, 0)

∂g

∂y
(0, 0)

= − 1

−1
= 1.

For the point (1, 1), we have
∂g

∂y
(1, 1) = 3 − 2 − 1 = 0. On the other hand,

∂g

∂x
(1, 1) =

4 − 2 + 1 = 3 ̸= 0. So we can find a function f defined in a neighbourhood of 1 such
that g(f(y), y) = 0 for all y in the neighbourhood of 1.

We have:

f ′(1) = −

∂g

∂y
(1, 1)

∂g

∂x
(1, 1)

= 0.

2 Let g1(x, y, z) = x2 + y2 − 2z2 and g2(x, y, z) = x2 + 2y2 + z2 − 4. Verify that g1(1, 1, 1) = 0

and g2(1, 1, 1) = 0.

Also: 
∂g1
∂y

(1, 1, 1)
∂g1
∂z

(1, 1, 1))

∂g2
∂y

(1, 1, 1)
∂g2
∂x

(1, 1, 1)

 =

[
2 −4
4 2

]
,

which is of rank 2 (determinant equals 20). As such, there exist functions f1(x) and f2(x)
defined in the neighbourhood of 1 such that g1(x, f1(x), f2(x)) = 0 and g2(x, f1(x), f2(x)) = 0
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for all x in the neighbourhood of 1. Also:
∂g1
∂x

(1, 1, 1) +
∂g1
∂y

(1, 1, 1)f ′1(1) +
∂g1
∂z

(1, 1, 1)f ′2(1) = 0,

∂g2
∂x

(1, 1, 1) +
∂g2
∂y

(1, 1, 1)f ′1(1) +
∂g2
∂z

(1, 1, 1)f ′2(1) = 0,

↔
{
2 + 2f ′1(1)− 4f ′2(1) = 0

2 + 4f ′1(1) + 2f ′2(1) = 0
,

↔


f ′1(1) = −3

5

f ′2(1) =
1

5

Note that:

Jf (1) = −B ·A = −
[
2 −4
4 2

]−1 [
2
2

]
= − 1

20

[
2 4
−4 2

] [
2
2

]
=

[
−3

5
−1

5

]
.



12 Unconstraint optimization

Let f : D ⊂ Rn → R. We would like to find x̂ ∈ D that maximizes (minimizes) f(x) on D:

v∗ = max
x∈D

f(x),

x̂ ∈ argmax
x∈D

f(x)

or

v∗ = min
x∈D

f(x),

x̂ ∈ argmin
x∈D

f(x)

The value v∗ is the maximum (minimum) value. The point x̂ is a maximum (minimum).

� EXAMPLE

Consider a firm with production function y = k1/5ℓ3/5. Let:

� price y = 10

� price k = 1

� price ℓ = 2

The profit of the firm is π(k, ℓ) = 10(k1/5ℓ3/5)− k − 2ℓ. We have the problem:

(k̂, ℓ̂) ∈ argmax
k,ℓ

10k1/5ℓ3/5 − k − 2ℓ

π∗ = argmax
k,ℓ

10k1/5ℓ3/5 − k − 2ℓ.

Definition: global maximum/minimum

Consider f : D ⊂ Rn → R : x→ f(x) and x̂ ∈ D.

� f has a global maximum at x̂ iff f(x̂) ≥ f(x) ∀x ∈ D

� f has a global minimum at x̂ iff f(x̂) ≤ f(x) ∀x ∈ D.

Definition: local maximum/minimum

Consider f : D ⊂ Rn → R : x→ f(x) and x̂ ∈ D.

� f has a local maximum at x̂ iff there is a neighbourhood V of x̂ such that f(x̂) ≥ f(x), ∀x ∈ V ∩D.

� f has a local minimum at x̂ iff there is a neighbourhood V of x̂ such that f(x̂) ≤ f(x), ∀x ∈ V ∩D.

130
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ª REMARK
� x̂ is not necessarily an interior point of D.

� If f has a local extremum at x̂ on D, f also has a local extremum at x̂ at every subset of D that
contains x̂.

Proposition

If f : D ⊂ Rn → R has a global extermum at x̂,
then (↓)

f has a local extremum at x̂.

12.1 Continuous image of a compact set

t RECALL

� f : [a, b] → R : x 7→ f(x). If f is C0 on [a, b], then f has a global maximum and global
minimum on [a, b].

� A subset of Rn is compact if it is closed and bounded.

Proposition: Extreme value theorem

A function f : D ⊂ Rn → R continuous on a compact (non-empty) set D has a global maximum and a
global minimum on this set.

� EXAMPLE

� f : [0, 1] × [0, 1] : (x, y) → f(x, y) = x · y has a global maximum at x = y = 1 and a global
minimum at x = y = 0.

� f : R → R : x 7→ 1 + x/2 does not has a global maximum (minimum) in R.

� f : [0, 3[→ R : x 7→ 1 + x/2 does not have a maxium in [0, 3[

� f : [0, 3] → R : x 7→
{
1 + x/2 si x ≤ 2

3− x si x > 2
does not have a maximum in [0, 3].

ª REMARK

This theorem is of limited use in practice as it does not say where the maximum/minimum is.
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12.2 Necessary first order conditions

t RECALL

(n = 1): Necessary first order conditions. Let f : D ⊂ R → R : x→ f(x).
If f is differentiable and x̂, interior point of D and if f has a local extremum at x̂, then f ′(x̂) = 0.
So, the candidats for an extremum are:

� Non-interior points of D.

� Interior points of D where f is not differentiable.

� Interior points of D where f is differentiable and where f ′(x) = 0 (critical points of f).

Case n > 1:

Proposition: Necessary first order conditions

Let f : D ⊂ Rn → R
If:

� f has a (local) extremum at x̂, interior point of D.

� f is C1 at x̂

then (↓)

� the gradient of f is zero at x̂ (i.e. ∇f(x̂) = 0)

W PROOF

Hypothesis f has an extremum at x̂.

Thesis ∇f(x̂) = 0.

Consider the function F (xi) = f(x̂1, . . . , x̂i−1, xi, x̂i+1, . . . , x̂n) defined in a neighbourhood of x̂i.
The function f(x) has an extremum at x̂ so F has an extremum at x̂i.
By hypothesis, F (xi) is differentiable at x̂i, interior point of its domain of definition, so F ′(x̂i) = 0
(first order condition for functions of a single variable). As such,

F ′(x̂i) =
∂f

∂xi
(x̂) = 0.

This derivation is true for all i = 1, . . . , n so ∇f(x̂) = 0.

Definition: Critical points

Let f : D ⊂ Rn → R. The point x̂ ∈ D is a critical point of f iff ∇f(x̂) = 0.
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ª REMARK
The points x̂ where f : D ⊂ Rn → R can have a maximum are therefore:

� Critical points of f where ∇f(x̂) = 0.

� Interior points of D where the gradient of f does not exist.

� Non-interior points of D.

Of course, when we look for extreme points of a partially differentiable function defined on an open
set, the only candidates are the critical points.

� EXAMPLE

Let f : R2 → R : (x, y) → x2 + y2. This function is partially differentiable at all points of the open
set R2.

The partial derivatives are
∂f

∂x
(x, y) = 2x and

∂f

∂y
(x, y) = 2y and the system

{
2x̂ = 0

2ŷ = 0
has a

single solution (x̂, ŷ) = (0, 0); the point (0, 0) is the only candiate for an extremum.
Is it an extreme point?
Here we can use common sense: f(0, 0) = 02 + 02 = 0 and f(x, y) ≥ 0 for all (x, y) ∈ R2. As such,
(0, 0) is a global minimum.

� EXAMPLE

max
k,ℓ

10k1/5ℓ3/5 − k − 2ℓ.

The function π(k, ℓ) is C1 on R2. The first order conditions give:

�
∂π

∂k
(k̂, ℓ̂) = 2k̂−4/5ℓ̂3/5 − 1 = 0

�
∂π

∂ℓ
(k̂, ℓ̂) = 3k̂1/5ℓ̂−2/5 − 1 = 0.

These conditions give one candidate extremum: (k̂, ℓ̂) = (108, 162).

12.3 Sufficient second order conditions

� EXAMPLE

Let f(x, y) = x2 − y2. The first order conditions give 2x̂ = 0 and 2ŷ = 0. As such, we obtain one
critical point (candidat for a maximum/minimum) (x̂, ŷ) = (0, 0). But (0, 0) is not a maximum nor
a minimum. For example, f(0, 1) < f(0, 0) < f(1, 0).
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t RECALL

(n = 1) Sufficient second order condition. f : D ⊆ R → R : x 7→ f(x).

� If f is convex (concave) on D and f ′(x̂) = 0 we have a global minimum (maximum) at x̂.

� If f is two times differentiable at x̂, interior point of D and f ′(x̂) = 0. If f ′′(x̂) > (<)0, we have
a local minimum (maximum) at x̂.

Cas n > 2:

Proposition: global sufficient second order conditions

Let f : D ⊂ Rn → R with D a convex open set.
If

� f is C1 on D,

� x̂ is a critical point of f , i.e. ∇f(x̂) = 0

� f is concave (convex),

then (↓)

� f has a global maximum (minimum) at x̂.

W PROOF

Hypothesis f is C1 and concave on D and ∇f(x̂) = 0 .

Thesis ∀x ∈ A : f(x̂) ≥ f(x).

The function f is concave and C1 on D. As such, ∀y ∈ D:

f(y) ≤ f(x̂) + ⟨∇f(x̂), (y − x)⟩.

By hypothesis, ∇f(x̂) = 0, so:

f(y) ≤ f(x̂),∀y ∈ D
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Proposition: local sufficient second order conditions

Let f : D ⊂ Rn → R.
If

� f is C2 in a neighbourhood of x̂, interior point of D,

� ∇f(x̂) = 0

� Hf (x̂), is n.d. (p.d.).

then (↓)

� f has a local maximum (minimum) at x̂.

W PROOF

Hypothesis f is C2 on a neighbourhood of x̂, ∇f(x̂) = 0 and Hf (x̂) is n.d.

Thesis ∀x ∈ B : f(x̂) ≥ f(x)

� The function f is C2 in a neighbourhood of x̂ and Hf (x̂) is n.d.

� We can find an open ball centered at x̂ contained in B on which f est concave and C2.

� As f is C2 it is also C1.

� Let B be this open (convex ball where f is concave and C1. If we restrict the domain of f to B,
we can use the global necessary second order conditions to conclude that f(x̂) ≥ f(x), ∀x ∈ B

ª REMARK

We have the remaining cases where Hf (x̂) is p.s.d. or n.s.d.

� EXAMPLE

max
k,ℓ

10k1/5ℓ3/5 − k − 2ℓ.

We have one candidate maximum (k̂, ℓ̂) = (108, 162). The function π(k, ℓ) is C2. We have.

Hπ(k, ℓ) =

[−8
5 k

−9/5ℓ3/5 6
5k

−4/5ℓ−2/5

6
5k

−4/5ℓ−2/5 −12
5 k1/5ℓ−7/5

]
.

We can verify that this matrix is n.s.d., so π is concave. The candidate maximum is a global
maximum.
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12.4 Exercises and answers

å EXERCISES

1 Determine all extreme points of the following functions.

a f(x, y) = x3 + y3 − 3xy

b f(x, y) = x3 + (x− y)2

c f(x, y) = (x− y)4 + (x− 3)4

d f(x, y) = x2 − x4

2
+ xy2

e f(x, y) = xz + x2 − y + yz + y2 + 3z2

f f(x, y) =
x

1 + x2 + y2

g f(x, y) = y2 + xy lnx.

2 After having studied the convexity of the function f(x, y) = −(x−1)2−3y2 in R2, determine

the extrem points.

3 Let f(x, y) = e−(x2+y2).

a Determine all its extrema.

b Study the convexity of f(x, y) in the open ball centered at (0, 0) with radius 1/2? Give

the nature of the extreme points.

4 For which value(s) of the real non-zero parmeter α does the function f(x, y, z) = x2ey+y2ez+

αz2ex have an extremum at (0, 0, 0)? Give the nature of this extremum.

5 Determine the point P on the plane R2 such that the sum of the distances between P and

the K points Pi = (xi, yi), i = 1, . . . ,K is minimal.

´ ANSWERS

1 a The function f is C∞ on R2.

First order conditions:
∂f

∂x
(x, y) = 3x2 − 3y = 0,

∂f

∂y
(x, y) = 3y2 − 3x = 0

We obtain the solutions (0, 0) and (1, 1).

The hessian equals Hf =

[
6x −3
−3 6y

]
. The principal minors of order 1 are positive if
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x, y ≥ 0 and negative if x, y ≤ 0, the principal minor of order 2 equals 36xy+9. This is
positive if 4xy + 1 ≥ 0.

So f is neither concave nor convex.

In the point (0, 0), the principal minors of order 1 are zero and change sign in the
neighbourhood of (0, 0) and the principal minor of order 2 is positive. So we can not
reach a conclusion (saddle point).

In the point (1, 1), the principal minors of order 1 are strictly positive and the principal
minor of order 2 is also strictly positive, so the hessian is p.d. We can conclude that
(1, 1) is a local minimum. This point is not a global minimum (indeed f(1, 1) = −1,
while, for example, f(−2, 0) = −8).

b The function f is C∞ on R2.

The first order conditions are:
∂f

∂x
(x, y) = 3x2 + 2(x− y) = 0,

∂f

∂y
(x, y) = −2(x− y) = 0

We obtain the solution (x, y) = (0, 0).

For the second order conditions, we can calculate the hessian of f , Hf =

[
6x+ 2 −2
−2 2

]
.

The sign of the principal minors of order 1 change depending on whehter x > 1/3 or
x < 1/3. As such f is neither concave, nor convex.

At the point (0, 0), the principal minors of order 1 are strictly positive and the principal
minor of order 2 is 0 and changes sign in the neighbourhood of (0, 0). So (0, 0) is neither
a local minimum nor a local maximum: f(0, 0) = 0 and f(α, β) = α3+(α− β)2 for α, β
arbitrary close to (0, 0) (in the neighbourhood of (0, 0)). When looking at the points
(α, β) with α = β, we have f(α, β) = α3 which is > 0 if α > 0 and < 0 if α < 0.
Arbitrary close to (0, 0), there are points where the image is > 0 and points where the
image is < 0, which gives the desired conclusion.

c f is C∞ on R2. The first order conditions are:


∂f

∂x
(x, y) = 4(x− y)3 + 4(x− 3)3 = 0

∂f

∂y
(x, y) = −4(x− y)3 = 0

The solution to these is (3, 3).

For the second order conditions, we calculate the hessian of f , Hf =[
12(x− y)2 + 12(x− 3)2 −12(x− y)2

−12(x− y)2 12(x− y)2

]
.

The principal minors of order 1 are non-negative. The principal minor of order 2 is
144(x − 3)2(x − y)2 ≥ 0. As such the function f is convex. The point (3, 3) is a global
minimum.

d The function f is C∞ on R2. The first order conditions are:
∂f

∂x
(x, y) = 2x− 2x3 + y2 = 0,

∂f

∂y
= 2xy = 0
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The solutions are (0, 0), (1, 0) et (−1, 0).

For the second order conditions, the hessian of f is Hf =

[
2− 6x2 2y

2y 2x

]
. The principal

minors change sign, so f is neither concave, nor convex.

In the point (0, 0), the principal minors of order 1 are 2 and 0 and the principal minor
of order 2 is 0, so we cannot reach a conclusion. The sign of the principal minors change
in the neighbourhood of (0, 0).

At the point (1, 0), the dominant principal minor of order 1 is −4 and the dominant
principal minor of order 2 is −8, so we cannot reach a conclusion either.

At the point (−1, 0), the dominant principal minor of order 1 is −4 and the dominant
principal minor of order 2 is 8, so Hf (−1, 0) is n.d. and f is concave in a neighbourhood
of (−1, 0). As such, the point is a local maximum. The maximum is not global because

f(−1, 0) =
1

2
, but, for example, f(

√
2, 1) =

√
2 >

1

2
.

e The function f is C∞ on R3. The first order conditions are:
∂f

∂x
(x, y, z) = z + 2x = 0

∂f

∂y
(x, y, z) = −1 + z + 2y = 0,

∂f

∂z
(x, y, z) = x+ y + 6z = 0

The unique solution is (1/20, 11/20,−1/10).

For the second order conditions, we will determine first the hessian of f which is Hf =2 0 1
0 2 1
1 1 6

. The dominant principal minor of order 1 is 2 > 0. The dominant principal

minor of order 2 is 4 > 0 and the dominant principal minor of order 3 is 20 > 0, so Hf

is p.d. and f is convex. The point (1/20,−1/10, 11/20) is a global minimum.

f f is C∞ on R2. The first order conditions are:
∂f

∂x
(x, y) =

1− x2 + y2

(1 + x2 + y2)2
= 0,

∂f

∂y
(x, y) = − 2xy

(1 + x2 + y2)2
= 0

The solutions are (1, 0) and (−1, 0).

We have that f(1, 0) = 1/2 and

f(x, y) =
x

1 + x2 + y2
≤ 1/2,

↔ 2x ≤ 1 + x2 + y2,

↔ 0 ≤ (x+ 1)2 + y2

which is true.

We have that f(−1, 0) = −1/2 and

f(x, y) =
x

1 + x2 + y2
≥ −1/2,

↔ 2x ≥ −1− x2 − y2,

↔ (x+ 1)2 + y2 ≥ 0

which is also true. As such, (1, 0) is a global maximum and (−1, 0) is a global minimum.
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g The function f is C∞ on R++ × R.

The first order conditions are:
∂f

∂x
(x, y) = y ln(x) + y = 0

∂f

∂y
(x, y) = 2y + x ln(x) = 0

The solutions are (1, 0) and (e−1, e−1/2).

For the second order conditions, we determine the hessian of f , Hf =[ y
x ln(x) + 1

ln(x) + 1 2

]
. The principal minors change sign, so f is neither convex, nor

concave.

At (1, 0) we have the hessian

[
0 1
1 2

]
, so we cannot reach a decision.

At (e−1, e−1/2) we have the hessian

[
1/2 0
0 2

]
. The eigenvalues are 1/2 and 2, so Hf is

p.d. at (e−1, e−1/2). As such, it is a local minimum. The point is not a global minimum

because, f

(
1

e
,
1

2e

)
= − 1

4e2
and, for example, f(e,−1) = 1− e <

−1

4e2
.

2 The function f is C∞ on R2 (polynomial). The hessian of f is Hf =

[
−2 0
0 −6

]
. The

dominant principal minor of order 1 is −2 < 0 and the dominant principal minor of order 2
is 12 > 0, so f is concave.

The first order conditions give
∂f

∂x
(x, y) = −2(x− 1) = 0,

∂f

∂y
(x, y) = −6y = 0

So (1, 0) is a global maximum.

3 a The function f is C∞ in R2.

The first order conditions are:
∂f

∂x
(x, y) = −2xe−(x2+y2) = 0,

∂f

∂x
(x, y) = −2ye−(x2+y2) = 0

The solution to these equations is (0, 0). It is a global maximum because it is a global
maximum of the function −(x2 + y2) and the function exp() is montonte (strictly in-
creasing).

b The hessian of this function is Hf =

[
(4x2 − 2)e−(x2+y2) 4xye−(x2+y2)

4xye−(x2+y2) (4y2 − 2)e−(x2+y2)

]
. For all

values of (x, y) in the ball, the first dominant principal minor is est < 0 and the second

equals (−8(x2 + y2) + 4)e−(x2+y2) > (−8
1

2
+ 4)e−(x2+y2) = 0. As such, Hf (x, y) is n.d.

∀(x, y) ∈ R2 and f is concave in the ball.
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4 ∀α ̸= 0, f is C∞ in R3.

The first order conditions are: 
∂f

∂x
= 2xey + αz2ex = 0,

∂f

∂y
= x2ey + 2yez = 0,

∂f

∂z
= y2ez + 2αzex = 0.

At the point (0, 0, 0) we obtain
0 = 0

0 = 0,

0 = 0

So (0, 0, 0) is a solution for all α. The hessian of f is Hf =2ey + αz2ex 2xey 2αzex

2xey x2ey + 2ez 2ez

2αzex 2yez y2ez + 2αex

. At the point (0, 0, 0) we obtain:

2 0 0
0 2 0
0 0 2α

. All
dominant principal minors are > 0 if α > 0. If so, the point (0, 0, 0) is a local minmum. In
addition, this minimum is global because, for α > 0, f(x, y, z) ≥ f(0, 0, 0) = 0, ∀(x, y, z) ∈ R3.

The hessian cannot be signed if α < 0.

5 We try to minimize the function
∑K

i=1(x− xi)
2 + (y− yi)

2 with respect to x and y. The first

order conditions are:{∑K
i=1 2(x− xi) = 0,∑K
i=1 2(y − yi) = 0.

So x = 1
K

∑K
i=1 xi and y = 1

K

∑K
i=1 yi.



13 Constrained optimization: equality constraints

13.1 Lagrange

Figure 13.1: Joseph-Louis Lagrange (1738-1813)

Source: Wikipedia

Consider functions f, gj : D ⊂ Rn → R : (m,n ∈ N0, j = 1, . . . ,m) and c1, . . . , cm ∈ R. We look for extrema
of f(x), when the variables are restricted to satisfy the constraints gj(x) = cj ∀j = 1, . . . ,m. Normally, the
number of constraints m is smaller than the number of variables n.

max
x

(min)f(x) s.t.


g1(x) = c1
...

gm(x) = cm

(s.t. = subject to)

� EXAMPLE

Let f(k, ℓ) = k1/5ℓ3/5 be a production function.

� price of k = 1

� price of ℓ = 2.

We want to maximize the production given a total cost of 10 euros.

max
k,ℓ

k1/5ℓ3/5 s.c. k + 2ℓ = 10.

141
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If λ = (λ1, . . . , λm) ∈ Rm, we make the lagrangian:

L(x, λ) = fx − λ1(g1(x)− c1) . . .− λm(gm(x)− cm),

= f(x)−
m∑
j=1

λj(gj(x)− cj), ,

We call λ1, . . . , λm the Lagrange multipliers.

We have the necessary first order condition:

Proposition: Lagrange’s Theorem

Let f, gj : D ⊂ Rn → R (n ∈ N0, j = 1, . . . ,m).
If

� f and g are C1 in a neighbourhood of the point x̂, an interior point of D.

� The jacobian of g at x̂, (Jg(x̂)) is of maximal rank (i.e. of rank m),

� f has an extremum at x̂ given the constraints g1(x) = c1, . . . , gm(x) = cm

� L(x, λ) = f(x)−∑m
i=1 λi(gj(x)− cj).

then (↓)

� ∃λ̂1, . . . , λ̂m ∈ R such that
∂L

∂xi
(x̂, λ̂) = 0, ∀i = 1, . . . , n

ª REMARK
� L is the lagrange function or lagrangian of the problem.

� We have that ∀i ≤ n,
∂L

∂λj
(x̂, λ̂) = 0 and ∀j ≤ m, gj(x̂) = cj .

So we obtain n+m conditions and n+m unknowns (x̂ ∈ Rn and λ̂ ∈ Rm)

W PROOF
Let us give the proof for n = 2 and m = 1, i.e. for two variables x, y and a single constraint
g(x, y) = c.

Here the jacobian of g is ∇g(x̂) =
[
∂g

∂x
(x̂, ŷ)

∂g

∂y
(x̂, ŷ)

]
which is of rank 1 iff

∂g

∂x
(x̂, ŷ) or

∂g

∂y
(x̂, ŷ)

is different from zero. Assume that
∂g

∂y
(x̂, ŷ) ̸= 0.

Let us show that there exists a λ∗, that solves the following system:

∂L

∂x
(x̂, ŷ, λ∗) =

∂f

∂x
(x̂, ŷ)− λ∗

∂g

∂x
(x̂, ŷ) = 0

∂L

∂y
(x̂, ŷ, λ∗) =

∂f

∂y
(x̂, ŷ)− λ∗

∂g

∂y
(x̂, ŷ) = 0

The point (x̂, ŷ) satisfies the condition (g(x̂, ŷ)− c) = 0. Given that
∂g

∂y
(x̂, ŷ) ̸= 0 and g is C1 in a
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neighbourhood of (x̂, ŷ), the implicit function theorem shows that there exists a function y = h(x)
in a neighbourhood of x̂ such that:

g(x, h(x))− c = 0 and ŷ = h(x̂).

We also have:

h′(x̂) = −
∂g

∂x
(x̂, ŷ)

∂g

∂y
(x̂, ŷ)

(1)

If we substitute the function y = h(x) in f , we obtain a function of a single variable x that satisfies
g(x, h(x)) = 0 in a neighbourhood of x̂.

F (x) = f(x, h(x)),

and this function has an extremum (without constraints) at x̂. We therefore obtain the following
first order condition:

0 = F ′(x̂) =
∂f

∂x
(x̂, h(x̂)) +

∂f

∂y
(x̂, h(x̂))h′(x̂) = 0 (2)

If we substute (1) in (2):

∂f

∂x
(x̂, ŷ)− ∂f

∂y
(x̂, ŷ)

∂g

∂x
(x̂, ŷ)

∂g

∂y
(x̂, ŷ)

= 0.

↔∂f

∂x
(x̂, ŷ)−


∂f

∂y
(x̂, ŷ)

∂g

∂y
(x̂, ŷ)

 ∂g

∂x
(x̂, ŷ) = 0

Define now:

λ̂ =


∂f

∂y
(x̂, ŷ)

∂g

∂y
(x̂, ŷ)

 ∈ R parce que
∂g

∂y
(x̂, ŷ) ̸= 0

This value λ̂ satisfies the equations:

∂f

∂x
(x̂, ŷ)− λ̂

∂g

∂x
(x̂, ŷ) = 0,

∂f

∂y
(x̂, ŷ)− λ̂

∂g

∂y
(x̂, ŷ) = 0.

� EXAMPLE

Let f : R2 → R : (x, y) → f(x, y) = xy, and g : R2 → R : (x, y) → g(x, y) = 2x+ 4y. Consider the
problem:

max
x,y

(min)f(x, y) s.t. g(x, y) = 10.
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The functions f and g are C1 on R2 because they are polynomes;
∂g

∂x
(x, y) = 2x and

∂g

∂y
(x, y) = 8y

and the jacobian of g is of rank 1 except at the origin (which does not satisfy the constraint).
The lagrangian is here L(x, y, λ) = xy − λ(2x+ 4y − 10).
The necessary first order condition imposes:

∂L

∂x
(x̂, ŷ, λ̂) = ŷ − 2λ̂ = 0

∂L

∂y
(x̂, ŷ, λ̂) = x̂− 4λ̂ = 0

∂L

∂λ
(x̂, ŷ, λ̂) = 2x+ 4y − 10 = 0

Discussion: 1) λ̂ = ŷ
2 = x̂

4 → x̂ = 2ŷ. So ŷ = 5/4 and x̂ = 5/2
We obtain therefore a candidate for an extremum given by:

(x̂, ŷ, λ̂) = (5/2, 5/4, 5/8),

� EXAMPLE

max
k,ℓ

k1/5ℓ3/5 s.c. k + 2ℓ = 10.

The function f(k, ℓ) and the function g(k, ℓ) are C1 on R2.
The lagrangien is: L(k, ℓ, λ) = k1/5ℓ3/5 − λ(k + 2ℓ− 10).
The first order conditions are:

�
∂L

∂k
(k̂, ℓ̂, λ̂) = 1

5 k̂
−4/5ℓ̂3/5 − λ̂ = 0

�
∂L

∂ℓ
(k̂, ℓ̂, λ̂) = 3

5 k̂
1/5ℓ̂−2/5 − 2λ̂ = 0

� k̂ + 2ℓ̂ = 10

There is one candidate maximum (minimum) (k̂, ℓ̂, λ̂) = (52 ,
15
4 , 0.2124)

13.2 Sufficient second order conditions

Lagrange’s theorem gives a necessary (first order) condition for the problem of maximising a function conditional
on some equality constraints.

We have, as for the unconstrainted problem “sufficient second order conditions” to try to “classify” these
candidate solutions that satisfy the first order conditions.
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Proposition: Global sufficient second order conditions

Let f, gj : D ⊂ Rn → R(n ∈ N0).
If

� f and gj are C1 on D, a convex set.

� x̂ is an interior point of D that satisfies the constraintes gj(x̂) = cj , ∀j ∈ {1, . . . ,m}.

� There exist λ̂1, . . . , λ̂m ∈ R such that
∂L

∂xi
(x̂, λ̂) = 0,∀i = 1, . . . , n

� The lagrangian L(x, λ̂) = f(x)−∑m
j=1 λ̂j(gj(x)− cj) is concave (resp. convex) in x on D.

then (↓)

� f has a global maximum (minimum) at x̂ conditional on the constraints, gj(x) = cj , ∀j ∈ {1, . . . ,m}.

W PROOF

Hypothesis
f, gj are C1 and L(x, λ∗) is concave (convex) on D, ∀j ≤ m, gj(x̂) = cj and

∀i ≤ n
∂L

∂xi
(x̂, λ̂) = 0.

Thesis ∀x ∈ D with gj(x) = cj , ∀j ≤ m we have f(x)) ≤ f(x̂).

Remark that L(x) = f(x)−∑m
j=1 λ

∗
j (gj(x)− cj) is C

1 on D.
Let x ∈ D and gj(x) = cj , ∀j ≤ m. We have to show that f(x) ≤ f(x̂).

f(x) = f(x)−
m∑
j=1

λ̂j (gj(x)− cj)︸ ︷︷ ︸
=0

= L(x, λ̂)

≤ L(x̂, λ̂) +
n∑

i=1

∂L

∂xi
(x̂)︸ ︷︷ ︸

=0

(xi − x̂i) L(x, λ̂) is concave

= L(x̂, λ̂),

= f(x̂)−
m∑
j=1

λ̂j (gj(x̂)− cj)︸ ︷︷ ︸
=0

,

= f(x̂).

As such, f(x̂) ≥ f(x) for al x ∈ D that satisfy gj(x) = cj ,∀j = 1, . . . ,m.
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Consider the hessian of the lagrangian with respect to x1, . . . , xn (fixing λ = λ̂):

HL(x, λ̂) =


∂2L

∂x21
(x, λ̂) . . .

∂2L

∂x1∂xn
(x, λ̂)

... · · · ...
∂2L

∂xn∂x1
(x, λ̂) . . .

∂2L

∂x2n
(x, λ̂)

 .

Proposition: local sufficient conditions of the second order. a)

Let f, gj : D ⊂ Rn → R(n ∈ N0).
If

� f and gj are C2 in a neighbourhood of the point x̂ which is an interior point of D.

� x̂ satisfies the constraints gj(x) = cj , ∀j ∈ {1, . . . ,m}.

� There are λ̂ = (λ̂1, . . . , λ̂m) ∈ Rm such that
∂L

∂xi
(x̂, λ̂) = 0, ∀i = 1, . . . , n

� HL(x̂, λ̂) is n.d. (p.d.) at x̂.

then (↓)

� f has a local maximum (minimum) at x̂ subject to the constraints gj(x) = 0, ∀j ∈ {1, . . . ,m}.

W PROOF

If f and gj (j = 1, . . . ,m) are C2 in a neighbourhood of x̂, they are also C1 on the neighbourhood.

If HL(x̂, λ̂) is n.d. (resp. p.d.), the function L(x, λ̂) is concave (resp. convexe) in a convex
neighbourhood of x̂. As such, the concludsion follows from the global sufficient second order
conditions, if we restrict the domains of f and g1, . . . , gm to this neighbourhood.

ª REMARK

This relative simple second order condition is rather “strong”: if the matrix HL(x, λ̂) is neigher
n.d. nor p.d., the proposition does not permit to reach any conclusion.

� EXAMPLE

max
k,ℓ

k1/5ℓ3/5 s.c. k + 2ℓ = 10.

We have a candidate (k̂, ℓ̂, λ̂) = (52 ,
15
4 , 0.2124). The lagrangian is C2 and the hessian is:

HL(k, ℓ, λ̂) =

[ −4
25 k

−9/5ℓ3/5 3
25k

−4/5ℓ−2/5

3
25k

−4/5ℓ−2/5 − 6
25k

1/5ℓ−7/5

]
This matrix is n.s.d., so (k̂, ℓ̂) is a global maximum.
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� EXAMPLE

In the previously visited example (optimisation of f(x, y) = xy given the constraint g(x, y) =
2x+ 4y = 10) we found the following potential solution:

(x̂, ŷ, λ̂) = (5/2, 5/4, 5/8).

We also have the hessian:

HL(x̂, ŷ, λ̂) =

[
0 1
1 0

]
.

The eigenvalues of this matrix are 1 and −1 so HL(x̂, ŷ, λ̂) is neigher p.d. nor n.d. (no conclusion)!

There is an alternative sufficient condition that is less strong: the “bordered hessian”. We here only state it
for the particular case of an optimisation problem of a function of two variables f(x, y) and a single constraint
g(x, y) = c. Define L(x, y, λ) = f(x, y)− λ(g(x, y)− c).

Proposition: Local sufficient conditions of the second order. b)

Let f, g : D ⊂ R2 → R
If:

� f and g are C2 in a neighbourhood of the point (x̂, ŷ) which is an interior point of D.

� (x̂, ŷ) satisfies the constraint g(x, y) = c.

� ∃λ̂ ∈ R such that
∂L

∂x
(x̂, ŷ, λ̂) =

∂L

∂y
(x̂, ŷ, λ̂) = 0

� det


0

∂g

∂x

∂g

∂y
∂g

∂x

∂2L

∂x2
∂2L

∂x∂y
∂g

∂y

∂2L

∂y∂x

∂2L

∂y2


(x̂,ŷ,λ̂)

> (resp. <)0,

then (↓)

� f has a local maximum (resp. minimum) at (x̂, ŷ) given the constraint g(x, y) = c.

ª REMARK

� The matrix


0

∂g

∂x

∂g

∂y
∂g

∂x

∂2L

∂x2
∂2L

∂x∂y
∂g

∂y

∂2L

∂y∂x

∂2L

∂y2

 is called the “bordered hessian”.
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� The determinant of the bordered hessian is:

2
∂g

∂x

∂g

∂y

∂2L

∂x∂y
−
(
∂g

∂x

)2 ∂2L

∂(y)2
−
(
∂g

∂y

)2 ∂2L

∂(x)2
,

= −
[
∂g

∂y
−∂g
∂x

]
HL(x̂, ŷ, λ

∗)

 ∂g

∂y

−∂g
∂x

 .
if HL(x̂, ŷ, λ̂) is p.d. (resp. n.d.) the quadratic form is > 0 (resp. < 0). So the determinant of
the bordered hessian will be < 0 (resp. > 0).

� This proposition is only applicable for two variables and a single constraint!

� EXAMPLE

Let us go back to the problem of optimising f(x, y) = xy given the constraint g(x, y) = 2x+4y = 10.
At (x̂, ŷ, λ̂) = (5/2, 5/4, 5/8), the bordered hessian equals:0 2 4

2 0 1
4 1 0


So the determinant is 16 > 0 and (x̂, ŷ) = (5/2, 5/4) is a local maximum given the constraints.

13.3 Interpretation of the lagrange multipliers

Let f, gj(j = 1, . . . ,m) : D ⊆ Rn → R(m,n ∈ N0). We look for extrema of f(x), when the variables are
subjected to the constraints gj(x) = cj .

max
x

(min)f(x) s.c.


g1(x) = c1
...

gm(x) = cm

.

We have that L(x, λ) = f(x) =
∑m

j=1 λj(gj(x)− cj) (λj ∈ R, ∀j = 1, . . . ,m)

Every lagrange multiplier at the optimum, λ̂j can be interepreted in the following way:

The value of λ̂j gives the marginal change of the objective function corresponding to a one-unit increase in the
value cj in the constraint gj(x) = cj . In economics, we call this the “shadow price” of the constraint.
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Proposition

Let f, g : D ⊆ Rn → R (m ∈ N0), cj ∈ R, ∀j.
If

� The problem of optimizing f(x) given the constraints gj(x) = cj has a solution in x̂(c) =
(x̂1(c), . . . , x̂n(c)) with c = (c1, . . . , cm).

� The values of the associated lagrange multipliers are λ̂j(c) (j = 1, . . . ,m).

� The values x̂i(c) are partially differentiable in a neighbourhood of c,

� f and gj are C1 in a neighbourhood of x̂(c), an interior point of D.

� the jacobian of g = (g1, . . . , gm) is of maximal rank (= m) at x̂(c),

then

� if V (c) = f(x̂(c)) on a ∀j = 1, . . . ,m:

∂V

∂cj
(c) = λ̂j(c).

W PROOF

(for n = 2 and m = 1) Consider the problem:

max
x,y

(min)f(x, y) s.c. g(x, y) = c.

With solution (x̂(c), ŷ(c)). The first order lagrange conditions give:

∂L

∂x
(x̂(c), ŷ(c), λ̂(c)) =

∂f

∂x
(x̂(c), ŷ(c))− λ̂(c)

∂g

∂x
(x̂(c), ŷ(c)) = 0,

∂L

∂y
(x̂(c), ŷ(c), λ̂(c)) =

∂f

∂y
(x̂(c), ŷ(c))− λ̂(c)

∂g

∂y
(x̂(c), ŷ(c)) = 0.

We have V (c) = f(x̂(c), ŷ(c)). By the chain rule, we get:

V ′(c) =
∂f

∂x
(x̂(c), ŷ(c))x̂′(c) +

∂f

∂y
(x̂(c), ŷ(c))ŷ′(c),

= λ̂(c)

[
∂g

∂x
(x̂(c), ŷ(c))x̂′(c) +

∂g

∂y
(x̂(c), ŷ(c))ŷ′(c)

]
.

We also have that for all c:

g(x̂(c), ŷ(c)) = c.

Taking derivative of both sides with respect to c, we get:

∂g

∂x
(x̂(c), ŷ(c))x̂′(c) +

∂g

∂y
(x̂(c), ŷ(c))ŷ′(c) = 1.

So:

V ′(c) = λ̂(c)

[
∂g

∂x
(x̂(c), ŷ(c))x̂′(c) +

∂g

∂y
(x̂(c), ŷ(c))ŷ′(c)

]
︸ ︷︷ ︸

=1

,

= λ̂(c).
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� EXAMPLE

maxxy s.c 2x+ 4y = c.

All the conditions are satisfied.

L(x, y;λ) = xy − λ(2x+ 4y − c).

The first order conditions are:
ŷ − 2λ̂ = 0

x̂− 4λ̂ = 0

2x̂+ 4ŷ = c

So x̂ = 2ŷ et ŷ = c
8 , x̂ = c

4 , λ̂ = c
16 , which is a local maximum.

The maximal value is V (c) = f(x̂(c), ŷ(c)) =
c

4

c

8
=
c2

32
.

Remark that:

V ′(c) =
c

16
= λ̂(c).

13.4 Exercises and answers

å EXERCISES

1 Consider f(x, y) = x2 + (y − 1)2 and g(x, y) = x2 − 4y

a Represent, on the same graph, the levels curves of value K of f for K = −1, 0, 1 and 4

and the level curve for the equation g(x, y) = 0.

b Determine, using the first order conditions, the possible extrema of f(x, y) under the

constraint g(x, y) = 0.

c Interprete graphically the results obtained in b).

2 Let f(x, y) = 7− y + x2 and g(x, y) = x+ y.

a Represent, on the same graph, the level curves of value K of f for K = 0, 3 and 7 and

the level curve for the equation g(x, y) = 0.

b Determine, using the first order conditions, the possible extrema of f(x, y) under the

constraint g(x, y) = 0.

c Interprete graphically the results obtained in b).

3 Let f(x, y) = lnx and g(x, y) = x2 + y2 − 1

d Represent, on the same graph, the level curves of value K for f for K = −1, 0 and 1

and the level curve for the equation g(x, y) = 0.
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e Determine, using the first order conditions, the possible extrema of f(x, y) under the

constraint g(x, y) = 0.

f Interprete graphically the results obtained in b).

4 Let U(x, y) = x · y be the utility function of a consumer. If the prics of the two goods

are, repectively, p1 and p2 (with p1 and p2 > 0) and if the consumer has a budget B > 0,
determine the quantities the consumer must buy to have the maximal utility.

Calculate also this maximal utility and verify the interpretation of the lagrange multipliers.

5 Determine, using the first order conditions, the extrema of the function f(x, y, z) = x2+y2+z2

given the constraints x+ y + z = 3 and z = 1.

6 Determine, using the first order conditions, the extrema of the function f(x, y, z) = x2+y2+z2

given the constraints
(x+ y − 2)2

2
+ z− 1 = 0 and z = 1. Compare the obtained results with

the results from exercise 5 above.

7 Determine, using the first order conditions, the extream of the function f(x, y, z) = (x−1)2+

y2 + z2 under the constraint x+ y + z = 4.

8 Discus, depending on the parameter value α, the number and the nature of the extrema of

f(x, y) = x2 + 2αxy + y2 under the constraint x+ y = 1.

´ ANSWERS

1 a Level curve of f with value −1 does not exist. Level curve of value K = 0 in black, level

curve of value K = 1 in red and level curve of value K = 4 in blue. The curve for the
equation g(x, y) = 0 is in green.

X

Y

K = 0

b The functions f and g are C∞ in R2 and ∇g(x, y) =
[
2x −4

]
is of maximal rank

∀(x, y) ∈ R. As such, if L(x, y, λ) = f(x, y)− λg(x, y) the only candidates are solutions
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of the following system:
∂L

∂x
= 2x− 2λx = 0

∂L

∂y
= 2(y − 1) + 4λ = 0

∂L

∂λ
= x2 − 4y = 0.

This gives the point (0, 0) with λ∗ =
1

2
.

The sufficient second order condition asks us to examine the matrixHL(x, y, λ̂) =

[
1 0
0 2

]
which is p.d.

The function ff(x, y) has therefore a global minimum in a given the constraint g(x, y) =
0.

c The points satsifying the g(x, y) = 0 are those of a parabole y =
x2

4
. The level curves of

f are circles centered at (0, 1) for which the radius increase by the level. The smallest
level curve has an intersection with the parabole that passes through the point (0, 0) (it
is tangent at the parabole). The higher level curves all have a non-empty intersection
with the parabole. As conclusion f has a minimum given the constraint g(x, y) = 0 and
the graphical interpretation affirms that this minimum is global.

2 a Level curves of f with value 0 in black. Level curve of value K = 3 in red and level

curve of value K = 7 in blue. The equation g(x, y) = 0 is in green.

X

Y

b Reasing is similar to the above, but uses the “bordered hessian” . . . there is a local (and

globa) minimum given the constraint at

(−1

2
,
1

2

)
(with λ∗ = −1)
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3 a Level curve K = −1 in red, K = 0 in green and K = 1 in blue. Equation g(x, y) = 0 in

black.

X

Y

e−1 1 e

b dom f = (R+
0 )×R. On this set, f and g are C∞ and ∇g(x, y) =

[
2x 2y

]
is of maximal

rank. As such, if L(x, y, λ) = f(x, y)−λg(x, y), the only candidates are the solutions to
the following system: 

∂L

∂x
(x̂, ŷ, λ̂) =

1

x̂
− 2λ̂x̂ = 0

∂L

∂y
(x̂, ŷ, λ̂) = −2λ̂ŷ = 0

x̂2 + ŷ2 = 1

that are also in dom f , i.e. the point a = (1, 0) with λ̂ =
1

2
.

The global sufficient conditions looks at the matrix HL(x, y, λ̂) =

[−1
x2 − 1 0

0 −1

]
which

is n.d. in the domain of f . As such, the function f(x, y) has a global maximum at the
point (1, 0) under the condition.

c The points satisfying the constraint g(x, y) = 0 are on the circle x2+y2 = 1, centered at

(0, 0) with radius 1. The level curves of value K of f are parallel lines to the Y -axis of
equation x = eK , so the higher the level, the more the line to the right. The point (1, 0)
correponds to the point that satisfies the constraint and can be found on the level curve
of f with the highest value (K = 0). This shows that f has indeed a maximum given
the constraint, and the graphical interpretation affirms once more that this maximu is
global.

4 U and p1x+ p2y are C∞ in R2. . .We have L(x, y, λ) = xy − λ(p1x+ p2y −B) . . .

There is a local maximum under the constraint at (x∗(B), y∗(B)) =

(
B

2p1
,
B

2p2

)
avec λ∗ =

B

2p1p2
.

We have U(x∗(B), y∗(B)) =
B2

4p1p2
, so:

d

dB
[U(x∗(B), y∗(B))] =

B

2p1p2
= λ∗.
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5 We have g(x, y, z) = x+ y + z − 3 and g2(x, y, z) = z − 1.

Problem: optimize f(x, y, z) given the constraints g1(x, y, z) = 0 and g2(x, y, z) = 0.

The functions f , g1 and g2 are C∞ in R3 (polynomes) and Jg(x, y, z) =

[
1 1 1
0 0 1

]
is of

maximal rank ∀(x, y, z) ∈ R3. From this L(x, y, z, λ) = f(x, y, z)−λ1g1(x, y, z)−λ2g2(x, y, z),
the only candidates are solutions to the following system:

2x̂− λ̂1 = 0

2ŷ − λ̂1 = 0

2ẑ − λ̂1 − λ̂2 = 0

x̂+ ŷ + ẑ = 3

ẑ = 1

This gives the point a = (1, 1, 1) with λ̂1 = 2 and l̂ambda2 = 0.

The global sufficient conditions asks to look at the matrix HL(x, y, z, λ̂) =

2 0 0
0 2 0
0 0 2

 which

is p.d.

The function f(x, y, z) has a global minimum at the point (x̂, ŷ, ẑ) given the constraints
g1(x, y, z) = 0 and g2(x, y, z) = 0.

6 Same function to optimize and equivalent constraints. So the same solution, but the system

obtained from the first order condition is:

2x̂− λ̂1(x̂+ ŷ − 2) = 0

2ŷ − λ̂1(x̂+ ŷ − 2) = 0

2ẑ − 2λ̂1z − λ̂2 = 0

(x̂+ ŷ − 2)2

2
+ ẑ2 − 1 = 0

z = 1

⇐⇒



2x̂− λ̂1(x̂+ ŷ − 2) = 0

2ŷ − λ̂1(x̂+ ŷ − 2) = 0

2ẑ − 2λ̂1z − λ̂2 = 0

x̂+ ŷ − 2 = 0

ẑ = 1

⇐⇒



x̂ = 0

ŷ = 0

2ẑ − 2λ̂1z − λ̂2 = 0

x̂+ ŷ − 2 = 0

ẑ = 1

which is incompatible!!

The reasing is that there are points, like (1, 1, 1) for which the “jacobian of the constraints”
is not of maximal rank.

7 Local minimum (in fact global!) at (2, 1, 1) with λ̂ = 2.

8 If α ̸= 1, there is a single candidate, the point

(
1

2
,
1

2

)
with λ̂ = 1 + α. The function f has

there a global minimum if −1 < α < 1. A local minimum if α ≤ −1 and a local maximum if
α > 1 (use the bordered hessian).

If α = 1, f(x, y) = (x+ y)2 and, given the constraint x+ y = 1, is constant!



14 Constraint optimisation: inequality constraints

14.1 Karush-Kuhn-Tucker

(a) William Karush
(1917-1997)

(b) Harold Kuhn
(1925-2014)

(c) Albert Tucker
(1905-1995)

Source: Wikipedia

Let f, gj : D ⊂ Rn → R j = 1, . . . ,m and m < n. We look for extrema of f , where the variables are constrainted
to satisfy some inequalities: gj(x) ≤ cj .

max
x

(min)f(x) s.c.


g1(x) ≤ c1
...

gm(x) ≤ cm

.

� EXAMPLE

Consider an electricity firm (monopolist) that produces q1 on peak and q2 off peak and has a
capacity of k.

� Price on-peak: p1 = 400− q1

� Price off-peak: p2 = 380− q2.

� variable cost: 20q1 + 20q2

� cost of capacity: 10k

Profit maximisation problem:

max
q1,q2,k

(400− q1)q1 + (380− q2)q2 − 20q1 − 20q2 − 10k s.c.

{
q1 ≤ k,

q2 ≤ k
.

155
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ª REMARK

� If there is a constraint h(x) ≥ c we can reformulate this as −h(x) ≤ −c.

� If there is a constraint h(x) = c we can reformulate this as h(x) ≤ c and −h(x) ≤ c.

� If there is a constraint xi ≥ 0 we can reformulate this as −xi ≤ 0.

Definition: Saturated constraint

The constraint gj(x) ≤ cj is saturated at x̂ iff gj(x̂) = cj .

Consider the lagrangian:

L(x, λ) = f(x)−
m∑
j=1

λj(gj(x)− cj).

(λj ∈ R,∀j = 1, . . . ,m). We have the following necessary first order condition (Theorem of (Karush)-Kuhn-
Tucker).

Proposition: Theorem of Karush, Kuhn and Tucker

Let f, gj : D ⊂ Rn → R (m,n ∈ N0).
if

� f and the functions gj are C1 in a neighbourhood of a point x̂, an interior point of D.

� If the jacobian of g = (g1, . . . , gm) restricted to the constraints that are saturated at x̂, are of maximal
rank (at x̂).

� If f is maximum (resp. minimum) at x̂ given the constraints gj(x) ≤ cj ,

then (↓)

� ∃λ̂ = (λ̂1, . . . , λ̂m) ∈ Rm such that:

�
∂L

∂xi
(x̂, λ∗) = 0, ∀i = 1, . . . , n

� λ̂j(gj(x̂)− cj) = 0, ∀j = 1, . . . ,m

� λ̂j ≥ 0 (resp. λ̂j ≤ 0) ∀j = 1, . . . ,m.

W PROOF

(idea)

Hypothesis
x̂ is a solution to the following problem maxx f(x) s.c .gj(x) ≤ cj , ∀j =
1, . . . ,m
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Thesis

1.
∂L

∂xi
(x̂, λ∗) = 0, ∀i = 1, . . . , n

2. λ∗j (gj(x̂)− cj) = 0, ∀j = 1, . . . ,m

3. λ∗j ≥ 0 (resp. λ∗j ≤ 0) ∀j = 1, . . . ,m.

We know that x̂ is a solution to the following problem:

max
x

(min)f(x) s.c.


g1(x) ≤ c1
...

gm(x) ≤ cm

.

We can introduce auxilliary variables and modify the inequalities to: gj(x) + (zj)
2 = 0. Note that

(zj)
2 ≥ 0. The equivalent problem is therefore:

max
x,z

(min)f(x) s.c.


g1(x) + (z1)

2 = c1
...

gm(x) + (zm)2 = cm

.

This is an optimisation problem under equality constraints. The lagrangian L̃ of this problem is
given by:

L̃(x, z, λ) = f(x)−
m∑
j=1

λj(gj(x) + (zj)
2 − cj).

Note that:

L̃(x, z, λ) = L(x, λ)−
m∑
j=1

λj(zj)
2.

The necessary first order conditions (Lagrange) are:

∂L̃

∂xi
(x̂, ẑ, λ̂) =

∂L

∂xi
(x̂, λ̂) =

∂f

∂xi
(x̂)−

m∑
j=1

λ̂j
∂gj
∂xi

(x̂) = 0 (1)

∂L̃

∂zj
(x̂, ẑ, λ̂) = −2λ̂j ẑj = 0. (2)

Condition (1) gives condition 1. in the thesis.
Condition (2) implies that ∀j = 1, . . .m:

λ̂j(z̄j)
2 = 0 → λ̂j(gj(x̂)− cj) = 0.

This gives condition 2. of the thesis.
Using the property of λ̂ as the lagrange multiplier of the maximisation problem, we also have that:

λ̂ ≥ 0.

which gives condition 3. of the thesis.
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ª REMARK

� We have
∂L

∂λj
(x̂, λ̂) = cj − gj(x̂) ≥ 0, ∀j = 1, . . . ,m because the constaints are satisfied at x̂.

� If the constraint gj(x̂) is not saturated (gj(x̂) < cj), we need that λ̂j = 0.

If the constraint is not saturated, the shadow price is zero.

� If λ̂j > 0, we have that gj(x̂) = cj ,

If the shadow price of the constraint is not zero, the constraint is not saturated.

� EXAMPLE

Let f : R2 → R : (x, y) → f(x, y) = y − 2x and g : R2 → R : (x, y) → g(x, y) = x2 − y. Consider
the problem:

max
x

(min)f(x) s.c. g(x, y) ≤ −3.

The functions f and g are C1 on R2,
∂g

∂x
= 2x and

∂g

∂y
= −1 and the jacobian of g is of rank 1 for

every point. The lagrangian is L(x, y, λ) = y − 2x− λ(x2 − y + 3).
The necessary first order conditions require:

∂L

∂x
= −2− 2λ̂x̂ = −2(1 + λ̂x̂) = 0 (1)

∂L

∂y
= 1 + λ̂ = 0 (2)

λ̂(x̂2 − ŷ + 3) = 0 (3)

Discussion: In this case, the conditions impose that the constraint is saturated because (2) →
λ̂ = −1 ̸= 0. Replacing this value of λ̂ in (1), we obtain x̂ = 1 and, using (3), ŷ = 4.
We obtain a single candidate for a minimum given the constraint: (1, 4) with λ∗ = −1 < 0.

� EXAMPLE

max
q1,q2,k

(400− q1)q1 + (380− q2)q2 − 20q1 − 20q2 − 10k s.c.

{
q1 − k ≤ 0,

q2 − k ≤ 0
.

The function f(q1, q2, k) is C1 and the constraints are also C1 on R3. The lagrangian is:
L(q1, q2, k, λ1, λ2) = (400− q1)q1 + (380− q2)q2 − 20q1 − 20q2 − 10k − λ1(q1 − k)− λ2(q2 − k).
The first order conditions require:

�
∂L

∂q1
(q̂1, q̂2, k̂, λ̂1, λ̂2) = 380− 2q̂1 − λ̂1 = 0

�
∂L

∂q2
(q̂1, q̂2, k̂, λ̂1, λ̂2) = 360− 2q̂2 − λ̂2 = 0

�
∂L

∂k
(q̂1, q̂2, k̂, λ̂1, λ̂2) = −10 + λ̂1 + λ̂2 = 0

� λ̂1(q̂1 − k) = 0

� λ̂2(q̂2 − k) = 0
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� λ̂1 ≥ 0, λ̂2 ≥ 0, q̂1 ≤ k, q̂2 ≤ k.

There is a single candidate that satisfies all constraints: (q̂1, q̂2, k̂, λ̂1, λ̂2) = (185, 180, 185, 10, 0).

14.2 Sufficient second order conditions

Proposition: Global sufficient second order conditions

Let f, gj : D ⊂ Rn → R(n ∈ N0).
If

� f and gj are C1 on D and x̂ is an interior point of D.

� x̂ satisfies the constraints gj(x̂) ≤ cj , ∀j ∈ {1, . . . ,m}.

� there exists λ̂1, . . . , λ̂m ∈ R such that
∂L

∂xi
(x̂, λ̂) = 0,∀i = 1, . . . , n and λ̂(gj(x̂)− cj) = 0, ∀j = 1, . . . ,m.

� L(x, λ̂) = f(x)−∑m
j=1 λ̂j(gj(x)− cj) is concave (resp. convex) on D.

then (↓)

� f has a global maximum (resp. minimum) at x̂ under the constraints gj(x) ≤ cj ,∀j ∈ {1, . . . ,m}.

W PROOF

Let x ∈ D and gj(x) ≤ cj , ∀j = 1, . . . ,m. Let us show that f(x̂) ≥ f(x).

f(x) ≤ f(x)−
n∑

j=1

λ̂j︸︷︷︸
≥0

(gj(x)− cj)︸ ︷︷ ︸
≤0

,

= L(x, λ∗),

≤ L(x̂, λ∗) +

n∑
i=1

∂L

∂xi
(x̂, λ̂)︸ ︷︷ ︸
=0

(xi − x̂i), L is concave

= L(x̂, λ̂),

= f(x̂)−
m∑
j=1

λ̂j(gj(x̂)− cj)︸ ︷︷ ︸
=0

,

= f(x̂).

ª REMARK

If f is concave (convex) and the functions gj are convex (concave) then L(x, λ̂) is concave (convex),
so the second order condition will be satisfied.
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Proposition: local sufficient second order conditions

Let f, gj : D ⊂ Rn → R(n ∈ N0).
If

� f and gj are C2 in a (convex) neighbourhood of x̂, interior point of D.

� x̂ satisfies the constraints gj(x̂) ≤ cj , ∀j ∈ {1, . . . ,m}.

� There is λ̂1, . . . , λ̂m ∈ R such that
∂L

∂xi
(x̂, λ̂) = 0, ∀i = 1, . . . , n and λ̂j(gj(x̂)− cj) = 0,∀j = 1, . . . ,m.

� HL(x̂, λ̂) is n.d. (resp. p.d.) at x̂.

then (↓)

� f has a local maximum (resp. minimum) at x̂ under the constraints gj(x) ≤ cj ,∀j ∈ {1, . . . ,m}.

W PROOF

� If f , gj(j = 1, . . . ,m) are C2 in a neighbourhood of x̂, they are C1.

� If HL(x̂, λ̂) is n.d. the function L(x, λ̂) is concave in a neighbourhood of x̂.

� The conclusion satisfy the global sufficient second order conditions if we limit the domain of f
and gj to this neighbourhood of x̂.

� EXAMPLE

(continuation) We have:

HL(x, y, λ̂) =

[
2 0
0 0

]
,

which is p.s.d. for all (x, y) in R2, so L(x, y, λ̂) is convex on R2. As such, (x̂, ŷ) = (1, 4) is a global
minimum.

� EXAMPLE

max
q1,q2,k

(400− q1)q1 + (380− q2)q2 − 20q1 − 20q2 − 10k s.c.

{
q1 − k ≤ 0,

q2 − k ≤ 0
.

We have a single candidate (q̂1, q̂2, k̂, λ̂1, λ̂2) = (185, 180, 185, 10, 0). The function f(q1, q2, k) is C
2

and the constraints are also C2.
The hessian of L(q1, q2, k, λ̂1, λ̂2) is:

HL(q1, q2, k, λ̂1, λ̂2) =

−2 0 0
0 −2 0
0 0 0

 ,
which is n.s.d., so (q̂1, q̂2, k̂) is a global maximum.
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14.3 Exercises and Answers

å EXERCISES

1 Determine the extrema of f(x, y) = e−[x2+y2] given the constraint x+ y ≥ 1.

2 Optimize f(x, y) = (x+ 1)2 + (y + 2)2 given the constraints x ≥ 0 and y ≥ 0.

3 Consider the function f(x, y) = x2 + 4y2 to be optimized given the constraints x ≥ 2 and

y ≥ 1.

a Represent, on the same graph the level curves of valueK = 0, 1 and 4 of f(x, y). Indicate

on the graph the area corresponding tot he points satisfying the constraints.

b Use the K-T first order conditions to find the candidate extrema given the constraints.

4 Optimise f(x, y) = e−[(x−1)2+(y+2)2] given the constraints x ≥ 0 and y ≥ 0.

5 Determine the extrema of f(x, y) = y − lnx given the constraints xy ≥ 8 and x+ y ≤ 6.

6 What is the solution to the following problem: max f(x, y) = x2 + y2 + y − 1 s.c. g(x, y) =

x2 + y2 ≤ 1?

7 Determine the extrema of f(x, y) = 5x2 + 6y2 − xy under the constraint x+ 2y ≥ 24

´ ANSWERS

1 First of all, notice that (x̂, ŷ) is a maximum (minimum) of e−(x2+y2) (given the constraints)

if and only if (x̂, ŷ) is a maximum (minimum) of −(x2 + y2) (given the same constraints),
because ez is a strictly increasing function. As such, the problem is equivalent to optimising
f(x, y) = −(x2 + y2) under the constraint g(x, y) = 1− x− y ≤ 0

f and g are C∞ on R2 and Jg(x, y) = [−1,−1] is of maximal rank ∀(x, y) ∈ R2.

We have L(x, y, λ) = −(x2 + y2)− λ(1− x− y).

The first order K-T conditions are:
∂L

∂x
(x̂, ŷ, λ̂) = −2x̂+ λ̂ = 0

∂L

∂y
(x̂, ŷ) = −2ŷ + λ̂ = 0

λ(1− x̂− ŷ) = 0.

1) If λ̂ = 0 then, x̂ = ŷ = 0, which does not satisfy the constraints x̂+ ŷ ≥ 1, and is therefore
not possible.

2) If λ̂ ̸= 0, then x̂+ ŷ = 1, and x̂ = ŷ. A such, x̂ = ŷ =
1

2
and, by replacing λ̂ = 1.

The point

(
1

2
,
1

2

)
is thefore a candidat (local) maximum of f(x, y) given the constraint

x+ y ≥ 1.
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For the second order conditions, we consider the hessian HL(x, y, λ̂):

HL(x, y, λ̂) =

[
−2 0
0 −2

]
which is n.d., so (x̂, ŷ) is a global maximum under the constraints.

2 We have f(x, y) = (x+2)2+(y+2)2, g1(x, y) = −x and g2(x, y) = −y. The problem amounts

to optimising f(x, y) given the constraints g1(x, y) ≤ 0 and g2(x, y) ≤ 0.

f , g1 and g2 are C∞ on R2 and Jg(x, y) =

[
−1 0
0 −1

]
is of maximal rank ∀(x, y) ∈ R2.

We have L(x, y, λ, µ) = (x+ 1)2 + (y + 2)2 − λ(−x)− µ(−y).
The first order conditions are:

∂L

∂x
(x̂, ŷ, λ̂, µ̂) = 2(x̂+ 1) + λ̂ = 0

∂L

∂y
(x̂, ŷ, λ̂, µ̂) = 2(ŷ + 2) + µ̂ = 0

λ̂x̂ = 0

µ̂ŷ = 0.

If λ̂ = 0, then x̂ = −1 which does not satisfy the first constraint. If µ̂ = 0, then ŷ = −2 which
does not satisfy the second constraint. Conclude that λ̂ ̸= 0 and µ̂ ̸= 0. A such, x̂ = ŷ = 0,
λ̂ = −2 and µ̂ = −4. As such, (x̂, ŷ) = (0, 0) is a candidate for a minimum.

Concerning the second order conditions, note that HL(x, y, λ̂, µ̂) =

2 0
0
2

 which is p.d. A

such, (x̂, ŷ) is a global minimum of f(x, y) given the constraints x ≥ 0 and y ≥ 0.

3 a Level curve of value 0 in red, level curve of value 1 in blue, level curve of value 4 in
green.

X

Y

-3 -2 -1 0 1 2 3

-2

-1

0

1

2
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b (Verify other conditions) . . .L(x, y, λ1, λ2) = x2 + 4y2 − λ1(2− x)− λ2(1− y).

The K-T first order conditions require:

∂L

∂x
(x̂, ŷ, λ̂1, λ̂2) = 2x̂+ λ̂1 = 0

∂L

∂y
(x̂, ŷ, λ̂1, λ̂2) = 8ŷ + λ̂2 = 0

λ̂1(2− x̂) = 0

λ̂2(1− ŷ) = 0

1) If at least one of the two conditions is not saturated, we have λ̂1 or λ̂2 = 0, which gives
x̂ = 0 or ŷ = 0, which does not satisfy the constraints and therefore must be rejected.

2) If the two constraints are saturated, we have x̂ = 2 and ŷ = 1 with λ̂1 = −4 and
λ̂2 = −8.

The point (2, 1) is thus a candidate for a (local) minimum given the constraints. Given
the objective function and the nature of the constraints, it is easy to see that the min-
imum is in fact a global minimum (First, f(x, y) is convex on R2 and 2 − x and 1 − y
are convex (linear) on R2)

4 First, note that maximising (minimising) e−[(x−1)2+(y+2)2] (given the constraints) is the same

thing as maximising (minimising) f(x, y) = −(x−1)2− (y+2)2 (given the same constraints),
because h(z) = ez is a strictly increasing function. As such, we look for the extrema of
f(x, y) = −(x− 1)2 − (y + 2)2 given the constraints x ≥ 0 et y ≥ 0.

The K-T necessary condittions show that (x̂, ŷ) = (1, 0) is a candidate for a maximum. The
sufficient second order conditions, show that the maximum is global (given the constraints).

5 L(x, y, λ1, λ2) = y − lnx − λ1(8 − xy) − λ2(x + y − 6). Attention: dom f = (R+
0 ) × R. The

candidate for a maximum given the constraint is (2, 4) with λ̂1 =
3

4
and λ̂2 =

5

2
and there is

a candidate minimum given by (4, 2) with λ̂1 = −5

8
and λ̂2 = −3

2
.

The hessian of L(x, y, λ∗1, λ
∗
2) is HL(x, y, λ̂1, λ̂2) =

[
1
x2

3
4

3
4 0

]
. The determinant of this matrix

is always negative so it cannot be signed.

6 The lagrangian is given by L(x, y, λ) = x2 + y2 + y − 1 − λ(x2 + y2 − 1). The first order

conditions are:

∂L

∂x
(x̂, ŷ, λ̂) = 2x̂− 2λ̂x̂ = 0,

∂L

∂y
(x̂, ŷ, λ̂) = 2ŷ + 1− 2λ̂ŷ = 0,

λ̂(x̂2 + ŷ2 − 1) = 0,

λ̂ ≥ 0.

If λ̂ = 0, then also x̂ = 0 and ŷ = −1
2 . The solution satisfies the constraint x̂2 + ŷ2 ≤ 1.

The hessian is HL(x, y, λ̂) =

[
2 0
0 2

]
which is p.d., so we have a global minimum (given the

constraints).

If λ̂ > 0, and x̂ = 0, then ŷ = 1 and λ̂ = 3
2 or ŷ = −1 and λ̂ = 1

2 . So there are two candidates
for a maximum, (0, 1) and (0,−1).
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If λ̂ > 0 and x̂ ̸= 0, then λ̂ = 1, and the second constraint is not satisfied.

For (x̂, ŷ, λ̂∗) = (0, 1, 3/2), the hessian of L(x, y, λ̂) is HL(x, y, λ̂) =

[
−1 0
0 −1

]
which is n.d.,

so (0, 1) is a global maximum.

For (x̂, ŷ, λ̂) = (0,−1, 1/2), the hessian is HL(x, y, λ̂) =

[
1 0
0 1

]
which is p.d. As (0,−1) was

a candidate maximum, and L(x, y, λ̂) is convex, we do not have conclusion.

7 The lagrangian is L(x, y, λ) = 5x2 + 6y2 − xy − λ(24 − x − 2y). The first order conditions
are: 

∂L

∂x
(x̂, ŷ, λ̂) = 10x̂− ŷ + λ̂ = 0,

∂L

∂y
(x̂, ŷ, λ̂) = 12ŷ − x̂+ 2λ̂ = 0,

λ̂(24− x̂− 2ŷ) = 0

If λ̂ = 0, we obtain x̂ = ŷ = 0. In this case, the constraint 24− x̂− 2ŷ ≤ 0 is not satisfied. If
λ ̸= 0 then 24− x̂− 2ŷ = 0. We obtain x̂ = 6, ŷ = 9 and λ̂ = −51. As such, (x̂, ŷ) = (6, 9) is
a candidate for a minimum.

For the second order condition, note that HL(x, y, λ̂) =

[
10 −1
−1 12

]
. The principal minors of

order 1 are 10 and 12, which are positive. The principal minor of order 2 is 120− 1 > 0. So
HL(x, y, λ̂) is p.d. and (x, y) = (6, 9) is a global minimum given the constraint.



A Notation and Greek alphabet

� the reals R =]−∞,+∞[
� the non-negative reals R+ = [0,+∞[
� the non-positive reals R− =]−∞, 0]
� the strictly positive reals R++ =]0,+∞[
� the strictly negative reals R−− =]−∞, 0[
� the non-zero reals R0 =]−∞, 0[ ∪ ]0,+∞[= R \ {0}

α alpha η eta ν nu υ upsilon
β beta Θ, θ theta ξ xi ϕ phi
Γ, γ gamma ι iota Π, π pi χ chi
∆, δ delta κ kappa ρ rho ψ psi
ϵ, ε epsilon Λ, λ lambda Σ, σ sigma Ω, ω omega
ζ zeta µ mu τ tau

B Some important curves and planes

� (x− a)2 + (y − b)2 = r2(r > 0)

equation of a circle centered at the point (a, b) with radius r.

�
(x− a)2

α2
+

(y − b)2

β2
= 1(α, β > 0)

equation of an ellipse centered at the point (a, b) and for which the horizontal axis is 2α and the vertical axis
is 2β.

�
(x− a)2

α2
− (y − b)2

β2
= 1(α, β > 0)

equation of a hyperbole centered at the point (a, b) and for which the asymptotes are parallel to the lines
with equations y = β

αx and y = −β
αx.

� y = xα with x > 0

If α < 0, this is the equation of a curve of the type “arm of an equilateral hyperbole”

If 0 < α < 1, this is the equation of a concave curve through the origin.

If α = 1, this is the equation of the 45 degree line.

If α > 1, this is the equation of a convex curve through the origin.
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