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[ElS] 1 Differential equations

| Definition: Primitive of a function |

Let f:(a,b) > R:z— f(z) and F : (a,b) > R:z— F(x),

> Fis a primitive of f on |a, b if and only if:

> F is differentiable in ]a, b].
> Vz € (a,b) : F'(z) = f(z).

> The Indefinite integral of f, noted by [ f(z)dz, represents the set of all primitives of f.

> If F is a primitive of f, [ f(z)dx = F(z) + C where C € R is an arbitrary constant.

a RECALL

a+1
/xa dx = x+ 1 +C Va € R\ {~1},Vr € R,Ry,RT ou R selon la valeur de a,
a
/x_ldlenm-ﬁ—c Vx € Ry,
/emda::ew—f—C' Vo € R,

/sinxdx:—cosm—i—C Vr € R,

/cosxdx:sinx—l—C Ve e R,

1 T
/COSQxda::tanx—i—C’ VazeR\{§+kw.k€Z},

sin?

1
/ dz =cotx +C Ve e R\ {km: ke Z}.

Important properties: linearity

Va, B ER,/(af(a:)—i—ﬁg(a:))dxza/f(x) dx+5/g(x) dz.

@ EXAMPLE
J(e® +527)de =4 [e"dz +5 [ 27 da = 4e” + 2% + C.
Olg

Two methods of integration
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> Integration by parts:

/f@M@Nmzﬂ@mw/f@mmmx

@ EXAMPLE
fxsinazdx = —xcosx—i—fcosxd:n =—zcosx +sinz + C.

Olg

> Integration by a change of varialbles:
I

f:
[ raya=re+c
then:
[ e @) ds = Futz) + C.

® EXAMPLE
Consider f 2xe®” dz. We set t = 22 — dt = 22 dz. From this:

/Qxerdx:/etdt:et+C:ex2+C’.

[.IEL Olg

| Definition: Differential equation |

A differential equation is an equation in which the unknown is a function and where the unknown
function, and its succinctive derivatives appear in the equation. The order of a differential equation is
the degree of the highest derivative of the unknown function in the equation.

all]

We represent by y or f(x) the unknown function differentiable on the open interval ]a, b].
& REMARK

d
The unknown function is sometimes dependent on the variable ¢ (time) in which case d—‘z is often

2 3

d
Y is denoted by ¥,

w Y is denoted by ¥, etc.

denoted by v, w

Olg

ElS] 1.1 Equation ¢’ = g(x) [El5]

Where y is the unknown function and g is a given function on ]a,b[: we look for functions for which the
derivative equals g, to be precise, the primitives of g(x).

> They exist, for example, if g is continuous on |a, b[.

> They differ by a constant.
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> The general solution (in this case, the set of all solutions) is y = [ g(z) dz, or equivalently, y = G(z) + C
where G is a primitive of g.

& REMARK
The general solution of such an equation contains an arbitrary constant. They group therefore

infinitely many solutions. In many problems, an initial condition is given, usually in the form
y(0) = yo where yg is a given real (“Cauchy problem”). This condition often determines a unique
value for the constant, providing a unique particular solution to the differential equation.

@ EXAMPLE
The general solution to the equation 3’ = sinz is y = — cosz + ¢ (Ve € R). The particular solution
corresponding to y(0) =2 is y = — cosz + 3.

Ol

[Z5] — 1.2 Linear first order equations of the form ' + g(x)y = h(x) 25

We choose as function M (z) one of the functions el 9(x)dx (by choosing the constant of integration, for example
0), that always exists and does not become zero on |a, b[. We have thus:

Y +g(x)y = h(z),
<y M (x) + g(z)yM (x) = h(z)M ().

are two equivalent equations. But:
!/
(M) =y M +yM' =y M +y (el 09) = /M () + g )y M (a).
The given equation therefore reduces to:
(yM) = h(z)M ().

To summary: If we pose M(z) = /9@ 4= the equation ' + g(z)y = h(z) is equivalent to 2/ = h(z)M (z)
with z = yM.

@ EXAMPLE

Resolution of the differential equation vy’ + 2z y = e
~ ~~
, g(x) h(z)
If we set M(x) = e/ 2242 = ¢=* (by choosing the constant of integration = 0), we get the equivalent

differential equation:
exzy' + 2azez2y =1
where:
ery =x+c
and finally:

2 2
y=xe ¥ 4+ce ",

L which is the general solution of the differential equation.

Ol
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Z5] —— 1.3 Linear differential equation with constant coefficients of the

order n (n € N) 5]

| Definition: Linear differential equation with constant coefficients of the order n |

The equation:
y(n) + aly(nfl) +...+ an_ly(l) + any(O) = h(x>7

where h(z) is known on |a,b| and where, by convention, y(k) represents the kth derivative of y, Vk €
N (including %@ = y and y() = ¢/,y?® = ¢/), is a linear differential equation with constant
coefficients of order n. L

all]

& REMARK
4 The case where n = 1 gives a first order linear differential equation.
Olg

Properties:

>y 4 a1y D 4 4 a,y@ =0 is by definition the homogeneous equation.

> If y; and yo are solutions of the equation, then y; — y2 is a solution of the homogeneous equation.
> So GSNE = GSHE + PSNH

> Linear combinations of the homogeneous equation are also solutions.

> Where GSHE is the vector space of all solutions of homogeneous equations.

> Its dimension is n (not easy to show ...)

> We look for a basis of this vector space, i.e. n linearly independent solutions.

> GSHE = y = Y, cipi(z) where the functions ¢;(x) represent n linearly independent solutions of the
homogeneous equation and the ¢; are arbitrary constants.

@I 1.3.0 GSHE: general solution to the homogeneous equation @I

If we can determine n linearly independent functions ¢;(¢) (i = 1,...,n), n that are solutions to the homogeneous
equation, we can write the GSHE =y = >""" | pn(2).
We have the homogeneous equation 4™ + a;y™ 1) + ... 4+ a,y©@ = 0.

y = e is a solution iff:

N4+ a A"+ a N =0.

given that (e’\x)(p Y (e’\x) and that e is non-zero for all z and all \. This polynomial is called the
characteristic polynomial of the homogeneous equation. This is an nth degree polynomial, which gives, by
the theorem of d’Alembert (see course BA1), that this polynomial has n roots in C, singular or plural.
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For each root, singular or plural, complex or real, of the characteristic polynomial, we can derive one or more
solutions of the homogeneous differential equation. We can show that the union of these solutions give a set of
n linearly independent solutions, which enables us to find the GSHE.

> if ) is a real singular root of the characteristic polynomial, then e*® is a solution of the homogeneous equation.

> if X is a k-fold real root of the characteristic polynomial, then e**, ze?* ... zF~1e?®

solutions of the homogeneous equation.

are k linearly independent

> if \=a+bi (and A = a — bi) are singular complex roots of the characteristic polynomial, then e®* cos bx and
e gin bx are two linearly independent solutions of the homogeneous equation.

> if A = a+bi (and A = a—bi) are k-fold complex roots of the characteristic polynomial then e®** cos bz, e** sin bz,

., 2P 1e® cos b, xF1e® sin bx are 2k linearly independent solutions of the homogeneous equation.

@ —— 1.3.0 PSNH: Particular solution of non-homogeneous equation 4@

Consider the equation y™ + a1y™ 1 + ayy™ 2 + ... 4+ ap_19yD + 0,y = k(z)e’® where k(z) is a polynome
and b is not a root of the characteristic polynomial: then we try a particular solution of the form c(z)e?®
where ¢(z) is an (unknown) polynomial of the same degree as k(z).

Consider the equation y” — 2y’ +y = x. The characteristic polynomial is A2 — 2\ +1 = (A — 1)?
which has a double root, 1 and k(z)e®® = ze%, which is a first degree polynomial multiplied by
e% and 0 # 1. We therefore try a solution (ax + 3)e®® = ax + 3. Soy = ax + 3,4 = « and
y” = 0. If we replace this in the differential equation, we get 0 — 2a + ax + 3 = x, so a = 1 et
8 =2.

We therefore have PSNH y = « + 2.

As the GSHE is y = c1e®+coxe®, we have that the GSNH can be written as y = cie® +coxe®+x+2,
Ve, co € R,

& REMARK

If b is a a-uple root of the characteristic polynomial, we try a solution of the form z%c(z)e
where ¢(z) is an (unknown) polynomial of the same degree as k(x).

bx

Consider the equation y” — 2y’ +y = e®. The characteristic polynomial is A2 — 2\ +1 = (A — 1)?
which has a double root equal to 1 and k(z)e?® = 1e'®, which is a polynomial of degree 0 (a
constant) multiplied by €', with 1 a doulbe root of the characteristic polynomial.

We therefore try a solution y = Ka22e*. So:

y = 2Kz 4+ Kx?)e®,
y' = (2K + 4Kz 4+ Kxz?)e®,

and, by replacing this in the differential equation, we get:
(2K + 4Kz + K2?)e® — 22Kz + Kx?)e® + Ka?e® = 7,

This gives 2Ke* = €%, so K = % We obtain as PSNH: y = %1‘2636
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As we have GSHE: y = c1e” + coxe”, we get as GSNH:

1
y = c1e” + coxe” + §$26I,V01, o €R

Ol

Eis] 1.4 Initial conditions 25

The general solution of a differential equation of degree n contains n arbitrary constants. They group therefore
an infinite number of different solutions. In many problems, also initial conditions are given, clasically in the
form y(0) = o, ¥'(0) = ¥, ...,y D(0) = y(()n_l) with yo, y(, - - - ,yén_l) given reals (Cauchy problem). These

conditions often permit to obtain a unique solution by fixing the constants in the general solution.

@ 1.5 Exercises and answers @l

/& EXERCISES
Solve the following first order linear differential equations (unknown function y, function of

a single variable )

@ y +5y =15

y' =y + €®. Determine the particular solution with y(0) = 7.
y + 2%y = 322

@ Yy + 6y =e "

Resolve the following linear differential equations.

@ y" — 2y’ +y = 3 and determine the particular solution with y(0) = 3 and ¥/(0) = 2.

@ y" —y=6e”

y®) — 3y — 4y + 12y = 2e”
@ y® —y' +y —y=2+3

| @ y" — 5y + 6y = xe3®

Ol

& ANSWERS

@ y=3+Ce ™ VYC € R.

@ y = (z+ C)e*, VC € R; particular solution with y(0) =7:y = (z + 7)e”.

z3
y=3+Ce5 VO eR.
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() y=tevcet voer

@ y = C1e® + Coze® + 13, VC1,Cy € R.

particular solution with y(0) = 3 and ¢/(0) =2: y =

Nl

@ y = Chre* + Coe ™™ + 3ze®,VCp,Ce € R.
y = C1e3 + Cae + Cae2 + Lev WOy, Cy, Cs € R

@ y=C1e* +Cycosx + Cssinx —x — 4,VCp,Cs,C5 € R.

@ y = C1€% + Coe™ + (22 — 1) e3*,VC1,Co € R.

r __ 3., 1 _3x
€ 5re +4e .

10




@ 2 Functions in R"

[ElS] 2.1 Cartesian product

| Definition: Cartesian product |

Let A, B be two sets. The cartesian product of A and B is the set:

A x B={(a,b)la € A,be B}.

Figure 2.1: Example of a cartesian product of two sets A and B

Y

e
>

& REMARK
> We can also define the cartesian product of three sets A, B and C:

Ax BxC={(a,b,c)lac A,be B,ce C}.

> or the cartesian product of n sets n Ay,..., Ay:

L A x Ag x ... x Ay ={(a1,...,an)|Vi=1,...,n,a; € A;}

EXAMPLE
> The unit square:

®

[0,1] x [0,1] = [0,1)* = {(, y)|z € [0,1] et y € [0,1]}

11
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> The set of all couples of reals:

R x R =R* = {(z,y)|z,y € R}

> The set of all triples of reals:

RxRxR=R?={(z,y,2)|z,y, 2 € R}

> The set of all n-uples of reals:

Rx...xR=R"={(z1,...,2n)|21,...,2, € R}.
n fois
Attention! if z € R" we write x = (z1,...,zy)

> The set of all n-uples of non-negative reals:
RY ={(z1,...,zn)|21,...2p € Ry} = {(21,...,2p)|21,.. ., 2 > 0}

> The set of all n-upples of strictly positive reals:

RY = {(z1,...,xn)|®1, .. sop € Ry} = {(z1, ..., 2p) |21, ... 2 > 0}

luQIE

@ 2.2 Fuctions @

a RECALL
A function on a set D C R associates to each real number x € D another (unique) real number
called f(z). We also write,

f:DCR=>R:z—y=f(x)

Figure 2.2: Illustration of a univariate function

Y

(x, f(x))

8f-------------@
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| Definition: Multivariate functions |
A function of n variables for which the domain of definition is D C R" is a rule that associates a
., Tp) in D. We write:

., Tp) to each n-uple x = (z1,..

unique real f(zq,..
fDCR"=R: z —y=

Figure 2.3: Graphical representation of a multivariate function
Z

.f(x, Y)

We can illustrate a function of two variables f : D C R? — R as a surface. Figure 2.4 gives the surface of the

function f(z,y) = /z - y.
Figure 2.4: f:[0,12 = R: (z,y) = f(z,y) = Ty
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A frequently used function of two variables in economic models is:

fiRE = R:fk,€) = AK*P,

where A, «, 8 are constants. Usually, we assume that f is only defined for k,¢ > 0. A function f
of this form is called a Cobb-Douglas-function. It is often used as a production function. Then &
is the quantity of capital and ¢ is the amount of labour. Then f(k,/¢) gives the number of units
produced.

14

For certain functions, it is normal to restrict, either explicitly or implicitly the domain D on which the function
is defined. For example, if f(k, /) is a production function, it is normal to assume that k and ¢ are positive. In
economics, it is often important to be clear about the domain of the functions used.

| Definition: Domain of a function |

The domain of a function f from R™ to R is the set of all values € R" for which f(z) € R (exists). _&

all]

]

REMARK
> If D C R™ is the domain of f, we write f: D CR" - R: 2z — f(x).

> The domain of a function f from R™ to R is a subset of R™.

> Existence rules:

> If f(x) = igzgg’ the condition is that h(z) # 0.

> If f(x) =In(g(z)) the condition is that g(z) > 0.
> If f(2) = (g9(z))"/™ with n even, the condition is that g(z) > 0.

f(z,y) = z -y — no conditions, so f = R?

flx,y) = x? + y2 — mno conditions, so f = R2.

1
f(z,y) = ——. We have the condition that: z —y # 0, so:
Yy

dom f = {(z,y) € R*z —y # 0} = {(z,y) € R*|z # y}
f(k,£) = AK%50°5. We have the condition that: k,¢ > 0, so:

dom f={(k,¢) eRI} =R, xRy =R?

f:10,1] x [0,1] = R: (x,y) — y = x - y. Here the domain is explicitly given by [0, 1] x [0,1] =

—
=)
—_

)

)
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Definition: Function Image |

The image of a function f: D CR"” — R:z — y = f(z) is the set of all (real) values that a function
can attain
imf = {f(z) € Rlz € D}
all]
@ EXAMPLE
Consider f : [0,1)> = R : (z,y) — z.y. We have that im f = [0,1] because 0 < z,y < 1,
so 0 < z-y < 1. For all z € [0,1] we can find values z,y € [0,1] such that =z -y = z (for
L exampler = y = /2).
|:|||.-
ElS] 2.3 Level curves and vertical sections [ElS]

| Definition: Level curves of value c |

The level curve of value ¢ € R of a function f: D C R" — R:z+— y = f(x) is the subset of all points
r in D that attain the value ¢. In other words, the level set of value ¢ is the set:

{z € D|f(z) = c}.

alC]

Figure 2.5 gives an illustration of a level curve for a function of two variables. The level curve is given by the
intersection of the surface of the function and a plane parallel to the XY plane of value z = ¢. In the figure,
thihs intersection is given by the curve AB. We can also project this curve on the XY plane, which gives the
curve C'D.

Figure 2.5: Level curve

@ EXAMPLE
Consider f:[0,1)%: (z,9) +— 2z = \/Z - y. The level curve of value c is:

{(z,9) € 0,17 : oy =c} = {(a.y) €[0,1]* 12y = ¢}

For a function of two variables, we can illustrate this in the XY plane
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Figure 2.6: Courbes de niveau de f(z,y) = /T -y

0.2 0.4 0.6 0.8

In the three-dimensional euclidean space, there are three types of fundamental objects, points, lines and planes.

> Points are represented by their coordinates, triples of real numbers (x,y,z) (there is a unique one to one
correponsence between points and the set R?).

> Plaines are sets of points (z,y, z) that satisfy an equation of the form.
ax + by +cz =d.
with a, b, c € R and not all three of the numbers a, b, ¢ equal to zero.

> Lines in three dimensional space can be seen as the intersection of two non-parallel planes.

We are intersted in certain types of planes: vertical and horizontal ones. The vertical planes are the ones for
which there is no term in z in the equation (¢ = 0), so az + by = d.

Horizontal planes are the ones for which there is no term in z and y in the equation, so a = b = 0, giving cz = d.

Some of them might be useful. In particular,

> z = k horizontal plane parallel to the XY plane.
> x = k vertical plane parallel to the Y Z plane.

> y = k vertical plane parallel to the X Z plane.

> x =y and x = —y vertical bisection planes

The intersection of a horizontal plane z = k and the surface of a a function z = f(z,y) gives the level curve of
value k.
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Figure 2.7 gives an illutration of a vertical section AB obtained by the intersection of a the surface of a function
and a vertical plane parallel to the X Z plane (with y = k). The curve AB gives the combinations of (z,z) for
which z = f(z, k).

Figure 2.7: Vertical plane parallel to the X Z plane

A

The intersection of these planes and the surface of a function of two variables f(z,y), and the level curves often
permits the describe the surface of the function under consideration.

@ EXAMPLE
2= fla,y) = 2> + 9>
The intersections between this surface and the vertical planes with equation x = k are paraboles:

z=k2+y2.

by symmetry, the intersections between the surface and vertical planes with equation y = k are
also paraboles. Finally, the intersection between the surface and the vertical bisectors are also
paraboles (we obtain z = 2x2. Attention to the units!!)

If we combine these results, the vertical sections with y = k et © = k, we recognize the surface of
the function.
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18

a RECALL
The set R" =R x ... x R is a vector space .

n fois
> If x € R", we have x = (x1,...,z,) where z; € R.
> Two operations:

> Addition: Vz,y € R™:

(1, s xn)+ (Y1, Yn) = (T1+ Y1, T+ Yn) -
z y

T+y

> Scalar multiplication: Va € R,V € R™:

a-(z1,29,...,2,) = (x1,az2,...,0L,).
Olg
[ElS] 2.4 The norm 25]

| Definition: euclidian norm |

Consider = = (x1,...,2y) € R". The (euclidean) norm of z is,
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@ EXAMPLE
The norm of z = (1,2, 3) equals:

|zl = VI+4+9 =14

Olg
| Proposition |
n
Vo €R™: o] < |-
i=1
all]
# PROOF
Hypothesis x=(r1,...,2,) ER"
Consider x = (x1,...,z,) € R™.

n
0 <z < Z |3l

<—>||a;|]2 < (Z |LUZ|> |:Cl| + ...+ |:cn|) . (|x1| + ...+ |:cn|), Square of non-negative numbers
lla)? < Z i + ZZ AR
i=1 j=1
J#i

n

oY (@) < Z )? + ZZ EAlEt le]? = " (@)?

i=1 j=1 i=1
JF#i

0 < ZZW%'

1 4= 1
= JFi >0

The last inequality is true, so the first also has to be true.

o

@ EXAMPLE
If v = (1,2,3), we get ||z|| = V14 and |z1] + |z2| + |23] = 6(= v/36).
Olg
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| Definition: euclidean distance |
The euclidean distance between z = (z1,...,2,) € R” and y = (y1,...,yn) € R™ is:
lz =yl =
L
all]
@ EXAMPLE
The distance between x = (1,2,3) and y = (3,2,1) is
lz =yl = V(1 =32 +(2-2)2+ (3 - 1),
L =VA+0+4=v8=2V2
|:|||.-
Proposition: properties of the norm/euclidean distance
The norm ||.|| satisfies the following properties,
> Vo € R"™: ||z|| = 0 if and only if z = 0.
> Va,y,z € R" : ||z +y| < |||l + ||y| (triangle inequality)
> Va e R,V € R": |laz|| = |af||x]. L
all]

@ EXAMPLE
Given x = (1,2,3) and y = (3,2, 1), we obtain, ||z +y|| = V42 + 42+ 42 = 4y/3 and ||z|| = ||ly|| =

L V1+ 22 432 = \/14. Note that 4v/3 < 2V/14.
|:|||.-
Ay

REMARK

> The first condition implies that the distance between a and b is zero iff a = b:
la=b|=0<a—b=0<« a=0.
—— SN—~—

llzl *

> The second condition implies that the distance between a and c is always less than or equalt to
the sum of the distances between a and b, and b and c.

la bl =lla—c+e-bll <lla—cll+llc-bl
x Yy x Yy
> The last condition implies that || — z|| = | — 1|||z|| = ||z||. As such, the distance between a and

b equals the distance between b and a.

la =olf = [[(=1)(b = a)l| = [[b = al|.
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|_ Definition

The (euclidean) scalar product between x = (z1,...,z,) € R" and y = (y1,...,yn) € R" is,

n
<I’, y> = Z TiYi-
=1

& REMARK
> We have that ||z]|* = Y (2:)? = (z, ), so ||z]| = /{z,z).

>v$)y7Z€Rn7a7ﬂeR7
afz, z) + B(z,y) = (z,az + By).
> If (z,y) = 0 the vectors x and y are orthogonal (the angle between the two vectors is 90 degrees).

If (x,y) > 0 the angle between = and y is est acute (less than 90 degrees). If (x,y) < 0, the angle
L between the vectors x and y is obtuse (more than 90 degrees).

Let z = (1,2,3) and y = (—3,4,5), then:

(r,y) = -3+ 8+ 15 = 20.

2] 2.5 Balls in R” 2G5

| Definition: Open and closed ball |

An open ball of R" with center ¢ € R" and ray r > 0, is the set B(c,r) C R" defined by:
Ble,r)={z eR" |||z —¢| <r}.
The closed ball of R™ with center ¢ and ray r > 0 is the set

B(e,r)={z e R" | ||z — c|]| < 7}. L

The balls of R are open and closed intervals centered around c.
B(e,r) =]c—r,c+r[ et B(e,r) =[c—1,c+7].
The balls of R? are discs (with our without “boundary”)

The balls of R? are spherical balls (spheres).

The balls of R™ are ‘hyper-spheres’
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Figure 2.8: Balls of R, R? and R?

Dl

@ 2.6 Exercises and answers @

& EXERCISES
Determine and represent graphically the domain of definition of the following functions (of

two variables).

flz,y) =Vr—y+1
3
f($,y):2++2y+y4-

¢ | fla,y) =e*/y? —4.

fz,y) = 2In(z).
f(z,y) =In(zy — 1) with 2 > 0 and y > 0.

HEEHEE

For every given function, determine and represent on the same graph the leveld curves for
the indicated values. Also determine the indicated vertical sections.

z= f(z,y) =y
level curves of values -2, -1, 0, 1 et 2; sections for x = y and = = —y.
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d

Olg

(b]) z=f@y) =lal +1y

level curves of value -1, 0, 1, 2 et 3; sections with x = 0 and y = 0.

2= f(x,y) = min{m,y}

level curves of value 0,1 and 2.

(a) 2= flay) = (@12 + (@ +2)?

level curves of value 0, 1 et 2; sections with x = 1.

r—1)2 2
() s ftay = E20 4 2

level curves of value 0,1 et 4; sections with x = 1 and y = 0.

y = f(k,0) = k0 (o, B,k and £ > 0)

level curves of value 1 and 2; sections with k£ = ¢ (discuss depending on whether a+ 3 =

1)

z = f(z,y) =2Inx.

level curves of value —2,0 and 2; sections with y = 1,y = 2 and x = e.

& ANSWERS
@ Condition: z —y +1>0. Sodom f = {(z,y) €eR? : 2 —y +1 >0}

Y

4 +

dom f = R2.

Condition: y?> —4 > 0, or y?> > 4 which is true if y > 2 or y < —2.
dom f ={(z,y)ly = 2} U{(z,y)ly < =2} =R x {] — 00, =2] U [2,00[}
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@ Condition: zy —1 > 0 or xy > 1.
dom f = {(z,y)|lzy >1et z,y >0} = {(z,y)|lx >0et y >1/x}.
Y

5 +

Note that C'x is the level curve of value K of the considered function.

(a]) 2= flay) =av.

> Cy={(z,y) eR?:zy = -2} = {(x,y) € R? : y = —2/x}. in blue
> C_1 ={(z,y) €R%?:y = —1/x} in green
> Cy = {(z,y) €R?: 2 =0 ou y = 0} union of the = and y axes in yellow

24
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> O1 ={(z,y) €R? :y =1/x} in red
> Oy = {(z,y) € R? : y = 2/x} in black

Y

> Section with z =y : f(y,%) = ¥ in red.
> Section with 2 = —y : f(—y,y) = —%2 in blue.

(b]) 2= fla.) = o] + 1l

> Cr={(z,y) eR*: [z| +y| = -1} = 0.
> Co={(z,y) €R?: |z| + [y| = 0} = {(0,0)}

25
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> C1 ={(z,y) € R?: |z| + |y| = 1} en rouge.

> Cy = {(x,y) € R?: |z| + |y| = 2} en vert.

> C3={(z,y) € R? : |z + |y| = 3} en noir.

level curves of value -1, 0, 1, 2 et 3; sections with z = 0 and y = 0. Cy = {(x,y) € R? :
lz| + |y| = k}. Co1 =0, Co ={(0,0)}, Cy in red, C5 in green, C3 in black

> Section with x =0: z = |y|.
> Section with y =0: 2z = |z|.

f(0,y)

ix <
Z=f<x,y>=min{x,y}={”” o
Yy S1x >y

> Cop = {(x,y) € R? : min{z,y} =0} = {(z,y) eR?: (x =0et y >0) ou (y=0et x>
0)} in red.

> C1 ={(x,y) e R :min{z,y} =1} ={(z,y) eR?: (x =1lety>1)ou (y=1et x>
1)} in green.

> Oy = {(z,y) € R? :min{z,y} =2} ={(z,y) ER?: (x =2et y >2)ou (y =2 et >
2)} in blue.
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(a) 2= flam) = @12+ +2)?
> Co={(z,y) eR?: (z—1)2 + (y+2)? =0} = {(1,-2)} in blue.
> C1 = {(z,y) €R?: (z — 1)2 + (y +2)? = 1} (circle with center (1,—2) and ray 1) in

red.
> Oy ={(z,y) € R2 . (x — 1)2 +(y+ 2)2 = 2} (circle with center (1, —2) and ray \/5) in
green.
Y
1 1 2 3 4 X

> Section with x = 1: 2z = (y + 2)?

27
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f(Ly)
_ _(z-1)%
() - ron- B2 ¥
r—1)2 2
>Co={(x,y)eR2:( 41) +%= }:{(1,0)}
>Clz{(x,y)€R2:(x_41)2+y92: }inblue
y2
{ )

> Section withz=1:2= %

> Section with y =0: 2z = (z

2

1)2

4

28
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f(1Ly)

flz,1)

y = f(k, ) = kB (a, B,k ot £ > 0).
> ¢ = {(k,e) ER2: (= kf%} in red
> Cp = {(K,L) G]RQ:E:Q%k:_%} in blue

Y

> Section wit k = ¢:

sia4+ <1 inred
y = (18 sia+ B =1, in black
sia+ 5 >1, in blue

29
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30

z=f(z,y) =2Inx

> C 9 ={(z,y) € R?:2Inx = -2} = {(z,y) € R?: x = e~ '}. (line parallel to the y
axes)

> Co={(r,y) €R?:2Inx = 0} = {(z,y) € R? : v = 1} (line parallel to the y axes)

> Oy = {(z,y) €R?: 2Inx =2} = {(x,y) € R? : 2 = e} (line parallel to the y axes.)

Cr ={(z,y) : 2In(x) = k}

C_5 in red, Cy in blue, Cs in green

Y

> Section with y =1:2=2Inx
> Section with y =2:2=2Inx
> Section with x =e: 2z = 2.




[ElS] 3 Topology of R" 25]

[ElS] 3.1 Sequences in R" 25]

| Definition: Suites de R" |

A sequence in R" is a function from N to R™ and is noted by (ai,as,...,a,...) or (a;)ien or simply

(at).

el

"

REMARK
Every a; is an element of R™ and contains n components, that are represented by adding an index
(from 1 to n):

(a17 ey Qy e ) = (al,17a1,25 .. 7a’1,n)7 (a2,17a2,25 .. '7a2,’n)7 ceey (a/t,].v .. ‘7at,n)7 ce.

al a2 at

is correct by heavy notation-wise.

We often use the convention of writing for a € R? its components by (x,y) and for a € R? its
components by (x,y, z),

In this case, the sequence (a1, as, ..., as,...) of elements in R? is the sequence

(:L‘lvyl)a ($27y2)7' ) ($tayt)a e
—— —— ~——

al ag at
Similarly, the sequence (a1, as,...,as,...) of elements in R? is given by
(xlv Y1, Zl)7 (:BQ’ Y2, 22), SRR (xta Yt, Zt)v R
—_—
a as at

This notation has the benefit of giving the usual names to the coordinates x,y, z of the points in
R3, and the usual role to the index ¢.

The sequence (ay,...,at,...) of elements in R™ is the sequence:
(:L‘hyla"'vzlla (x27y27"'7z2)a"'a(xt)yta---aztz""
al a2 at

31
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ElS] 3.2 Convergence of sequences in R" 25

| Definition: convergence of sequences in R" |

The sequence (ay,...,at,...) in R” converges to a € R™ iff
Ve >0,3T e N,VE>T : |la; —al| <e.
This can be reformulated in terms of balls:

Ve > 0,37 e NVt > T : a; € B(a,e).

If (a1,...,a4,...) converges to a we also write, lim a; = a.
t—o0 L
all]
&% REMARK
> In words: for all € > 0 there are only a finite number of terms in the sequence that are at a
distance greater than e from a.
> This definition also concerns the case n = 1 and this is the usual case for convergence with the
usual norm on R:
Ve >0,3T e NVt > T : |a; —a| < e.
> We can remove, add or modify a finite number of terms in a sequence in R™ without affecting
5 its convergence.
Olg
The following proposition shows that a sequence (ai,...,aq,...) converges to a in R™ iff the the following
sequence of reals (|la1 —al|,...,|lat — a|,...) converges to 0 in R.
Proposition |
Consider a sequene (a;) in R™. We have that,
> lima; =a
t—o0
iff (1)
> 1 —al| =0.
Jim fla; — all &
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% PROOF
Let x; = ||ar — a|| € R (Vt € N) be the distance between a; a.
lim a; = a,
t—o0
< Ve>0,3T e NVE>T : |lar —al| <€), definition
—Ve>0, T eNVE>T : o, — 0] < ¢), parce que 0 < z; = |jar —af| < ¢
< lim x; = 0, definition
t—o0
< lim |ja; —al| = 0. xt = ||ar — al|
t—00
d
E]l:-
25 3.3 Properties of limits of sequences 25]

a RECALL

| Proposition: Sandwich theorem |

Let (x¢)ten, (y¢)ten and (2¢)ten be sequences in R. Consider a € R.

> If lim z; = a = lim z.
t—o0 t—o00

>Ith€N:xt§yt§zt

then ({)
> i =a.
i = a :
3 all]
Ol
Let (a;) be a sequence in R?2. We have Vt € N : a; = (x4,%). So, we can consider to eah sequence
(at)ten = (a1,as2,...,as,...) in R?, two sequences in R, given by the sequences of the components (z4)ieny =

(1.171.27 ey Ly e ) a'nd (yt)tEN = (3/173127 ey Yty et )

| Proposition |

Given a (a¢)ten = (24, y¢))ien in R? and given a = (z,y) € R%.
> lima; =a
t—o00

iff (1)

> tlim r; = x and 75lim Yy = y, i.e. the sequences of the components (z;)ieny and (y;)ien converge
—00 —00
respectively to x and y, the components of a. L
al[]

& REMARK

» In other words: The convergence in R? is equivalent to the convergence “component by compo-
nent” in R.
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B

> This generalizes to sequences in R”.

34

PROOF
()
Hypothesis tlggo ar = a <> (tlggo |a¢ — al| = 0)
(Jim z; =2 and lim g = y) < (lim [z, —2[ =0 and lim [y, —y| = 0)
Note that:
0<l|zy —z| =+/(2 — x)?
< \/(CUt - .’13)2 + (yt — y)2 because (y; —y)°> >0

- H(lt - a“ definition

So 0 < |y — x| < |la; — a]| and tlim lla; — a|| = 0 (by hypothesis). Using the sandwich theorem, we
—00

obtain: lim |z; — x| = 0. The proof that lim |y, —y| = 0 is very similar.
t—00 t—o0

(Jim z; =2 and lim y; = y) < (lim [z, —2[ =0 and lim [y, -y = 0)

1)
Hypothesis

Thesis Jim a; = a ¢ lim fla; —al| =0
Note:
0 <laz —all < |zt — 2 + |y — because ||v]| < Z |vs

i=1

Using the sandwich theorem, we obtain: lim ||a; —al| = 0 (because lim |z — 2| = lim |y; —y| =0
t—r00 t—o0 t—o0

and lim 0 = 0)
t—o00

EXAMPLE
1 t2-1

> Th in R?: -
e sequence in ((t’ 21

>) converges to (0,1) € R2.
teN

I\
> The sequence in R?: ((2, <1 + t) )) converges to (2,e) € R2,
teN

1 " -1
> The sequence in R3: <<2 + - <1 + > , 752_1_1)) converges to (2,e,1) € R3.
teN
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1
» The sequence in R?: <<(—1)t, t>) does not converge because the sequence ((—1)%);en does
teN
not converge in R.
Olg
| Proposition |
> If the sequence (a;)ien in R™ converges
then (J)
> its limit is unique. L
al]
% PROOF
Hypothesis (}g& a; = a and tliglo ar="b) < (tliglo la; — al| = 0 and tliglo laz — bl| = 0)
a _ b
Note:
0<lla—0l=lla_—at+a 0|,
~—
=0
< |la — a¢l| + ||ac — b|. triangle inequality
By the sandwich theorem, we obtain ||a — b|| = 0 (because lim |ja; — al| = 0 and lim |ja; —b|| =0
t—o0 t—o0
and lim 0 = 0).
n| t—o0
E]l:.-
| Proposition |
If
> the sequence (a¢)ien in R™ converges to a € R™
> the sequence (b;)en in R™ converges to b € R
50 (1)
> Va, B € R, the sequence (aa; + Bby)ien converges to aa + (5b. L
all]
% PROOF
Hypothesis tlggo |as — al| = 0 and tlggo [[be — b]| = 0.
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We have,

0 < ||aas + Bby — aa — S|,
= [Ja(as — a) + B(bs — b)|],

< ||la(ar — a)|| + || B(bs — )| triangle inequality
< lella; — all + |5][lb: — bl| because [laz| = [af |||
using the sandwich theorem, we have lim |aa; + 5:b — ca — Sb|| = 0 (because lim |la; —al| =0
t—00 t—o00
and lim [|by — b]| =0 and lim 0 = 0).
n| t—00 t—o0
Olg

& REMARK

> Particular case: a = 1,8 =1 gives lim (a, + b,) = lim a, + lim b, = a+b.
n—00 n—00 n—00

> Particular case: a = 1,5 = —1 gives lim (a, — b,) = a —b.
n—oo

@ 3.4 Subsets of R" @l

| Definition: Closed set |

A subset A of R™ is closed iff all sequences in A that convere, have their limits in A.

V suites (a;)ien dans A : (tlgn a;=a € Rn> — (a € A).

]
& REMARK
b > In other words: the limits of converging sequences in A are in A.
Olg
@ EXAMPLE
> (), R™ and all subsets containing a single point of R" are closed.
> The set {(z,y) € R? : 2 +y < 2} is closed.
Olg
| Proposition |
A closed ball is a closed subset of R™.
]

$# PROOF
Let B(c,r) be a closed ball of R with center ¢ € R™ and radius 7 > 0.
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. (at) is a sequence in B(c,r) that converges to a
LAl o (Ve N: |, — | <rand lim ||a; — af| = 0))
t—o0
la —cll = lla Za: + ay —cll,
=0
< Ha - Clt” + ||at - C” triangle inequality
<llag —al +7 hypothesis
We have lim |la; —al| =0, so [ja — | <.
n| t—o0
E]l:-
| Proposition |
> Intersections of closed sets are closed
> The union of a finite number of closed sets is closed
all]
@ EXAMPLE
> {a} is closed, so all finite sets are closed.
L > {a} is closed, but [J,ep01{a} =0, 1[ is not closed.
|:|||.-
| Definition: Open set |
A subset A of R" is open iff its complement (in R™) is closed.
all]
REMARK
L We write A® = R™\ A to denote the complement of A in R™.
Olg
@ EXAMPLE
> R” is open because (R™)¢ = ) is closed.
> () is open because (})¢ = R" is closed.
> R™\ {a} is open because {a} is closed.
Olg
| Proposition |

An open ball in R™ is an open set.
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% PROOF
Let B(c,r) be an open ball in R with center ¢ € R™ and radius » > 0. Remark that:

B(C,T)C ={z eR"|||x —c|]| >}

We want to show that B(c,7)C is a closed set.

Let (a;) be a sequance in B(c, )¢ that converges to a
+ (tlim la; —all] =0 and Vt € N: ||a; — c|| > 7)
—00

Hypothesis

r < llag —cll = llas za 4+ a —c]|,
=0
< Hat - a” + ||a - CH triangle inequality

Taking the limit for ¢ to co gives tlirn |lax — al| =0, so |la —c|| > r.
— 00

Ol

| Proposition |

> Unions of open sets are open.

> Finite intersections of open sets are open.

&% REMARK
> Unions (non-finite) of closed sets are potentially non-closed, for example,

U 2.2l =] - 1,1].

z€]0,1]

> Intersections (non-finite) of open sets are potentially non-open, for example,

ﬂ | =z, x[=[-1,1].

z€]1,00]

a
Olg
| Definition: Bounded sets |

A set A C R" is bounded iff it is contained in an open ball centered around the origin.

Ir>0:AC BO,r)« (Fr>0VeeA:|z|]|<r)
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Figure 3.1: A bounded set
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& REMARK
> A set is bounded iff it is included in an open set (not necessarily centered around the origin).
As every ball (not necessarily centered around the origin) is contained in a ball centered around

the origin.

B(e,r) € B(0,7 4+ [|c|])-

> A set is bounded iff it is included in a ball (not necessarily open).

B(c,r) C B(e,r + 1).

@ EXAMPLE
> A ball (open or closed) is bounded.

> [0,1]? is bounded.
Olg

| Definition: Compact set |

A subset of R" is compact iff it is closed and bounded.

EXAMPLE
> A closed ball is compact.

> {a} is compact

> Every finite set is compact.

- > R” is not compact.
Olg

| Definition: Convex set |

A set A C R" is convex iff all convex linear combinations of two points in A is in A:

Ve,y € A Va €[0,1]:ax+ (1 —a)y € A.
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& REMARK
A set A C R" is convex iff it contains all segments of lines delimited by two arbitrary points in the
set.

® EXAMPLE
> The set () is convex, the set R™ is convex.

> Segments of lines, lines, planes, hyperplanes, half-lines and points are convex.

Olg
| Proposition |
All balls in R™ are convex.
all]
® PROOF
Let us demonstrate this for the case of open balls. Let B(c,r) be an (open) ball with center ¢ € R"
and radius r > 0
Hypothesis z,y € B(e,m) <> (lz —¢| <rand ||y — ¢ <7).
. Va e [0,1]: ax+ (1 — o)y € B(c,r)
L & VMae0,1]: laz+ (1 —a)y—c|| <)
> If « =0 or a =1 the proof is evident.
> Assume that a €]0,1].
lez + (1 = )y —¢| = [la(z — ) + (1 — ) (y = )],
<lla(x =)+ (1 —a)(y — ), triangle inequality
= lalllz — el + 1 = allly — <, parce que [|av|| = |of||v]|
<ar+(1—a)r=r. by hypothesis
L As such ax + (1 — a)y € B(e,r).
Ol
| Proposition |
Intersections of convex sets are convex.
all]

& REMARK

L Attention: unions of convex sets are not necessarily convex (example?).

Ol
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@ 3.5 Points @

| Definition: interior point |

A point a € R" is an interior point of the set A C R"™ iff a is the center of an open ball entirely contained
within A.
Je > 0: B(a,e) C A.
all]
&% REMARK
> If @ is an interior point of A, then a € A.
L > a is an interior point of B(a,r) (¥r > 0).
Olg
a = (0.5,0.5) is an interior point of A = [0, 1]? because B(a,r) C [0,1]? for all 0 < r < 0.5
Definition: neighbourhood |
We say that A is a neighbourhood of ¢ € R", if A contains an open ball centered at a.
Je > 0: B(a,e) C A.
all]
& REMARK
> a is an interior point of A iff A is a neighbourhood of a.
> If a is an interior point of A, then Je > 0: B(a,&) C A, so a € A. This means that every interior
point of A is also in A.
> An open ball centered at a is a neighbourhood of a.
L > A closed ball centered at a is also a neighbourhood of a. (a € B(a,r/2) C B(a,r))
Olg
| Proposition |
> A set is open
iff(])
> All of its points are interior. L
all]

Definition: Adherent point |

A point a is an adherent point of the set A C R™ iff there exists a sequence of elements in A that
converge to a.
all]
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& REMARK
> If a € A, then a is an adherent point of A because the sequence (a,a,a,...,a,...) is in A and
converges to a.

Olg
@ EXAMPLE
The oint @ = (1,1) is an adherent point of A =]0,1[> because (for example) the sequence
l—i,l—i) is in A and converges to (1,1).
(( T 1) o 18 i A and converg (1,1)
Olg
| Proposition |

> A set is closed

iff (1)

> all its points are adherent points. L

&% REMARK
> If A is closed, no point outside of A is adherent to A.

> To demonstrate that A is not closed it suffices to find one adherent point of A that does not
belong to A.

s

| Definition: Accumultation point |

A point a is an accumulation point of a set A C R" iff there exists a sequence of points in A, distinct
of a that converges to a.
]
& REMARK
b > If a is an accumulation point of A, then a is also an adherent point of A.
Olg
@ EXAMPLE
The pomt a = (1,1) is an accumulation point of A =]0,1[> because (for example) the sequence
((1 -3 +1, tJ%l ) is in A, converges to (1,1) and all points in the sequence are different from
a. teN
Olg
| Proposition |
> If a is an interior point of A,
then (])
> a is an accumulation point of A. L
]
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u

Olg

PROOF

a is an interior point of A <+ (3¢ > 0,Vb € R" : ||[b—al <e = b€ A)

Hypothesis

a is an accumulation point of A
<> (3 suite (a;) dans A de points distincts de a et tlim lla; — al| = 0)
—00

Thesis

Let b # a and ||b —al| < e, so b € A. Consider the sequence (a;) with:
1 1 1
a; = ;b—k <1—t>a:a+t(b—a).

The figure gives an illustration of this construction.

- LA
b:;l\l\\
A
| <—>:
\\ a ¢ |
. J
Note that:
1 1
0<l|laz—a|=|-b+(1—=]a—al,
t t
1
— 20— a),
HO

1 1
— 2| b —all < 7e
t t

because ||az| = |a|||z]]

Using the sandwich theorem, we get lim [la; — a|| = 0 (because lim 1e =0).
t—00 t—00
Next, note that Vt € N:
1
llar — a|| = EHb*CLH #0, parce que b £ a > |[b—al #0

So, Vt € N: a; # a (because a; = a iff |ja; — al| = 0) and V¢ € N: a; € A. We conclude that a is an
accumulation point (the limit of the sequence (a;)ien in A whose elements are distinct from a).

43

]

REMARK

> An accumulation opint of A is not necessarily an interior point of A.
For example, if A =]0,1[C R, the point 0 is an accumulation poit of A but 0 is not an interior
poit of A, because 0 ¢ A.

> An adherent point of A is not necessarily an accumulation point of A.
For exaple, if A = {p} C R", the point p is an adherent point of A (because p € A) but p is not
an accumulation point of A because the only sequence of points in A that converges to p ois the
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sequence (p,p,...,p,...) and all of its terms equal p.

Figure 3.2: Interior point, accumulation point and adherent point

(a est point d’accumulation de A]%

a est point intérieur de A] [a est point adhérent de A]
% [a est point de A]< \\ /
0|
Olg
E] 3.6 Exercises and answers 25

/# EXERCISES

After graphically representing each of the following subsets of R?, determine for each given
point

> if it is contained in the set, if it is an interior point of the set, if it is an accumulation point
of the set, if it is an adherent point of the set.

> For every set, determine if it is open, closed, bounded or convex. Justify.
@ A =R x R and the point (0,0)

@ B = (R)? and the point (0,0)

C={(z,y) €R?:22+3y < 6,7 >0ety>0} and the point (0,2)
@ D={(z,y) eR?:0<2<3,0<y<2}U{(3,3)} and the point (3, 3).
@ E = {(z,y) € R? : 1 < 2% + y*> < 9} and the point (0,1).

F={(z,y) € R? : |z| + |y| < 2} and the point (3, —3).

2
G={(r,y) eR?: 2% + % < 2} and the point (0, 0).

Same questions for the following subsets and points in R?
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@ A= (Ry;)? and (0,1,1).
@ B={(z,y,2) eR}:0<2<3,0<y<20<2<1} and the point (3,2,1).

C={(z,y,y) € R?: z = 22 + 92} and the point (1,1,2).

d

Oln

& ANSWERS

a0

The point (x,y) = (0,0)
> is not in A because x = 0.
> is not an interior point of A because every interior point also belongs to A.

> is an accumulation point of A because, for example, the sequence ((0,1/t))ier is in
A, has elements distinct from (0,0) and converges to (0,0).

> is an adherent point of A because every accumulation point is also adherent.

> A is open because all of its points are interior. If (z,y) € A, we know that z # 0 and
B((z,y)la]) C A.

> A is not closed. The point (0,0) is adherent to A but (0,0) is not a point of A.

> A is not bounded because VK > 0, K ¢ B((0,0), K) so A contains points (z,y) with
|(z,y)|| as large as desired.

> A is not convex, because, for example, (1,0) € A and (—1,0) € A but %(1, 0) +
2(=1,0) = (0,0) ¢ A.
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The point (x,y) = (0,0) is

>
>

a point of B because x,y > 0.

is not an interior point of B because every open ball B((0,0), ¢) contains a point (z,y)
with z,y < 0 that is not in the set B.

is an accumulation point. For example, the sequence ((1/t,0)):cn in B converges to
(0,0) and (1/t,0) # (0,0) for all ¢t € N.
is an adherent point because it is an accumulation point.

> B is not open. For example, (0,0) is in B, but it is not an interior point of B.

> B is closed because all points of B are accumulation points of B and therefore also

adherent points of B.

B is not bounded. VK € N, B ¢ B((0,0), K). B contains points (x,y) with ||(z,y)||
as large as desired.

B is convex. If (z1,y1) € B and (x2,y2) € B we know that z1,z2,y1,52 > 0. As
such, Vao € [0,1] : az; + (1 — a)z2 > 0 and ay; + (1 — a)y2 > 0. Conclude that
a(ry,y1) + (1 —a)(@2,42) = (az1 + (1 — a)zg, a1 + (1 — a)y2) € B.

Y
2\
0 3 X

The point (x,y) = (0,2)
> is a point of C because 0,2 >0 and x +3y=04+3.2=6 < 6.
> is not an interior point of C' because every ball B((0,2), ) contains a point (0, y) with

y > 2, which is not in C.

> is an accumulation point of C. For example, the sequence ((0,2 — 1/t))teny in C

converges to (0,2) and only contains elements distinct from (0, 2).

46
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> is an adherent point of C' because it is a point of C.

> C is not open, because, for example, (0,2) is not an interior point.
> (C is closed because all its adherent points are in C.

> C is bounded, for example, C' C B((0,0),4).

> C is convex. Let (z1,y1), (x2,92) € C and « € [0,1]. We have that

ary+ (1 —a)ze > 0et ay; + (1 —a)ye >0,
and

(ax1 + (1 — a)xa) + 3(ayr + (1 — @)y2) = a(z1 + 3y1) + (1 — o) (22 + 3y2),
<ab+(1—a)6=6

So a(z1,y1) + (1 — a)(w2,y2) € C.

()

The point (z,y) = (3,3)

> is a point in D (by definition)

> is not an interior point of D because all open balls B((3,3), ) contain points that do
not belong to D.

v

is not an accumulation point because there does not exist a sequence of points in D
whose elements are distnct from (3,3) and which converge to (3, 3).

is an adherent point of D because it belongs to D.

D is not open. For example, (3,3) is in D but is not an interior point of D.
D is closed because all its adherent points belong to D.
D is bounded. For example, D C B((0,0),6)

D is not convex. For example, (3,3) and (3,2) € D but 0.5(3,3)+0.5(3,2) = (3,2.5) ¢
D.

v ¥V VvV v v
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AN
N
b

The point (0, 1)
> is not in E because 0% + 12 =1
> is not an interior point of E because (0, 1) is not an element of E.

> is an accumulation point of E. For example, the sequence ((0,1 + 1/t))ier in E
converges to (0,1) and contains only points distinct from (0, 1).

> is an adherent point of E because it is an accumulation point of E.
> E is not open, because, for example (0,3) is a point of F which is not an interior
point.

> E is not closed, because, for example, (0,1) is an adherent point of E that does not
belong to F.

E is bounded. For example, E C B((0,0),4)
E is not convex. For example, (2,0) and (—2,0) € E, but 0.5(2,0) + 0.5(—2,0) =
(0,0) ¢ E.

v Vv

AN
NZ

The point (z,y) = (3, —3)

> is not an element of F' because |3| 4 |3| > 2.

> is not an interior point of F' because it is not an element of F.

> is not an accumulation point because there is no sequence in F' that converges to
(3,-3).

> is not an adherent point because there is no sequence in F' that converges to (3, —3).

> F is open because all points are interior points.

48
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> F is not closed. For example, the sequence (0,2 — 1/t));en in F' converges to (0,2)
but (0,2) is not in F.

> F is bounded. For example F' C B((0,0),2) for all (z,y) € F.

> F is convex because for all (z1,y1), (z2,92) € F and Va € [0,1], a(zi,y1) + (1 —

a)(w2,y2) € F.

The point (x,y) = (0,0)

is in G because 0+ 0 < 2.

is an interior point of G. For example B((0,0),0.1) C G.

is an accumulation point of G because it is an interior point of G.

is an adherent point of G because it is an accumulation point of G.

G is not open, for example (1/2,0) is in G but it is not an interior point of G.

G is closed, because all adherent points of G belong to G.

G is bounded, for example ||(z,y)| < 3 for all (z,y) € G.

G is convex because for all (z1,y1), (z2,y2) € G and Va € [0,1], a(x1,y1) + (1 —
a)(z2,y2) € G.

@ The point (z,y,2) = (0,1,1)

> is not in A because x = 0.

>
>
>
>
>
>
>
>

> is not an interior point. Every open ball B((0,1,1),¢) contains points (x,y, z) with
x < 0.

> is an accumulation point. For example, the sequence ((1/t,1,1))cn in A converges to
(0,1,1) and only contains points different from (0, 1,1).

v

is an adherent point of A because it is an accumulation point of A.

v

A is open because all of its points are interior.

v

A is not closed. For example, the point (0,0,0) is an adherent point of A but does
not belong to A.

A is not bounded. For all K € N, there are points (z,y, z) € A with ||(z,y,2)| > K
A is convex (justify!).

@ The point (z,y,2) = (3,2,1)

> is a point of B.

v v

> is not an interior point of B. For exaple, every open ball B((3,2,1),¢) contains points
(x,y,z) with = > 3.
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> is an accumulation point of B. For example, the sequence ((3 — 1/t,2,1))en in B
converges to (3,2,1) and does not contain points equal to (3,2,1).

> is an adherent point of B because it is an accumulation point of B.

> B is not open. For example (3,2,1) is in B but it is not an interior point of B.
> B is closed. All its points are adherent points.

> B is bounded. For example, B C B((0,0,0),4).

> B is convex (justify!).

Attention! C' is a surface (elliptical paraboloid). The point (z,y,2) = (1,1, 2)

> isin A because 1 = 12 4 12,

» is not an interior point of C (in R3). Every open ball B((1,1,2),¢) contains points
for which 2% # x? + ¢

> is an accumulation point of C'. For example, the sequence ((1 —1/¢t,1 —1/¢,2(1 —

1/t)?))sen is a sequence in C' that converges to (1,1,2) and does not contain points

equal to (1,1,2).

is an adherent point of C' because it is an accumulation point.

C' is not open. (1,1,2) is a point of C that is not an interior point of C.

C is closed. All of its points are adherent points.

C' is not bounded. For all K € N, there are points (x,y, z) € C with ||(z,y,2)| > K

C' is not convex. For example, (0,0,0) and (1,1,2) € C, but (0.5,0.5,1) ¢ C.

v VvV Vv v v
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@ 4.1 Limits of functions @l

| Definition: limit of a function |
> Let f: DCR" = R.

> Let a be an accumulation point of D.

> Let be R.

We say that f(x) tends to b if = tends to a and we write: li_r>n f(x) = b if and only if for all sequences
xX a

(¢)teny = (1,22, ..., 24, ...) of elements in D, distinct from a and converging to a, we have

lim f(xz¢) = 0.

t—o00 L

¥ REMARK
> Limit following a ”path”

> tli}m f(z¢) = b iff the sequence (f(z1), f(z2),..., f(z¢),...) in R converges to b.

o
EI|:-
@ EXAMPLE

Let f(z,y) = acQwi—i?—Jy? which is a function from R? — R.

Condition: 2%+ 32 # 0 < (z,y) # (0,0), so dom f = R?\ {(0,0)}. Remark: R2\ {(0,0)} # (Rp)2.
The point {(0,0)} is an accumulation point of domf. Select in the XY plane the set of points for
which y = ax for a certain « (the path is a line segment that passes through the origin).

51
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X

Consider a sequence ((z¢, y¢))ien on this path (so y; = ax;) that converges to (0,0). The sequence

v

(f (@, ye))ten = (f (21, awy) )sen is given by:

So along the path:

F(p, axy) = ziEtoziEt ;= Q ‘
(x¢)? + (axy) 1+«
. @
Jm flaw, axy) = 1+a

This limit depends on « and therefore changes depending on the “path” followed.

As such, the limit  lim  f(=,
(z,y)—(0,0)

y) does not exist.

Figure 4.1: The function ;%>

. waay
\\‘\ ALY
IR

W\
RN “““‘\\\
\\\\\\\\\\\\\\

52




CHAPTER 4. CONTINUITY OF FUNCTIONS OF R" — R 93

& REMARK
It is clear that to show the existence of a limit, it is almost always impossible to use a similar
argument to the one used above (as we need to consider an infinite number of paths).
A usefull technique to calculate lim, ) (a5 f (7, ) in R? is the following,

X=x-
> First, reparametrize the problem to obtain a limit to (0,0) by posing {Y o ; ~
= y —
r=X+4a
y=Y +b
Indeed, the limit  lim  f(z,y) can then be rewritten as  lim  f(X +a,Y +b).

(z,y)—(a,b) (X,Y)—(0,0)

X =pcost

> next, use polar coordinates, specifically, let { . The limit

Y = psinf

li X Y +b
(X,Y%gl(o,o)f( +aY+b)

then becomes (X,Y) — (0,0):

lim f(pcosf + a,psinf + b)
p—

6 qcq

This, sometimes, gives an idea for an argument that allows to show the existence or non-existence
of the limit.

Figure 4.2: Les coordonnées polaires

YA

NV

2 2

x T
lim ———. The domain of f for f(x,y) = —— is R2 0,0)}.

The point (0,0) is an accumulation point of dom f. The numerator and the denominator of the
2

Let us determine

fraction % both tend to 0 when (x,y) goes to (0,0). We therefore have an indetermination
T4+ y
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0
of the type o

Given that it concerns a limit for (x,y) — (0,0), we can immediately turn to polar coordinates, in

particular, { v 'OC.OSG
y = psinf
We have
. z? . p? cos? 6
im ———— = lim ,
(@y)=(0,0) \/x2 +y2 0 Vp? cos? 0 + p?sin 0
. p? cos? 0
= lim ,
e v/ p?(cos? 0 + sin? 0)
. p*cos?h
= 1141)1(])_ E——
0pch p

= lim pcos? 6.
p—0

6 qcq

As, V0 : 0 < pcos?f < p, we can use the sandwich theorem which gives, lir% pcos?f = 0, or
p—

0 qcq

i z* exists and equals O

im —— exi nd equ .
(z,9)—=(0,0) \/22 + 92

Let us return to the determination of  lim

————. Changing to polar coordinates gives here,
(2.9)—(0,0) T + y? pmeTop &

. Ty . p2 cosfsind
im = lim ,
(2,9)—(0,0) 2 + Y2 £20 p?cos? 6 + p? sin? 0
in 26
— cosfsinf = o
2
2
This depends on 6. As such, lim ———— does not exist.
. (z,y)=(0,0) T2 + Y
Olg
ElS] 4.2 Properties of limits [ElS

Taking into account the relation between limits of sequences and limits of functions, the proof of the following
properties is immediate.

Proposition |

The limit of a function is unique.

$# PROOF

PWNYROONN 10 /() = b and Jim /() = ¢ (I /() ~ b = 0 et lim |f(x) | = 0)

Thesis b=c
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0<|b—c|=1|b—f(z)+ f(z)—c| < |b— f(x)|+ |f(z) — | inégalité triangulaire
—_———
=0

By the sandwich theorem |b — ¢| = 0 (because li_r)n |f(x) — b = 0 and lirr%)|f(a:) — ¢/ = 0 and
r—a T—

lim 0 = 0).
d T—a
Ol
| Proposition |

Let u: ACR" - R: 2z u(x).
letv: ACR” - R:z+— v(x).
let @ be an accumulation point of A.

> if lim u(x) = u and lim v(z) =7,

r—a r—a
then (J)
VA, 1 € R we have:
> hin()\u(ac) + pv(x)) = A+ po
> li_I}n (u(z) -v(x)) =7u-70.
> if w # 0 then limL = i
s—au(z) U L

& REMARK
> Particular cases: A=py=1land A=1,u=—1.

> Limits to infinity? There are many ways to go to ‘infinity’ in R™. The notion does not make a
lot of sense in R".

L > Hopital’s rule?
Olg
@ EXAMPLE
Infinite limits: lim 8

() (00) 22 + 42

We have lim —8=—-8and lim (2?2+4y?)=0,s0 lim

(z,y)—(0,0) (2,9)—(0,0) (29)3(0.0) T2 1 12 oes not exis
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ElS] 4.3 Continuity 25

| Definition: Continuity in a point |

Let f: D CR™ — R. Let a be an accumulation point of D,
We say that f is continuous (C”) in a iff:

lim f(2) = f(a).

r—a

all]
&% REMARK
> To be continuous in a point a, the function must be defined in a and the point a must be an
accumulation point of the domain of f (for the limit to exist).
> Often a will be an interior point of D (domain of f). Every interior point is also an accumulation
. point.
Olg
&% REMARK
Let D be open, D C R™. A function f : D — R is continuous (C°) on D iff it is continuous in
all points of D.
> If f:R™ — R is continuous on D (an open set) then it is also continuous on all (open) subsets
of D.
Olg
| Proposition |
Let f: DCR" > Rand g: D CR"” — R. let a be an accumulation point of D.
> If f and g are continuous in a on D
then (J)
> VA, u € R, Af 4+ pg is continuous in a,
> fg is continuous in a.
1
> If also g(a) # 0, then — is continuous in a. |
g
all]

& REMARK
L Particular case A\=p=1and A=1,u = —1.

Ol

£L'2

Let f(z) =< /22 + 42 si (z,y) # (0,0)
0 si (a,y) = (0,0)
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Here, dom f = R? and the point (0,0) is an interior point of dom f. We already know that
lim  f(x,y) =0, so f is C% in (0,0).
(z,y)—(0,0)

Ol

@ 4.4 Exercises and answers @

& EXERCISES
Determine, if they exists in R, the following limits

4

(z,y)—(0,0) = + Yy
.’L’3
O
(z,y)—(2,0) Y
. xr
lim —.
(z,y)—(0,0) Y

(2 2
@ lim sin(z® + y*)
(z)=(00)  2? +y?

@ lim a:(x+2)+y(y—4)+5.
(

2,y)~(-1,2) (z+1)
(z—13+y> .
- 1,0
Study the continuity of f(z,y) = { (z —1)2 4+ y? st (z,y) # (1,0) in the point (1,0).
0 si (z,y) = (1,0),

Study the continuity of the following functions:

3+ 8
(a] fp) = {wa—i‘zz si (#,) # (0,0)
0 si (z,y) = (0,0)
(b) sy = 2

f(z,y) = In(zy)

@ Flz,y) = {az2 In(x? +y?) si (z,9) # (0,0)

0 st (z,y) = (0,0)
eY —1 .

@ﬂx,y){ g e
x siy=0
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& ANSWERS

an

b Ty Pheos e
2 2 = 55 2
(y)=0 22 +y> o0 p
= lim p? cos* @
p—0
6qcq

We have 0 < p? cos? @ < p? so using the sandwich theorem, the limit equals 0.

)

lim z? — 8
; . °
(@y)—»20y? 0

The limit does not exist in R.

. T cos @

lim —= im — 7
—

(z,9)—(0,0) ¥ §oee S

This final expression depends on . So, the limit does not exist.

()

_ sin(z? + 3?) . sinp? . 2pcosp?
lim ———= = lim =lim—=1
(@y)—(0,0) 2?2 +y? g0 p p=0  2p
Note the use of hopital’s rule.
pn @4y -H+5 L (XD D)+ (VY -2)+5
(y)—>(-1.2) (z+1)° (X.Y)=(0,0) X3 ’
) (X2 -1+ (Y2—4)+5 . p?cos? O+ p?sin? 0
= lim = lim )
(X,Y)—(0,0) X3 p0 p3 cos3 0
li L
= lim
e 3
720 peos 0

The final expression diverges to 400 or —oco depending on the sign of 6, so the limit
does not exist.

fm GRS X4V
(zy)—(1,0) (x — 12+ 942 (x,¥)>(0,0) X2+ Y2’

p>(sin® @ + cos® 0)

= lim 5 = lim p(sin® 6 + cos® 6)
p—0 fj p—0
0 qcq 6 qcq

So —2p < p(sin®@ + cos®#) < 2p. Using the sandwich theorem, we obtain that the limit
equals 0. So, f(z,y) is C° in (1,0).
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@ f(z,y) is C° on R2. Indeed:

3,3

> In the open set R%\ {0}, f(z,y) = % is a quotient of two polynomes that are
ey

CY on R2. As such the denominator cancels only in (0,0) and f(z,y) is C° on this

open set.
> in (0,0) we have lim(, 0,0y f(z,y) = 0 (see previous exercise) and f(0,0) = 0, so
f(x,y) is continuous in (0,0).

Gathering this information, we find that f(z,y) is C° on R2.
f(z,y,z) is continuous on {(x,y,2) € R®: 2 # 0} or R®\ {(x,5,0) : z,y € R}.

¢ | f(z,y) is continuous on {(x,y) € R?: 2y > 0} = dom f.

In the set R2 \ {(0,0)}, the function is C°. Let us then look at continuity in the point
(0,0):

=E(E]

lim  2%In(z? 4+ y?) = lim p?sin® 6 1n(p?).
o0& @ ) ol )

Also p?In(p?) < p%sin?01n(p?) < 0 (note that In(p?) < 0 if p? < 1) and the two terms
(right and left) converge to 0 (hopital).

@ Fla,y) is C® on {(z,y) € R? 1y £ 0} U {(1,0)}. Indeed:

v_1
> On the open set {(z,y) € R? : y # 0} (or R x Ry), f(z,y) = 67, is a quotient of
Y

two non-zero C° functions, so f(z,y) is C° on this open set.
> For the points («,0) with (o € R), the determination of  lim  f(x,y) depends

(@,y)—(a,0)
on the path followed as  lim r,y)= lim z=a,so lim T,Yy) =
P (@:9)—(a,0) J(@,y) (z,y)—(a,0) ’ (,4)=(0,0) f(@.y)
y=0 chemin avec y#0
lim €= which, using hopital, gives .
y—0 Y
Assuch, lim  f(x,y) does not exist in R except if « =1, or, as f(a,0) = «, f is

(z,y)—(c,0)
CY% in (1,0) and discontinuous in all points («,0) with o # 1.
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@ 5 Partial derivatives @l

@ 5.1 Definitions @l

« RECALL

For a function y = f(z) of one variable, the derivative f’(x) is a real number that measures the
rate of variation of the function as x changes. The definition of the derivative of functions of one
variable relates to the calculation of the rate of increase M when we take the limit for x

r—a
going to a.

Definition: (for n = 1): derivability of a function f: R — R

Let f: D C R — R:x~ f(r) and let a, be an interior point of D. We say that f is
differentiable in a iff lim @) = fla) eR.
T—a T —a
3 all]
Ol
For functions of many variables y = f(z1,...,2,) we would like to determine how its value varies when the

independent variables change. If f(k,¢) is for example a production function, we would like to know if the
output increases when k or ¢ changes and by how much.

This can be done by keeping all variables in the function constant except for one: we then obtain, for a function

f: D CR" — R defined in a neighbourhood of a point (aj,as,...,ay,) (a is an interior point of D) n rates of
change:
f(x1,a2,...,an) — fla1,a2,...,a,)
T —ay 7
flar,xo, ... an) — fla1,az,...,a,)
T9 — a9 ’
flai,ag,...,x,) — fla1,az2,...,a,)
Ty — G, '

that may (or not) have a limit when taking x — a (i.e. z; — a;).
The ones that exist are noted by:

lim flay, ..., xi, ... an) — flar,... a4, ... ,a,)  Of

= —(at,...,a
Ti—a; T; — Qg 81'@( ’ ’ n)

_9f
= oz, (a).

(only x; changes) and we call these the partial derivatives of f in a with respect to ;.

60



CHAPTER 5. PARTIAL DERIVATIVES 61

| Definition: Partial derivatives |

Let f: D C R™ — R. Let a be an interior point of D.
We say that f is differentiable with respect to z; in « iff:

lim flar, ...,z ... an) — flar, ... a4, ..., an)
Ti—a; T; — Q4 ’
exists in R.

This limit is denoted by gf (a1,...,an) 883{ (a).

These (partial) derivatives are often determined in multiple points or in an arbitrary point (x1,...,2,). _I
]

Case n=2: Let f : D C R?: (x,9) — f(z,y) and a = (a1, a2), an interior point of D. The function f is
differentiable with respect to x in a iff

i 1@ a2) — fla1,a2)

Tr—ail Tr — aq

eR.

of

if so, the real value obtained is the partial derivative of f with respect to z in a, denoted by 8—(@). The partial
x

derivative O—(al, az) measures the variation in f(aj,ag) for one unit increase in a; keeping as fixed.
T

The function f is differentiable with respect to y in a iff

lim fla1,y) — f(a1,az) cR.

y—az Y — a

of

if so, the real value obtained is called the partial derivative of f with respect to y in a, denoted by 8—(@). The
Y

0
partial derivative a—f(al, az) measures the change in f(a1,a2) for a one unit increase in as, keeping a; fixed.
Y

For the geometric intuition, consider a function of two variables, represented by f(x,y) in Figure 5.1. If we take
a plane through the point P parallel to the ZY plane, it cuts the surface of the function in the curve APB (in
red). The value of x remains constant throughout this curve. The slope of the line tangent to the curve APB
in P represents the rate at which z changes with respect to y in P. Similar reasonings hold for a parallel plane
to the X Z plane. The partial derivatives have the following geometric interpretation. :

of
oz
of
Jy

(P) =tan 8 = slope of CPD in P.

—(P) =tana = slope of APB in P.
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Figure 5.1: Partial derivatives of a function

Production function y = f(k,¢).
of

%(k, ¢) gives an approximation of the increase in the production y if k increases by 1 (keeping
¢ fixed).

And g(k,é) gives an approximation of the increase in y if ¢ increases by 1 (keeping k fixed).

ol
. Of S of 4
If f(k,0) = Ak07, we obtain = (k,¢) = aAk®~107 and 25 (k. () = SAR (7L,

& REMARK
The computation of the partial derivatives agrees with the usual computation of the derivatives of a
function of one variable. In particular, the usual rules apply relative to sums, differences, products
and quotients of functions.

Olg

| Definition: Partially differentiable in a point |

A function is partially differentiable in a iff it is partially differentiable with respect to each of its variables

in a.
zlC]

¥ REMARK
> Forn=1, fis C° 4 f is differentiable.

> Forn > 1, fis C° 4 f is differentiable.

» For n = 1, if f is (partially) differentiable — f is C°.

> For n > 1, f is partially differentiable /4 f is CY.
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3 sizy=0
Letf(wjy)Z{o Sy 40

This function is not continuous at (0,0), but it is partially differentiable with respect to z and y
n (0,0). We have:

of . f@,0-3 . 3-3

o 00 = i === — = ;o5 =0
et

97 0.0y = 1im LO¥W =3 _ ;323

Ay y—0 y—0 y—=0y — 0

63

| Definition: Gradient vector |

The gradient vector in a point a of a function f : R” — R that has all its partial derivatives in a is the

Let f(x,y) = xy?. This function is a polynome, so it is partially differentiable in all (z,y) € R2.

of of
2 = 2 = .
V(z,y) € R*, we have o (x,y) =y~ and 3y (z,y) = 2xy, so:

af
ox

Vi(z,y) = |3 (2,y) gzjj(w,y) = [y 2ay].

For example, V f(-2,5) = [25 —20].

& REMARK
The partial derivatives of a function f : R™ — R (when they exist) are themselves functions from
R"™ to R, and may therefore themselves have partial derivatives.
When i # j, we write

0 (0f \not 0°f
a$i Oa:j N a{L‘ZafL'j

(Note the order of the derivation) and

9 (Of\ ot O°f
dw; <3l‘z> o O(wy)?

. The second order derivatives of the same variable where the variable x; is used twice.

vector:
0 0
Vi(a) = (%Ufl(a) axJ;(a) .
we also write grad f(a). L
el
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If f:R?2 = R:(z,y) — f(z,y) = = - y* we have:
0? 0?
f = O’ f = 2?/7
d(x)? Oyox
0*f 0*f
dxdy Y a(y)? z
Let f:R% - R: (k,0) — Ak“P with o, 8 € (0,1). We have:
0 f 0% f
= afa — 1) Ak*2¢° = af Ak 1P
g~ - akot ~ P
0*f o0’ f
= afAK* 1P = B(B — 1)k*¢°2,
ook ~ 2P g ~PB-1
& REMARK
> The second order derivatives (if they exist) are also functions R™ — R (even if some of them are
equal to zero) so the second order derivatives may also have partial derivatives, etc.
0? 0?
> In the previous example, o gy = ay él;
> The function f: R" — R is partially differentiable in the neighbourhood of a point a if
all of its partial deriviatives exist in every point of the neighbourhood of a.
> The function f : R™ — R is k times partially differentiable in the neighbourhood of « if all of its
L partial derivatives up to order k exist in a neighbourhood of a.
Ol
| Definition: Partial elasticities partielle |
If f: D CR"— R is partially differentiable with respect to x; (i = 1,...,n) in a neighbourhood of the
point a € dom f such that a; # 0 and if f(a) # 0, we can define the partial elasiticity of f with respect
to z; in a by:
8f a;
E ; = .
(@) = 5750 !
all]
& REMARK

The partial elasticity FE(f,x;) gives the change in f (in percentages) for a 1 percentage increase in
L x;. (and all other variables remain fixed).

If f(k,0) = Ak®¢P then (for k,¢ # 0) we have:

E(f k) =aet E(f,() =0
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| Proposition |

Let D be an open subset of R, and let f : D — R, partially differentiable with respect to xz;
(t=1,...,n)on D,
then |

_ 9In(f(2))
E(f,z) = Jln(z;) L

$# PROOF

Note that for z; > 0, we can write z; = e
x; = €% we can define the function:

n(zi) " If we introduce the variables z; = In(z;), alors

9(z1,22,. .., 2n) = In(f(e** ..., 7).
T Tn
Or in terms of z1,...,T,

g(In(z1),...,In(xz,)) = In(f(x1,...,2p)).

Remark that:

89(2) _ 1 af (ezl ezn) o7
0z flem,....em)0z;
Or in terms of z1 = e, ..., x, = ™
Oglin(ay). ... n(,)) _ O(f@) _ 1 Of
L 0ln(z;) ~ Oln(zy)  f(z) 0w (z) @i = B(f, ).
Olg
@ EXAMPLE

If f(k,€) = Ak®® then (for A, k,¢ > 0) we have:
In(f(k,€)) =In(A) + aln(k) + B1n(¢)
So:

=aet E(f,é):W:B.

[ElS] 5.2 C.C% ... 5]

Definition: C! in a point

The function f: D C R® — R is C! (differentiable) in a, interior point of D, iff
> All its partial derivatives (of order 1) exists in a neighbourhood of a,

> its partial derivatives of order 1 are continuous at a.
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& REMARK
> In general, f is C* at a € R™ iff it has all its partial derivatives up to order ¢ in a neighbourhood
of a and all its partial derivatives of order ¢ are continuous at a.

> fis O at a € R™ iff f has all its partial derivatives of any order in a neighbourhood of a and
all of its partial derivatives are continuous at a.

> We say that f is C° at a € R™ iff f is continuous at a.

> A function f : D C R™ — R is of class C* on an open set A C D iff it is of class C* at every
point of A.

|
E]l:-
| Proposition |

Let k, e NU{0} and k < /.

>If f: D CR* = Ris Cf at a, interior point of D,

then (J)

> fis CF at a € R™. L

& REMARK

f est dérivable \ >
{ : J
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ES] 5.3 Young’s theorem (Schwarz/Cairaut) (ElS]

(a) Clairaut (1713-1763) (b) Schwarz (1843-1921) (c) Young (1863-1942)

source: Wikipedia

O f (2,y) = *f
Oxdy Y= Oyox

if fis C? at (z,y). This result is called Young’s theorem (or Schwarz’ theorem).

In the preceding examples, we have discovered that

(z,y). This equation is true in general

Proposition: Young’s theorem (Schwarz/Clairaut)

>If f: DCR” = Ris C? at a, interior point of D,
then (])

0% f 0% f

> Vi,j<n

)

aﬂi‘ia.’rj @ al‘]al‘l L

# PROOF For (n =2) (Outline)

We can interpret the theorem as a result of double differencing. Indeed, an approximation of the
partial derivative is the difference:
of S+ Aey) = flzy)  Of @y +4Ay) — fz,y)
— =1 — =1
og DY) = dimg A, et 5y, () = Jimg A,

9

So the second order partial derivative is like a difference of differences:

0 d
oy Lot by) - L)
—(z,y) = lim J el ,
0x0y Az —0 Az
fla+ 80y +Ay) = fla+Ary)  fla,y+4y) — fa,y)
= lim lim Ay 2y )
_ lim f($+Am7y+Ay)_f(x+A17y)_f(xay—i_Ay)—i_f(m?y)

(Az,A4)—(0,0) Az A,
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d

and

of of
5g &Y T Ay) = 5 (2,y)
Ay— Ay ’
= lim lim By As
Ay—0AL—0 Ay ’
= 11m
(Az,Ay)—(0,0) AgAy

(the validity for the exchange of limits is guaranteed because f is C?).

Olg
& REMARK
For functions of two variables f(x,y), that are C? at a, we obtain,
0*f 0% f
Oxdy (a) = 8y8:c(a)'
Olg
@ EXAMPLE

fiRE, > R:(2,y) = f(z,y) = 2y + In(y)y'e’. We have:

of (z,y) = 32> + y°e? + In(y)3y e + In(y)y'e et *f _ 3,2
oy 0xdy ’
8f _ .93 82f 9.2
ox Y ot Oyox =3

5.4 La hessienne

Figure 5.3: Otto Hesse (1811-1874)

Source: Wikipedia
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| Definition: Hessienne |

Let f: D C R®™ — R be C? at a, interior point of D. The hessian of f at a is the following symmetric
matrix:

o2 f
8(m1)2(a) &Ul&rna

Hy(a) =

nxn L

& REMARK

> Sometimes we use the notation

1) = [524 (0]

L > As fis O? at a, this matrix is symmetric (Young’s theorem).

EXAMPLE
Let f(z,y) = xIn(wy) which is C* on (R4, )% We obtain:

1
Y
_z

y2

@ 5.5 Exercises et answers @

Q=g =

Ol

/ EXERCISES

Study the (partial) differentiability of the following functions at the indicated point. Deterine,
if it exists the gradient of the function at the point.

DICE S @) £ 0.0)
| 0 if (x,y) = (0,0)

@ flz,y) = e~ @) at (0,0) and at (1,2).

3+xy—z
= 1,2).
() s = 222022 w012

Study the partial differentiability of the following functions:

LY

@ o) = PR if (z,y) = (0,0)
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@ fla,y) =z +y|.

3 3
y° — 2x .
Y if 0,0
af(a:,y): R if (z,y) # (0,0)
0 si (2,) = (0,0)
zy ifzx<y
(a) s ={y siz=y.
22 ifz>vy

3 | After having justified the existence on the indicated domain, give the hessian matrix of the
following functions.

f(z,y) = ze¥ on R2.

f(k,0) = k%P0 < a < 1) on (Rg)?.
f

(55,3/7 ) - y on (R++) :

&6

Determine the partial elasticities of f if,

f(x,y,z) = e®¥* at the point (1,2,3)

d

(=) ()

B(f,)(a 6) with f(r,) = 575 and (o 6) # 0

Olg

70

& ANSWERS

an

0

— =0
lim £ =0,
z—0 £ —0

0

7_0
lim 2 =0
y—0 y—O

So f is partially differentiable with respect to = and y at (0,0) and V£(0,0) = [O O].

)

of
O

of
dy

—(z,y) = —e~ @ )2y,
(z,y) = —e~ )2y,

so Vf(0,0)=[0 0] and Vf(1,2) = [-2¢° —4e77].

e f(z,y, z) is partially differentiable with respect to x, y and z in R? as is is a quotient of



@ On the open set R? \ {(0,0)}, f(z,y) =
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polynomials with non-zero denominator. We have:

g(m 2) = 22y (3z% + 1) — (32%y — 2)62

oz~ (322 + 1) ’
2

g(x7y7 Z) - xia

Ay 32 +1

L= or

9z P Ty

SoVf(0,1,2)=1[0 0 —1].

5 which is partially differentiable with

respect to x and y on this open set as it is a quotient of polynomials with non-zero
denominator. Also, we have seen (exercise 1. a) that the function f is partially differ-
entiable with respect to  and y at the point (0,0). As such, f is partially differentiable
in R2.

In R x R__, we have f(z,y) = v —y which is partially differentiable. In R x R4} we
have f(z,y) = 2 + y which is also partially differentiable. For y = 0 we have:

i L@ @0y ety v
y—=0+ y—20 y—0t y—20 y—=0t Y

m L@ @0y roymr Ty
y—0— Yy — 0 y—0— Yy — y—0— Y

of .ox—0

ox 900 = il—mx—oil

We conclude that f is partially differentiable with respect to x at (0,0) but is not
partially differentiable with respect to y at (0,0).

f(z,y) is partially differentiable in R%. In R?\ {(0,0)} the function is partially differen-

tiable as it is a quotient of polynomials with non-zero denominator. For (z,y) = (0,0)
we obtain:

3
of . ==
9 (0 0) = lim 0 = =2,
8f00 = li z; 1
ai(a )_yg%y_o_ .

So f is partially differentiable on R2.

f(z,y) is differentiable in R? \ {(z,y) € R? : # = y # 0}. The function f is partially
differentiable if x < y and if x > y. For x = y we have that:

. -y 2z

lim = lim — = 2y,
ToYI>Y T — Y z—y 1

Cwy—yr Ly

lim =lim ==y
r—y,e<y T — Y z—y 1

So %(y,y) exists iff y = 0.

71
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Also:
2 2
. T —x
lim =0,
Yy—=T,x>Yy Y — T
. Ty — x? .z
lim = lim — = =z.
y—z,x<y Yy — T y—z 1

So ﬁ(ac, ) exists iff z = 0. Conclude that f is partially differentiable on R?\ {(z,y)|z =

dy
y # 0}.
@ The function f is of class C? on R2.
0
%(w,y) =eY,
o () = et
0*f _ 0*f _
oxdy  Oyox
?f
o(x)?
o0 f
— = xeY.
O(y)?
0 e¥
So Hy(z,y) = [ey xey}
The function f is C? on (R{)2.
gi = ok 1B
gﬁ _ Bkae,ﬁfl
82f _ 62f — aﬁka—lgﬂ—l
0kot 000k
2
8?]{3)02 = a(a —1)k2°
0? _
i = BB~ DR
_[a(a—1)E*208 apkelft
So ,Hf(k,e) - |: a,@ka_lﬁﬁ_l 6(6 _ 1)kaeﬁ—2 :

The function f is C? on (R{)3.
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of _ Y of Ve
%(l‘,y, Z) - 2\/52 ay(‘r’y7 Z) - P
of  yz ’f oy
0z (2,9,2) = 22 o(z)2  4a3/2z
’F Pf
A(y)? 9(2)? 23
’f 1 Ff oy
0xdy  2\/xz 0xdz  2/x2?
Of _ Ve
oydz 22
T 423/22 2\}52' _2\/%22
So Hy(x,y,2) = 2\}& 0 —g
Y vz Yz
2y/xz? 22 2 23
@ We obtain
8f TYZz
8x(l‘,y,2)—yze )
8f TYZ
ay (%217 Z) = ZIze )
8f _ TYZz
5, (LY, 2) = zye
So
1
E(f7 x)(172¢3) = 666676 =06,
2
6
E(f7y)(172’3) =3e 676 - 6,
3
_ 9,6 _
B(f.2)(1,2,3) = 2 5 = 6.
af Y —ay
or (22 4 y?)2
of _ &’ —uay’
Oy (22 +y?)?
So,

53 _ 0425 042 +52
@+ B2 aB
_ BB -1
T B
52 _a2
R

E(f,x)(e, B) =
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and

a’ — BPa a® + B2

(a2 + 5% af

Cale?-pH)1

a2+ 82 o’
042 _ /32

L T ot B2

E(f??/)(aaﬂ): B,
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ElS] 6 Tangent plane

RECALL
Equation of the tangent (for n = 1).

Figure 6.1: Tangent line

Y f(z)

> Function f: D C R — R: 2z~ y = f(z) differentiable at z
> y=T(x), tagent of the function f at Z:

> T(x) is a linear function: y =T (z) = a + Bz, a, B € R
> at 2, T'(z) = f(&). As such, a + 8z = f(2)
> at & the slope of f equals the slope of T'. So, 8 = f/(z).

We obtain the following conditions:
a+fi=f@), _ [8=1@)
B =r(2)

So

75
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Figure 6.2: Tangent plane

VA

0"

X

» Function f:R?2 - R : (z,y) = z = f(x,y), C! at (£,7).
> z=T(z,y), tangent at the function f at (Z,7).

> The function T'(x,y) is a linear function: z = T(z,y) = a + Bz + vy, o, B,7 € R
> at (2,9), T(&,9) = f(Z,9). So, a+ BT +v§ = f(Z,9)

0
> at (Z,y) the slope of f in the direction of = equals the slope of T" in the direction of z. So = —f(aﬁ, 7)

> at (&,7) the slope of f in the direction of y equals the slope of T" in the direction of y. So v = 8—f(§:, )

We obtain the conditions:

cmatBitag [a= S0 - @) - o 9)
s of !
= o(2,9) &S B=2=(2,9)
s 7,
So:
2= 60) + @)~ )+ 5 @)~ )

This is the equation of a plane z = T'(z,y) of R? that passes through the point (2,9, f(Z,9)).

Consider the vertical plane with = & parallel to the Y'Z plane, the couple (z,y) on the line
. oo Of N
which is the equation of the tangent at the curve defined by the intersection of the surface and the vertical

plane x = 2.

Consider the vertical plane y = y parallel to the X Z plane, the couple (z,x) on the line (y = 9):

S =T(ey) = f(2.9) + 92 (5,9)(x — )
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which is the equation of the tangent at the curve defined by the intersection of the surface z = f(z,y) with the

vertical plane y = g.

In other words, the plane T is the unique “plane” that contains the two tangents to the curves defined by the
intersection of the surface with the vertical planes parallel to the axes through the chosen point (,7, f(Z,9)).

Cas général: Let f:R" = R: (21,...,2,) = 2= f(x1,...,2,), C' at (£1,...,%,). Then:

f(2) +Z 8% ),
= f(@) + < f( ); (& = ).

is the equation of the tangent plane to the hypersurface z = f(x1,...,x,) at the point & = (Z1,...,Zy).

| Definition: Tangent plane |

Let f: DCR®* =R, C!at & € D.
The tangent plane of f at Z is:

T(x) = f(2) +(Vf(2), (x — 2))

& REMARK
For the case (n = 2) with f: D C R? - R, C! at (#,79).

T(e) = [(2,9) + 2L (2,9)(x - 2) + gim,yo)(y —9).

@ 6.1 The differential @

a RECALL
Let f: DCR = R:z+—y= f(x), C! at . The differential of f at & is

dy = f'(2) dx.

the tangent is:

L dy is a good approximation of the increase if dz is small.
E]|:-

Cass n=2:Let f: D CR? - R: (z,y) — f(z,9), C* at a:

o of L Of N
P (@) = 9 (59) (& - )+ 9 (09) v - )
z x Y
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The value of dz is an approximation of the increase in f(z,y) — f(Z,9) if x and y increase by an amount dx
and dy respectively and if dz and dy are small.

| Definition: The differential of a C' function |

Let f:DCR* =R, C!at & eD.
The differential of f at Z is the expression:
n a . X
A =3 5 () dn = (V1)) |
al]
@ EXAMPLE
y = f(k,0) = k*¢°. We have the differential:
dy = ak® P dk + BE*°~1 qv.
So:
dy = o2 ak + g2 av.
k {
As such, if y # 0:
dy  dk _d¢
I:I|..-
@ 6.2 Exercises and answers @

/ EXERCISES

Determine the tangent plane of

@ f(z,y) = In(xy) at the point (1,1).

@ f(z,y) = sinz cosy at the point (0,0).
f(z,y) = /22 + y? at the point (3,4)
@ f(z,y,z) = €™ at the point (1,2,3)

Let f(z) = (32, (z:)*)* (0 < @). Give an expression for % in terms of dx—fi (for z; > 0)

Let f(A,7) = A(1 +r)t with t € N, A,r > 0. Give an expression for % in terms of 4 and
dr
T

Show that for f: D C R®™ — R with f(z) # 0:

df < L da;
- _;E(f,a;z) o
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d

Oln

Let y = f(A, k,£) = Ak%2(%® be a production function. For two years, we have the following
figures:

Period y k¢
1 100 10 5
2 200 15 10

Determine (by approximation) the value of 9.

79

i

ANSWERS

@ The point (1,1) is an interior point of dom f = (R; ;)% and f is C*° in (Ry;)2. The
of of

partial derivatives are 8—(1, 1) =1 and 6—(1,1) =1,s0 T(z,y) = In(1) + 1(z — 1) +
€T Y

ly—1)=—-2+z+y.
0
dom f =R? and f is C* in R%. The partial derivatives are —f(0,0) = cos0cos0 =1

Ox
and gf(0,0) = —sin0sin0 = 0. So T'(x,y) =sin0cos0 + 1z + 0y = x.
Y
The function is € on B2\ {0,0} and 2L (3,4) = —23_ — 23 3 9 g4y 4 g
’ ox ) T 232 T 10 T 5 g v s

T(x,y) =5+ %(Jc—?)) + %(y—él) = %x+ %y.
@ The function f is C* on R? and,

of 6
— (1,2 =
8:5(’ ,3) = 6e°,
of 6
— (1,2 =
ay(a ,3) = 3e”,
of 6
— (1,2 =2
7 (1,2,3) = 2

So, T'(w,y,z) = €%+ 6e5(x — 1) +3e8(y — 2) +2e5(2 — 3) = —17eb + 620 + 3yeb + 2z¢€".

We have ﬁ(:1:) =1 (Zz(ml)o‘)i_1 a:vjo-‘fl. So:

8.213]'

of _ tang Y -
Wehave 8A—(1+7“) and 8T—At(1—|—7ﬂ) . So

df  (1+ r)t At(1+ )it
f T AQ+r)t dA + Al +r)t "

L o
A 14+7rr
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If fis C! at z interior point of D, and if f(z),z; # 0, we have:

A k ] y 100 k

10 —
= 0 5:1.80:

{ 5

dA
—~1-02-05-08-1=0.1.
a A

d dA dk d/ d 200 — 100 dk  15—-10
Note that gy = — +02— 4+0.8—. Also Y 1, — =
de

80




@ 7 Fonctions de R" — R™ @l

A function f: D C R™ — R maps every point = (z1,...,z,) of D C R" to a point y of R™: the vector y
has therefore m components (y1, ..., ym), each being a function from R™ — R.

A function f from R"™ — R™ is therefore equivalent to m functions fi,..., fi, from R” — R. We can write

f={(f1,f2,..., fm) or also,

@ EXAMPLE
fRZ 5 RY: (z,y) = flz,y) = | 24y, ay

Ol

5] 7.1 Limites, continuité et dérivabilité de fonctions de R" — R™ [Z5]

| Definition: Limits of functions |

Let f: D C R®" — R™ and Z an accumulation point of D. We say that f tends to b when x tends to z,
and we write lim f(z) = b iff
T—T
for all sequences (1):cn in D, whose elements are distinct from Z, and that converge to Z, the sequence
(f(x¢))ten (in R™) converges to b € R™.
al]

& REMARK
u z € R"™and b e R™.

Ol

81
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| Proposition |
Let f: D C R" — R™ and &, an accumulation point of D.
> i =
lim f(x)
iff (1)
> li —p|| =
lim | f(z) b = 0 ]
all]
| Proposition |
Let f: D CR"™ — R™ and z, accumulation point of D.
> lim f(z) =
T—T
iff ()
>Vi=1,...,m: lim f;(z) = bj,
Tr—T
In other words, the convergence in R™ is equivalent to the convergence, component by component. [
all]

# PROOF
‘)

lim /() =
(& i [ f(x >—b\| =0)

Hypothesis

Vji=1,...,n: lim f;(z) = b,

. T—T

Thesis (& Vji=1,...,m: lim |fj(z) — bj| = 0)
r—x

Assuch,Vj=1,...,m

m

0< |f]( ) ’ < Z — bk 2 = ||f( ) - bH addition of non-negative terms
k=1

Using the sandwich theorem, we obtain that lim |f;j(x) — bj| = 0 (because lim || f(x) — b|| = 0 and
Tr—T T—T
lim 0 = 0)

=T

(1)

Vi=1,...,n: lim fj(z) = b,
T—T
(<—>Vj: 1,....m: 1im|fj(l‘)—bj| :O)
Tr—T

Hypothesis
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lim f(z) =
Thesis (¢ lim [|f () — bl| = 0)

0 < [If(z) —0l|,
<Y 1) = byl parce que ol < 3 [uy]
=1 =3
Using the sandwich theorem, we obtain that lim || f(x) — b|| (because lim |fj(xz) — b;| = 0 and
T—T T—=T

lim 0 = 0).
r] T—T
Olg

@ EXAMPLE
Let f:R* = R': (z,y) = f(z,y) = (z +y,2y,1,2).

lim z,y) = (1,-2,1,—1).
(w)ﬁ(_m)f( y) = ( )

Olg

| Definition: Continuity |

Let f: D CR" - R"™:x — f(x). Let £ € D be an accumulation point of D. We say that f is

continuous at Z iff lim f(x) exists in R™ and equals f(z) (lim,—,z f(z) = f(Z)).
T—T

]
| Proposition |
Let f: D CR™ — R™ and & be an accumulation point of D.
> f is continuous at &
iff (1)
> every function f; (j =1,...,m) is continuous at Z. El.]
n

@ EXAMPLE
Let f:R? = R*: (z,y) = (z +y,x-y,1,z). All functions,

are continuous, so f is continuous.
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| Definition: C! |
Let f: D CR" - R": 2~ f(x) = (fi(x),..., fm(z)) and Z, interior point of D. The function f is
partially differentiable partially differentiable
ct ct
en & ssi chaque fonction f; (j =1,...,m) est en
c c
Z. [
]
ElS] 7.2 Jacobian matrix [ElS]

Figure 7.1: Carl Gustav Jacob Jacobi (1804-1851)

Source: Wikipedia

| Definition: Matrice Jacobienne |
Let f=(f1,f2,--,fm): D CR" = R™ (n,m > 1) be partially differentiable at a, interior point of D.

Every of its m functions has therefore n partial derivatives at a.
We can present these in a matrix (the jacobian)

%(a) %(a)
Vfi(a) oz T Oz,
Jr(a) = : = : :
V fm(a) Ofm . Ofm
rl L v O
m‘;n
every line of this matrix is the gradient of one of the components of f.
all]

& REMARK
The jacobian is usually non-square.

u

Olg
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@ EXAMPLE
Consider the function f : R? — R* : (2,9) — f(z,y) = (x +y,z-y,1,2). As each of the four
functions is a polynome, they are partially differentiable at every point in R?. The jacobian of f is
of dimension 4 x 2
Vii(z,y) 11
Vfa(z,y) y
fl:, - =
T =19 e,y = [0 0
L Vfa(z,y) 10
Olg
25 7.3 Composition of functions 25]
@ EXAMPLE
k=k
Consider y = f(k, £) and (r)
= {(r)
So we can write y = f(k(r ) r)). Note that y depends on 7 by the intermediary functions k and
L.
. . dy
Question: how to determine —=7
o r
Olg
& REMARK
> Let f:R™ - R™ and g : R™ — RP, suppose = € R", y € R™, g = f(Z), z = g(y).
> Let f be defined on an open ball B centered at Z and suppose g is defined for all y for which
y = f(z) with z € B.
> We can now determine z = g(y) where Vo € B : y = f(x) and, consequentially, h = go f is
defined on B.
> We have z = (go f)(z) = g(f(z)) = h(Zz) or also z = g(y) with y = f(Z).
Figure 7.2: Composite function h = go f
(&)—— f [—— (1) = 1@) —[ 9 |—(Z) =9(») = 9/ () = (90 N)(@)
h=gof
|
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| Proposition |

> If f:R™ — R™ is defined in a neighbourhood of Z and continuous at Z,

> if y = f(z) and if g is defined in a neighbourhood of § and continuous at 7,

So (1)

> h=go f is defined in a neighbourhood of Z and continuous at z. L

® PROOF

Hypothesis fis C! at # and g is continuous at f(z) = ¥

h = go f is continuous at T
(V suites (x¢) that converges to z, the sequence (h(z))ten converges to h(Z))

Thesis

Let (z;) be a sequence that converges to Z.

— the sequence (f(z¢))ten converges to f(Z) (because f is continuous at .)
define y; = f(xy).

— (yt)ten = (f(2¢))ten is a sequence that converges to f(Z) = g.

— the sequence (g(y))ten converges to g(y) (because g is continuous at §)
—+ the sequence (h(z1))een = (9(3e))ien converges to h(z) = g().

L — h = go f is continuous.
Olg

| Proposition |

>If f: DCR®—= R™is C! at &, interior point of D

>Ifg: ECR™ — RPis C! at § = f(Z) an interior point of E
then ({)

> go f is defined in a neighourhood of z and

> go f is partially differentiable at z

> The jacobian of g o f at T is the matrix product of the jacobian of g at § = f(z) and the jacobian of
f at z.

Tgor(T) = Tg(f(2)) Tf(T). L
all]

& REMARK

> If f and g are C'! in a neighbourhood of Z and f(Z) respectively, we obtain that go f is partially
differentiable in a neighbourhood of Z and above formula shows the continuity of the partial
L derivatives in a neighbourhood of z.

Olg
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& REMARK
We obtain the formula:

Tgot(T) = T4(f(Z)) T (Z) (matrix product).
—_—— N — N —
pXn pXxXm mxn

(Compare to the case f : R — R and g : R — R.) If f is partially differentiable at Z and g is
partially differentiable at § = f(Z) we have that g o f is partially differentiable at z and

Tgor(x) = (g0 f)(T) = ¢'(f(2)) - ['(2)
= Jy(f(2)) - Tf (7).

s

A bit more details:

> Let f:R" 5 R™: (z1,...,24) = (fi(z1, - Zn)y ooy fra(T1, -y 20)).
> Let g : R™ = RP 1 (uy, ..., um) = (g1(ut, ., um)s -, gp(ut, ..., um)).
dLeth=gof:R" > RP: (z1,...,25) = (hi(x1,...,2n), ..., hp(z1,...,2p)).

Then, h(z1,...2n) = (1(fi(z1, .- Zn), - s (@1, s zm), - gp(fi(@n, o n), s [, o 2p)).

So for i =1,...,p we have:
hi(xi, .. g, xn) = gi(fi(zn, o2y, o), s Mm@, g, ).
. . Oh;

Question: what is the value of — (z1,...,2y,)?

L
We look for the element on row i and column j of the jacobian:

In(x) = To(f(2)) - Ty ().

So:
_ afl -
6hzj B 6gi ' Ggi 891- ' 6fk
oe @ [ = 1 5EGE@)  SEG@) e RG] | 5w
O
- o
We obtain:
- 3fk( )
81‘J — 8x]
This gives us the chain rule:
hi(x1)°"a$j7"'$n):gi(fl(xla'”7xja‘°'7'1"71)?"'afm(‘,rlw"axj:"')xn))‘

Ul Um
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Then:
- 3fk
830] — 8:10]-( )
@ EXAMPLE
y(r) = f(k(r), €(r)) gives:
dy 8f / af /
2 (1) = (k(r), €(r)) K (r) + =5 (k(r), £(r)) £(r).
| (X i) Zen o] o]
Olg
@ EXAMPLE
h(w7t) = g(f(wvt)a T(wvt))'
—— N —
z y
oh dg af dg or
(9_11)( at)_a_( ) )8_’11)( 7t)+a_y( ) )8 (’U),t)
and
oh dg af 0g or
G = S5y Gt + 5wy G
So,
of
oh oh _[99 dg ECIL)
[a (w,t) 50 ,t)]— [ax(a:,y) 5 ,y)] L grwt)
n| ow ’ ot ’
Ol
@ EXAMPLE

(xo + vt, yo + vt) we have:
h(t) = Fla(t)) = (z0 + 00 - (g0 + 1)

Determine h/(t).

h'(t) = g($0 + vt)"r(yo + vt)?: v +3(zo+v) (o +vt)? v .
of 91 () 8f 95(t)
99O 8y g(t))

Form the composite fog of f:R? = R: (z,y) — 22 + y? and

= 0
g:R2 = R?2: (p,0) — TTPESY T What s the gradient of f o g?

y = psinf

(f 0 9)(p,0) = (pcos6)® + (psin6)>.

Let us form the composite fogof f: R? = R : (z,y) — 2%y and g : R — R? : t >
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So:
o(f o 0 0 0 0
o (0,0) = 2L (906.0) S20.0) + 5 0200.0)) F5(6.0),
= —2(pcos)psinf + 2(psinh)pcosb,
= 0.
and
o(f o 0 0 0 0
2D 0.0) = 2L (9060 T2 000 + 5 010.0) T2 00.0)
L =2(pcosf)cosh +2(psinf)sinf = 2p.
s
25 7.4 Exercises and answers 25]

/# EXERCISES
Let F(x1) = f(x1,h(z1)) where h is C' on R and f is C' on R2.

@ Determine, using the chain rule F’(x1).

If h(z) = €* and f(X,Y) = X2 4+ Y3, determine F’(z1).
i. using the response to a)
ii. computing first the expression for F'(x7).

Let f:R3 = R: (2,9,2) = f(x,y,2) with f € C* on R, g : R? = R? : (u,v) — g(u,v) =
(g1(u,v), g2 (u,v), g3(u,v)) with g € C' on R* and h = fog.

@ After having “written” h(u,v) = f(g(u,v)), give, using the chain rule, the partial deriva-

tive — (u, v).

ou
2 2 . Oh
If f(z,y,2) = x°+y+e?, g1(u,v) = u, ga(u,v) = v* and g3(u,v) = 4, determine a—(u,v)
u

i. using the response to a)
ii. by computing first the expression for h(u,v).

x = Q(t)
Let w = f(x,y,2) with ¢y =1 where f is C! on R3 and Q(¢) is C' on R. Determine
z =t
/

w'(t).
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Olg

90

Jg
Jy
of
Jy

5.(0,0) =

—-(0,0) =

of
dy
of
@(07

“2(1,00=5

1) =10

Let f(t) = u(x(t),y(t), 2(1)).

Let F(x,y) = f(g9(z,y),y) where f(x,y) and g are C! on R2. If we know that:
9(0,0) = 1 20,0 =
70,0 =4 (0,0 =
of
1 = —
F1.0)=5 0=
f(0,1)=-1 gf (0,1) = -1
F F
Determine e —(0,0) and ({;y((),()).
. Let w(@,y,z) = §+ 4 a(t) = 2tyt) = 1 and z(t) = t%
Determine f (t).

& ANSWERS

(v)? and g3(u,v) = 4, by the result in a), we have

Oh

v)=2u-14+1-0+¢'
2) ditto!
We have w(t) = f(Q(t),t,t?). By the chain rule, we obtain:

of

w'(t) = Pz

0z

e ) + g ()

oYy

.@ Fla :cl,h( D) 1+;{(x1,h(x1))-h/(x1)
@ 1) As g)i, (X,Y) =2X, glj; (X,Y) =3Y?2 and h'(x1) = €™ we have:

F'(z1) = 221 + 3(e™)%e™ = 2z1 + 3(e™)3 = 221 + 3371,

By the chain rule, we ob-

2) F(z1) = f(x1,e%) = 22 + (e"1)? = 22 + 3%t where F'(z1) = 271 + 3e37L.
(2]((a]) We have h(u,v) = f(g(u,0)) = Flgu, ), g2(u,0), g3 1w, 0).
tain:
oh
%(u v)
0 0 0 0 0 0
= (o0, ) G 0) + G (90, 0) 2w, 0) + g, 0) 2 (w,v).

O (o W o and i e _ _
(o) v as @y =20 Gy = tand Ghe) = ¢ and gu () = . gofur) =

(Q(t),t,1%) - Q' (t) + gi(Q(t),t,tz) + ztg(ﬁ(t),t,ﬂ).
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F(a.9) = f(g(e.9)9). From this 5 (@) = 2(g(w0).9) - 5o(eg). (ustity) and
gj(x,y) = gi(g(%y),y) ' gz(ﬂc,y) + ggi(g(x,y%y) (justify!). So:
OF _of dg ey
87(0’0) - %(9(0’0)’0) : 8?(0’0) - ( 3) ( 1) - 37
and
OF _of dg of - _
We have
/ _ @ / % / @ /
Fit) = g2t + 9y (t) + 5-2(2) ,
1

We can also calculate directly,

f(t) =262 + t%

So f(t) =4t — 3.




[ElS] 8 Homogeneous functions 25]

Figure 8.1: Leonhard Euler (1701-1783)

Source: Wikipedia

Let A, be a subset of R™ such that tx € A for all ¢ > 0 and all z € A.

The projection of such set A onto the axes (the projection of a point (a, b) on the X axisisa)are Ry, R_,R, R__ 0,Rq =
R\ {0} or R! In particular, sets A are often of the type (R44)™ or R™ or (Ry)™.

| Definition: Homogeneity of degree « |

A function f: A C R" — R is homogeneous of degree o € R on a subset A of R™ iff for all x € A and
all ¢ > 0:

tr € Aet f(tx) =t f(z).
all]

&% REMARK
L The degree « is often a positive integer.

Olg

92
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Figure 8.2: Level curves of a homogeneous function

Y

EXAMPLE
> f:R2 = R: (2,y) — flz,y) =2 y>
If (z,y) € R?, we have (tx,ty) € R2.
f(tx, ty) = (tz)(ty)? = t32y? = 3 f(x,y). So f is homogeneous of degree 3 on R2.

> f:RxRy—>R: (:U,y)Hf(m,y)z%
If (z,y) € R x Ry, we have Vt > 0, (tz,ty) € R x Ry.

f(te, ty) = % = % = f(z,y). So f is homogeneous of degree 0 on R x R.

> fiR2 = R:(2,y) —~ flz,y) =2+

If (z,y) € R?, we have (tx,ty) € R2.

f(tx, ty) =tz +ty = t(x +y) = tf(x,y). So f is homogeneous of degree 1 on R2.
> fiR2 5 R:(k0) — f(k,0) = Ak~0P.

If (k,¢) € R%, we have Vt > 0, (tk,tl) € R%.

fth,tl) = A(tk)*(t)? = TP f(k,£). So f is homogeneous of degree a + 3 on R?.

Ol

| Proposition |

> If f: A C R® — R is homogeneous of degree o on A and C', Vz € A,

then (])

> its partial derivatives (of order 1) are homogeneous of degree v — 1 on A. L
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% PROOF
Hypothesis f is homogeneous of degree o on A and C! on A.
Thesis ” is homogeneous of degree o — 1.
The function f is C' at z, so we can apply the chain rule to the function f(tz), as a function of
the variables z1,...,z, only (not of t). This function from R™ — R" : z — tx has all of its partial
derivatives.
The function f is homogeneous of degree «, so f(tz) =t*f(z) for all z € A and all t > 0
[tz tag, ... tay) =t f(x1, 22, ..., Tp).
By taking derivatives on both sides with respect to x;, we obtain:
af otx; af
tx) - =t“
of _ 0 9f
H@xi (tx)-t=t . (x),
(—);i (tx) = ta_lg:i(l') because ¢ # 0.
of .
Conclude that B, homogeneous of degree o — 1.
n| %
Olg
| Proposition: Euler’s Théoreme |
> If f: A C R® — R is homogeneous of degree o on A and C! on A.
then ({)
dic1 0z, (z) z; = (Vf(z),z) = af(z). L
all]
% PROOF
Hypothesis The function f is homogeneous of degree o on A and C' on A.

This time, we consider f(tx) as a function of the single variable ¢. The function g : R — R" : t —
g(t) = f(tx) is C' everywhere and the chain rule is applicable.
We have for all z and all ¢t > 0:

g(t) = f(tx) = t°f(x)
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So:

0 otx; _
IO =3 5 ) = ),

We obtain that V¢ > 0:

of

89: —(tz) z; = at®” 1f( ).

If we choose t = 1:

Z(‘?azz ) x; = af(x).

95

&

REMARK
If f(z) # 0, we can multiply both sides by ﬁ

1 = 9f B
_f(:E) ;&ri () z; = «a,
af
() x;

HZ axz e o

HZE frxi)(x) = a,

where E(f,x;) is the partial elasticity of f with respect to x;. So the sum of the partial elasticities

of f are equal to its degree of homogeneity.

EXAMPLE

The function f(k,¢) = Ak®¢? is homogeneous of degree a + 3. We have:

Ol

5]

’

af af — a—1y8 apf—1
(%(k €)+€a€(k,€) = kAak® 47 + LABKYL
= af(k, )+ Bf(k, 1),
= (a+ B)f(k, )
8.1 Exercises and answers @
EXERCISES

Are the following functions homogeneous on A7 If yes, give their degree of homogeneity «
and verify that its partial derivatives are homogeneous of degree a@ — 1.
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5. T
@ flz,y,2) = ?ln; and A = (R})3.

@ f(z,y) =Y and A = R2.
F(k,6) = k0% and A = (R)? with 0 < o < 1 and 0 < 8 < 1.

. Let f(z,y) = L5 — 22y with A € R. Determine if possible, a value for the parameter \ such
that the functlon f (z,y) is homogeneous on (R, y)2. What is the corresponding degree of
homogeneity?

Let f : R? = R be homogeneous of degree, let g : R — R be homogeneous of degree 2 and
let h: R — R be homogeneouos of degree.

Consider the function F(z) = f(g(z), h(m)) defined on Ry. What is its degree of homogeneity?

Let f: (R{)? — R be homogeneous of degree 2 and C? on (R{)2.
of
If we know that f(3,4) =5 and -
a 9y
Olg

(3,4) = 4. Determine (justify) f(6,8) and gf (2,2>.
Yy

96

& ANSWERS

.@ f(z,y,z ——ln—onA_

$)? is homogeneous of degree (—2) on A. Its partial
1

(R
0 5) 0 10 0 51
derivatives are a—i(x,y,z) s a‘;(x,y,z) = —Elng and a—ﬁ(w,y, z) = “E all

three are homogeneous of degree (—3) on A.

f(z,y) = e*T¥ on A = R? is not homogeneous.

f(k,0) = k%P on A = (R§)? with 0 < @ < 1 and 0 < 8 < 1 is homogeneous of degree

of

o+ B on A. Its partial derivatives are 8—f(k,€) ak® 1P and 57

both of them are homogeneous of degree a4+ 8 — 1 on A.

We hayve,

(ty)*
(tx)l=A

—Z(k,0) = BEB~L

y
— (tx)?(ty) = 2271 = — t32%y.

So, the function is homogeneous if 2A — 1 = 3 <> A = 2. In that case, f is homogeneous of
degree 3.

We have

F(ta) = f(g(ta), "12)

i )
t3 h(z

= (Pg(x), M2y

t x
= ()% (g(x), M2y,
=1F(x).

~—

X
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So F' is homogeneous of degree 6.

f is homogeneous of degree 2 — V(x,y) € (RJ)?,Vk > 0, f(k(z,y)) = k2f(z,y). From this,

f(6,8) = £(2(3,4)) = 22f(3,4) = 4f(3,4) =4 -5 = 20.

0
On the other hand, f is homogeneous of degree 2 and partially differentiable on (]R[)F)Q, 8‘;
| o Of of
is homogeneous of degree 2 —1 =1 on (Rj)* — a—y(k(m,y)) = k’a—y(:ﬂ,y)

. Of (3 )\ _of (1 _10f o
From thlS, 873/ <272> == aiy (2(3,4)> = 9 8y (3,4) =

N =
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2 — 9 Directional derivatives /Taylor’s formula — [

Let z € R™. A line passing through x € R™ can be specified by a direction v € R™ (v # 0) or by another point
y in R"™.

|_ Definition

The line passing through « € R™ in the direction v € R™ \ {0} is the set:

{z + tv|t € R}.
]
|_ Definition
The line passing through z € R™ and y € R" (z # y) is the set:
{(1 —t)xr +ty|t € R}.
]

Let x,v(v # 0) be two vectors in R™. Consider the vector x + tv where ¢ € R.

Figure 9.1: Lines passing through x

YA YA

v

><:V
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& REMARK
> Let y = x 4+ v. Then the line {x + tv|t € R} passing through x with direction v is the same as
the line {(1 — ¢)x + ty|t € R} passing through x and y.

> Let v = y — x. Then the line {(1 — t)x + ty|t € R} passing through x and y is the same as the
line {x + tv|t € R} passing through z in the direction v.

L > Of course, all non-zero multiples of v define the same direction.
E]|..-

@ 9.1 Directional derivative @l

| Definition: Directional derivative in a point |

We say that f: D C R" — R is differentiable in z, interior point of D, in the direction v (||v]| = 1)
if F(t) = f(z + tv) is differentiable with respect to ¢ at the point t = 0, the derivative of f in the
direction v at z is

N

F'(0) =
(0) 2 o

(x)vi = (Vf(2),v).

0

To obtain the expression for F’(0), we apply the chain rule to the function F(t) = f(z+tv) = f(z1+tvi, ..., 2o+
toy,):

ro ﬁ d(z1 + tvy) of d(zy + toy)
F'(t) = B (x+ tv)idt +...+ Er. (x + tv)idt ,
N Of
= Z D (x + tv)v;,

& REMARK
> F(t) = f(x + tv) is the value of the function f evaluated on the line passing through x in the
direction v.

> It is often useful to capture a direction by a normalized vector. For example, v = (1,0) or

2 V2
v= (f, \2[> which have the property that |[v|| = 1.

» In R2, the vectors in the direction of the coordinate axes are given by (for example) v = (0,1)
(and (1,0)).
f((z,y) + tv) then becomes f(z + 0,y +t) = F(t) (axis y) and

0 0 0
F(0) = 5h@y+0) -0+ gy +0) 1= @y o).

So the derivative of f in the direction (0,1) at (z,y) gives:

o= 2
| F(0) = 5 (e.0),
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EXAMPLE

Let f(z,y) = 22 + y? — 3zy. Determine the directional derivative of f at (z,y) = (3,5) in the
direction v = (1/1/2,4/1/2). The directional derivative of f at (z,y) in the direction v = (v, vy)
is:

of of — (9 — _
5 (& Y)Ve + By (,y)vy = (22 — 3y)vz + (2y — 3z)vy.

As such, the directional derivative at (z,y) = (3,5) in the direction v = (\/1/2,/1/2) is:

(6 —15)y/1/2 + (10 — 9)\/1/2 = —8+/1/2.

&

Ol

REMARK

Figure 9.2 gives the intuition for the directional derivative. We place ourselves at the point « and
choose a direction v. This coincides with choosing the points x + tv, Vi. We can now determine the
vertical plane that passes through x and x + v. The intersection with the surface z = f(z) gives
a vertical section. The slope of the tangent of this curve at the point (z, f(z)) is the directional
derivative.

Figure 9.2: The directional derivative

A

In a similar manner, we have the mean value theorem.

RECALL
| Proposition: Mean value theorem for n =1 |
Let f: D CR—=R, C! on D, a convex set.
then ({)
Vz,y € D, there is a ¢ between x and y such that:
fb) = f(a) = f'(c) - (b—a). G
al]




CHAPTER 9. DIRECTIONAL DERIVATIVES/TAYLOR’S FORMULA

101

| Proposition: Mean value theorem for n > 1 |

Let f: D C R* - R, C! on D, a convex set.
then ({)
Yy € B, Ja €]0, 1] such that for ¢ = (1 — a)z + ay:

fly) = fz) = Z B, ()i — i) = (Vf(e), (y — x)).

® PROOF

Hypothesis fisC'on D and z,y € B

Thesis Ja €]0,1[: f(y) — f(z) = (Vf(¢), (y — 2)) with ¢ = (1 — a)x + ay.

Consider the direction v = y — x and define:

F:l0,1]] 2 R:a~— F(a) = f(z+av) = f((1 — o)z + ay)
Remark that z + ov =z 4+ a(y —z) = (1 — a)z + ay.
x,y € B, so all points x + av avec a € [0, 1] are also in B).

a € [0, 1] such that:
F() - F(0) = F'(a)[1 — 0] = F'(a).

Remark that F'(1) = f(y), F(0) = f(z) and

F(a) =3 o+ av) v = (VF(z + av),v)

i=1 c
Defining ¢ = (1 — @)z + ay = = + av, we obtain:

| Fv) ~ f(@) = (VF().y — ).

We have that F' is differentiable on [0, 1] (because f is differentiable on the set B, B is convex and

We can apply the mean value theorem (for n = 1) to F with b = 1 and a = 0. So there exists an
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ElS] 9.2 Taylor’s formula 25

Figure 9.3: Brook Taylor (1685-1731)

Source: Wikipedia

a2 RECALL
Let f: D CR — R:2+ f(x), C? on D and consider zq interior point of D. The first order
approximation is the line tangent to the curve of f (the blue line in Figure 9.4),

T(x) = f(xo) + f'(z0)(x — @0).
We an also take a second order approximation:
V(z) = a+ Bz — o) + 7(x — z0)*.
We want that f(z) ~ V(z) in the neighbourhood of (. So:
f(w0) = V(zo) = a1

f'(z0) = V(o) = B, — V(x) = f(xo) + f'(z0)(x — o) +
f”(:l?()) = V”(l‘o) = 2’}/.

We obtain the quadratic curve in red in figure 9.4. In the neighbourhood of xg, it is a better
approximation of f compared to the tangent line 7'(x).

#"(0)
2

(x — o).

Figure 9.4: First and second order approximation of f
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Proposition: Taylor’s formula of order 2 (n =1)

Let f: DCR—=R:x—y=f(zx), C? on D, a convex set.
then ({)
Vz,y € D, there is a ¢ between x and y such that:

£(&) = fwo) + /@) (&~ w0) + 37" (6)  — o)

= fao) + /@) = 20) + 31" o) & — 70)* + 5 [£(0) ~ £ (zo)] (& — o)

& REMARK
> The term f(zo)+f'(x0)(z—1x0) is the linear approximation of f in the neighbourhood
of xo.

1
> The term if”(c)(:r: — 20)? is the remainder of order 1.

> We obtain:

| =

fw) = o) + f@o)e —x0) + 3/ wo)w —z)* +

~

["(c) = f"(x0))(x — 20)”

-~
second order approximation of f in the neighbourhood of xg remainder of order 2

103

Proposition: Taylor’s formula (for n > 1)

If f: DCR"* =R, C?on D, a convex set:
then (J)
Vy € B,3a € [0,1] such that ¢ = (1 — o)z + ay:

n n o n 2
) = £@)+ 3 5 e) (=) + 5 3D =) o) (15— 23),
i=1 !

=1 j=1

= &)+ (V@) y — ) + 5y~ 2) Hy )y — ).

$# PROOF

Hypothesis fis C? on B, a convex set that contains = and y.

Thesis

with ¢ = (1 — @)z + ay.

Vo € B,3a € [0,1] : fy) = f(x) + (Vf(x),y — z) + 5(y — 2) Hy(c)(y — x)

Let v =y —z and define F': [0,1] = R: a— F(a) = f(x +av) = f((1 — a)x + ay). The function
F is C? on [0,1]. As such, we can apply Taylor’s formula applied to functions of a single variable
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(n=1): Ja € [0,1] such that:
F(1) ~ F(0) = F(O)L - 0] + 5 F(0)1 — 0%
— F(0) + %F”(a).

Remark that F'(1) = f(y) and F(0) = f(z). In addition:

Fl@) =32 (1~ a)e + ay) (i — 1) = (VF(1— )e + ay)y — ).

and:

1/ S = 82f
F(0) = 30D = a0 g (= om) - g — ),

1
=(—2) Hi((1-)z+ay) - (y—x)
——

C

Setting ¢ = (1 — a)x + ay, gives:

F) = F&) = (VF(@)y =)+ 5 — o) Hy(e) - (y — ).

104

&

REMARK
‘We also have that:

Fl) — £() = (Vf@)y =2+ 5y =)' Hyw) - (g = 2) + (0

Defining e(c) = 1 y—x)t - (H(c) —Hs(z)) - (y — ), we see the development of the error of order
9 f f

2, e(c) in which the three terms (y — z)’, (y — z) and Hf(c) — Hy(x) tend to 0 when y — =, by
continuity of the second order partial derivatives.
In particular e(c) tends “three times” to 0 for y — =

EXAMPLE
Let f(x,y) = In(zy) + xy (with 2,y > 0). Give Taylor’s approximation of orer 2 in (z,y). We
have :

Vf(wo,y0) = [%0 +yo 5o +<170} ;

Hy(2o,90) = [ (@0) 1
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So,
o) = ) + () (o =)+ 5+ a0) (0= )
0 Yo
1 1
| +(9«“—l‘0)(y—yo)—W(x—ﬂfo)z—m(y—%)-
e
@ 9.3 Exercises and answers @l

/# EXERCISES
Let f(x,y) = 322 + 4y%.

Determine, if it exists, Taylor’s approximation of order 1 for f(z,y) in the neighbourhood

of a = (0,1), by deriving the tangent plane at the surface of the equation z = f(x,y) at
this point.

Determine, if it exists, Taylor’s approximation of order 2 of f(z,y) in the neighbourhood
of the point a.

Same question for f(z,y) = ze?Y in the neighbourhood of the point a = (0, 0).

Let f(z1,22,23) = In(1 + x1) + 2 + 2x9x3.

@ Give the domain of f(x1,x2,x3).

Determine, if it exists, Taylor’s approximation of order 1 of f(x1,x2,x3) in the neigh-
bourhood of the point a = (0,0,0).

Determine, if it exists, Taylor’s approximation of order 2 of f(z1,z2,x3) in the neigh-

| bourhood of a.

Olg

i ANSWERS
f is C™ on R? because it is a polynome. As such, we can determine the approximations at

every neighbourhood for all points in R?.

OF (2.4) = or _ 9f 0.1) = 9f 0.1y =
@ We have that o (z,y) = 6x and 3y 8y, so o (0,1) = 0 and By (0,1) = 8. The

tangent plane is T'(z,y) =4+ 0(x —0) +8(y — 1) = —4 + 8y.

2 2 2
@ We have 88(:1:])02 = 6 and 88@‘; = 8 and 883: gy = 0, so the second order approximation
is:

6 8
—4+8y+§x2+§(y—1)2+0x(y—1):3:172+4y2

fis C* on R? as it is a product of two functions that are C°> on R?. We can determine the

requested approximations for every neighbourhood for every point in R2.
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of of

0 0
We get é(%y) = e and M = 2ze? so %(0,0) =1 and 85(0,0) = 0. We obtain the

following first order approximation z =0+ x + Oy = x.
0% f 0% f
0,0) =0, —/—=
oGy = % 52

This gives the following second order approximation:

0% f _ 9
oxoy

For the second order approximation, we use

(0,0) = 0 and

2
z:x+2§xy:x(1+2y).

@ The domain conditions are 1+xz1 > 0 or 1 > —1. Sodom f =] —1,00[xRxR. fis C*

on dom f as it is a sum of C* functions on their respective domains. We can therefore
determine the requested approximations in every neighbourhood of every point in dom

f.
@ We have ;ch(a:l,xg,xg) = Tlam 8852(0’0’0) =1+2x3 and a—f(O,O,O) = 2x9. As such,

8%3
aai((),(),()) =1, 552(0,0,0) =1 and 592(0,0,0) = 0 so the first order approximation

givesy =0+ 1z + lzg = 21 + 9.
92f 9% f 92 f 92 f
We have 52555(0,0,0) = —1, 5205(0,0,0) = 0, 50-55(0,0,0) = 0, 5o = 0,
% f 92f

=0 and
8$16$3 an 8m26x3

= 2. We get the following second order approximation:

1
f(x1, 29, 23) = 21 + 22 — 5(961)2 + 2z9x3.




@ 10 Convex functions @l

| Definition: Convex functions |

Let D be a convex subset of R™. Then f: D C R® — R is convex on D iff,

Vr,y € D,Va € [0,1], flaz + (1 - a)y) < af(z) + (1 - a)f(y)-

& REMARK
> Equivalently, Vo €]0, 1].

> The set D is convex such that az + (1 —a)y € D, Va,y € D.

> In words: the image of the linear convex combination of x and y is smaller than or equal to the
L same linear convex combination of f(z) and f(y).
Olg

In Figure 10.1, we have the points A = (z, f(z)), B = (y, f(y)), C = (ax + (1 — o)y, af(x) + (1 — «) f(y)) and
D= (azx+ (1 —a)y, flax+ (1 — a)y)). The function is convex if C' is above D for all z,y € D and « € [0, 1].

Figure 10.1: A convex function of a single variable convexe d’une variable

A
Y

| Definition: Concave functions |

Let D be a convex subset of R”. Then f: D — R is concave on D iff Vo € [0, 1] (or ]0, 1]):

Va,y € D, flax+ (1 —a)y) > af(z) + (1 - a)f(y)

107
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In Figure 10.2, the function is concave if C = (az + (1 — a)y, f(ax + (1 — a)y) is above D = (azx + (1 —
a)y,af(z)+ (1 —a)f(y)) for all z,y € D and « € [0, 1].
Figure 10.2: A concave function of a single variable

A
Y

Given z and y € D, we can define:
Fla) = f(1—a)z+ay) = flz+aly — 2)).

The function F : [0,1] — R” traces out the value of f between f(z) and f(y). Note that:

P) =3 2ot aly - 2) - (i~ ) = (V@ +aly — ).y~ )
i=1 '

| Proposition |

Let D be a convex subset of R™. Let f: D C R" — R.

> fis convex (concave) on D

iff (1)

> Va,y € D, the function F': [0,1] = R: a+— F(a) = f((1 — a)z + ay) is convex (concave) L

$# PROOF
)

f is convex
(<> Ve,ye DVa e [0,1]: f(1l—a)z+ay) <(1—a)f(z)+ af(y))

Hypothesis

F' is convex

Thesis (<> Va,B€[0,1],Vr € [0,1] : F(1 —=T)a+76) < (1 —7)F(a) + TF(B))
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Let o, 8 € ]0,1], let 7 € [0,1] We have that:

Fla) = f(1-a)r+ay) = fz+aly —z))
et F(B) = f(1 =Bz + By) = f(z+ By — x)).

So:
F(1-m)a+1718) = f(z +~(y — ),
—_—
¥
= fle+ (1 —1)a+718)(y — ),

Note that:
x4+ (1 —1a+716)(y — ),
=(1-7mzx+12+(1—-7)aly —x) +76(y — x),

—_—

=(1-7)z+aly—=z)+7(x+By—12))

So

F(l=m)a+78) = f(L-7)z+aly—z)+7lz+ By —=)),
<(A1=7)fz+aly—=x))+7 f(x + By — x) by convexity of f,

F(a) F(B)
=(1—-7)F(a) +7F(B).

As such, F is convex. (1)

H hesi F' is convex
ypothesis (<> Vo,B € [0,1,¥T € [0,1] : F(1 —T)a+718) < (1 —7)F(a) + 7F(B))
. f is convex
Thesis (<> Vr,y e D,Va e [0,1]: f(1 —a)z+ay) < (1 —a)f(z) +af(y))
Note that:
F(0) = f(z) et F(1) = f(y).
We have:

(1=a)f(x) +af(y) = (1—a)F(0)+aF(1)
F((l—a)-0+a-1) F is convex
F

(@) = f((1 = a)z + ay),

| AVARI

so f is convex.
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@ 10.1 Convex functions that are C!

Cas n=1:

110

5]

Figure 10.3 shows a convex function that is also C'. Let z be an interior point of the domain of f. The tangent

line through the point (z, f(x)) at the curve of f is entirely below the curve of f.

In other words, if we consider the points A = (y, f(y)) and B = (y, f(z) + f'(z)(y — x)), we see that A is above

B,or f(y) > f(z) + f'(y)(z —y).
Figure 10.3: Convex function that is C!
A

v

| Proposition |

Let f: D C R — R be differentiable and C' on the open convex set D.
> fis convex (concave) on D.

iff (1)
> for all x,y € D:

f) > () f(@) + f'(x)(y — ).

In words, the graph of the function is above every tangent of the curve of the function.

% PROOF

f is convex.

Thesis Vo,y € D, f(y) > f(z) + f'(z)(y — x).

‘)
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Let f be convex on D. Let z,y € D and a € (0,1).

flay+ (1 =)o) < af(y) + (1 - a)f(a)
o) > fa) LTl =)~ f@)

(67

Let us define h = a(y — z) and remark that h — 0 if @ — 0.
So:

1) 2 f@)+ TEEZTD gy

If we now take the limit for h — 0, we obtain:

fy) = f(z) + f'(x)(y — ).

Voz,y € D: f(y) = f(x) + f'(z)(y — z).

f is convex.

Thesis

(1)

For all z,y,z € D:

fl@) = f(2) + f'(2) (@ — 2)
fly) = f(2) + f(2)(y —2).

So for « € [0, 1] we obtain:

If we now choose z = ax + (1 — a)y € D we obtain,

af(x)+ 1 -a)f(y) = flaz+ (1 - a)y).

So f is convex.

Ol

af(z)+ (1 —a)f(y) = f(z) + f'(2)(ex + (1 - a)y — 2).

111

Cas n > 1:

| Proposition |

> fis convex (concave) on D,
iff (1)
> Vx,y € D:

fy) = () f (@) + (Vf(2), (y — )).

Let f: D C R® = R, be a C! function on an open convex set D.
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& REMARK
The inequality f(y) > f(z) + ((y — z), Vf(y)) written for functions of two variables becomes:

fly1,92) > f(w1,22) + (y1 — xl)gjl(thlfz) + (y2 — 362)552(961,962)-

Olg

$# PROOF

Thesis Vre,y e D: f(y) > f(z) + (Vf(z),y — x).

)
Hypothesis f is convex.

Let f be convex. For all z,y € D the function F': [0,1] - R:a — F(a) = f((1 — )z + ay) is
convex. So:

F(1) > F(0) + F'(0)1.
Also:

Flla) =(Vf((1 - a)z + ay),y — z).
In particular:

F'(0) = (Vf(x),y — x).

Note that F'(1) = f(y) and F(0) = f(x). So for a = 0, we obtain,

fy) = f(@) +(Vf(z), (y - 2)).

Vo,y € D: f(y) > f(z) +(Vf(z),y —x)

Thesis f is convex.

)

Let z,y,z € D. We have:

f(@) = f(2) +(Vf(2), (z = 2)),
) = f(z) +(Vf(2), (y = 2)).

So for « € [0, 1]
af(z)+ (1 —=a)f(y) = f(z) + (VI (2), (ex + (1 = a)y - 2)).
If we choose z = ax + (1 — o)y € D we obtain,

af(x)+ 1 -a)f(y) = flaz+ (1 - a)y).

L So f is convex.

Olg
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@ 10.2 Convex functions that are C?

case n = 1:

For functions of a single variable, we also have the following property.

113

| Proposition |

Let f: D C R — R where D is an open convex set and f is C? on D.
> f is convex (concave) on D

iff (1)

> f"(z) > (<£)0,Vz € D.

$# PROOF

f is convex on D.

Thesis f”(fﬂ) > 0.

)

Let #,y € D. The function f is C' and convex on D, so:

fx) = fy) = f'y)(x —y),
fy) = f(z) = f'(z)(y — ).
0> [f'(z) = f(y)ly — )
As such,

0> [f'(2) = F' W)y — ).
< (f'(y) = fl@)y —2)) =20,
LW - 1@
y—x
Define h = y — =, we obtain,
f'lz+h)—f(z)
h

If we take the limit for h — 0, we obtain f”(z) > 0.

>0

>0 divide by (y — x)* >0

VeeD: f"(z) >0

f is convex.

Thesis

Q)
Hypothesis
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Let y,z € D. Taylor’s formula gives a € [0,1] and ¢ = (1 — a)x + ay such that:

> f(z)+ f(z)(y — ) parce que ¢ € D, et f”(c) >0

As such,

fly) = f@) + f'(@)(y — ).

Ol
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Case n > 2:

We can also generalize this proposition to functions of multiple variables.

a RECALL

Definition: eigenvalues |

Let A be a square matrix of dimension n. The number (real of complex) \ is an eigenvalue
of A if there exists a vector v € R", v # 0 such that

Av = .

The vector v is called an eigenvector. L

all]

A square matrix A of dimension n x n has n eigenvalues (some of them may have the same value).
We can find them by solving the following equation:

dét (A — \I) =0,

where I is the unit matrix of dimension n.

|_ Definition |

Let A be a symmetric matrix of dimension n.

> A is positive definite (p.d.) iff 2/Az > 0, Vz € R", x # 0
> A is negative definite (n.d.) iff 2’Ax < 0, Vx € R", x #0

> A is positive semi-definite (p.s.d.) iff 2’ Az > 0, Vo € R"

> A is negative semi-definite (n.s.d.) iff 2/ Az <0, Vo € R" [
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Proposition |

Let A be a symmetric matrix (n X n).
> Ais p.d. iff all of its eigenvalues are > 0.
> A est n.d. iff all of its eigenvalues are < 0.

> Ais p.s.d. iff all of its eigenvalues are > 0.

> Ais n.s.d. iff all of its eigenvalues are < 0. L
a alC]
E]|:-
| Proposition |

Let f: D C R™ — R be C? on the open convex set D.

> f is convex (concave) on D,

> Va € D, the hessien H¢(x) is p.s.d. (n.s.d.). L

iff (1)

PROOF

Hypothesis f is convex.

()

Let f be convex. We have that for all z,y € D, the function F' : [0,1] - R : a — F(a) =
f((1 = @)z + ay) is convex. As such, for all « € (0,1), F"(«) > 0.
we have:

Vo € D, Hy(x) is p.s.d.

Fl(a) = (VA1 — )z + ay),y — x),

0<F'(a)=(y—2a) - Hi(l-)z+ay) - (y—x)
if we now take the limit for o« — 0:
0< F"(0) = (y—2)Hs(x) - (y — ).

This inequality is true for all y in a neighbourhood of z, so Hs(x) is p.s.d.

(1)

Hypothesis Vo € D :Hy(x) is p.s.d.
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s

Thesis f is convex.

Let z,y € D. Taylor’s formula gives a value a € [0,1] and ¢ = (1 — a)z + ay such that:

(y — )" Hy(o)(y — @),
> f(CU) + <vf(33), (y — 33)> because ¢ € D and Hy(c) est p.s.d.

So, Vy € D,
fy) = f(@) +(Vf(z),(y —z))

Conclude that f is convex.

| Proposition |

Let f: D C R® — R be a C? function on the convex and open set D. Let z € D.

> If the hessian H(z) is p.d. (n.d.)

> fis convex (concave) on a convex neighbourhood of z. [

then (J)

"

REMARK
> As convex neighbourhood of x, we can take an open ball centered at x.

> If Hy(x) is p.d. (n.d.) for all x € D, then f is also convex (concave) on D.

PROOF
Hypothesis Hy(x) is p.d.
f is convex on a (convex) neighbourhood of z.

v

As Hy(x) is p.d., its eigenvalues are strictly positive.

v

The eigenvalues are continuous functions of the elements in the matrix # () and the elements
of the matrix H ¢(x) are continous in z (because f is C?).

v

As such, there exists an open ball B centered at x such that for all y € B, H;(y) have strictly
positive eigenvalues.

> Assuch, Yy € B, Hy(y) is p.d.

> On this open ball B (which is a convex set), f is C? and H; is p.s.d. As such, f is convex on B.
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f:R?2 5 R:(2,y) = 22+ 9% is C*® on R? which is a convex and open set. .
The function is convex on R2 because as:

of of 0% f B 0% f B 0% f
o = 2, 3y = 2y, ()2 =2, 2 0.

o(y)2 7 0xdy -

g (2)} [Zl} = 20? + 203 is strictly positive for all (vi,vs) # (0,0).
2

This means that H¢(z) is p.d. (note that H is a diagonal matrix, so its eigenvalues are 2 and 2,
which are strictly positive).

so the quadratic form [vl vg] [

The function f: R? — R : (z,y) — 22 is convex on R? as:

of _
or

of _ O _ P _ P

2oy T o) owdy " 0(@)?

U1
U2

and the quadratic form [vl vg] B 8] [

such, H; is p.s.d. on R2. The eigenvalues are 2 and 0 > 0.

] = 2v? which is always greater or equal to zero. As

ElS] 10.3 Sylvester’s criterium [ElS)]

| Definition: Principal minor of a matrix |

Let A be a symmetric matrix (nxn). The principal minors of order k of the matrix A are the determinants
of the square submatrices of size k obtained by deleting n — k rows and n — k columns with the same
indices.

all]

Definition: Dominant principal minor of a matrix |

Let A be a symmetric matrix (n x n). The dominant principal minor of order k& of the matrix A is the
determinant of the square submatrix of size k obtained by deleting the last n — k rows and n — k columns

of A.
zlC]
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Let A be a symmetric matrix (n x n).
> Ais p.d. iff the n dominant principal minors of A are > 0.

> Ais n.d. iff the kth order dominant principal minor of A is > 0 if k is even and < 0 if k is odd. (the

strict sign is (—1)%).

A is p.s.d. iff the principal minors of A are > 0.

A est n.s.d. iff the principal minors of order k are > 0 if k is even and < 0 if k is odd (the weak sign

is (—1)).

EXAMPLE

Let A = . We have:

N Ot =
oo W Ot
=~ 00 N

> dét [1] >0

—_

5
> dé =3-25=—
dét 5 3] 3—25 22 < 0.

=-64<0

9
> dét |5 3
8

= 00 N

So A is neigher p.d. nor n.d.

Ol

EXAMPLE
1 2 .
Let A = [2 4]. We obtain:

> All principal minors of order 1 (1 and 4) are > 0.

1 2
> dé =
dét [2 4] 0,

So A is p.s.d. We see also that the eigenvalues are equal to 5 and 0.

5]

P2

EXERCISES

Determine the sign (p.s.d., n.s.d., p.d., n.d., indeterminate) of the following matrices.

-2 -6 0

@A: 6 -1 -1
0

-1 4

10.4 Exercises and answers
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2 -1 0
OB ER
0 -1 2]
(2 —1 —1]
c=|-1 2 -1
-1 -1 2]
1 2 3
OERER
3 49
-1 3 0
@ E=|3 -9 0
|0 0 =2
. . . . |2 2a
For which value of a is the following matrix [2& B 2} s.d.n.?

Determine the convexity, concavity of the following functions.
@ fz,y) = 2® +y* — 3ay

f(z,y) = In(xy) with z,y > 0.
fla,y) = ey

@ flz,y) =2y’ 0<a<1,0<B<1) and dom f = R%

2
(] f@y) =2 on {(x.y) € R2ly > 0}
Demonstrate that the sum of two convex functions is also convex.
Let D C R™ be a convex set. Show that f: D — R is convex if —f is concave.

Let D C R” be a convex set. Show that if f: D C R® — R is convex, C! and homogeneous
of degree 1, then Vy,x € D:

(V). y) = (Vf(x),y)

Study the convexity of the following function f(x,y,z) = e*T* + y* in R3.
u

Dls

& ANSWERS

Determine the sign of the matrices.
@ Ag = —34 so A is indeterminate.
(v]) &

:2,A2:3,A3:4soBis p.d.
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Al =2, Az =3, Ag =0 so C is not p.d. nor n.d.
A1 =2,2,2,Ar=3,3,3,A3 =0, so C is p.s.d.

@ Ay = 1, Ay = 1, Ag = —4, so D is indeterminate.
@ A = —1,A2 = O,Ag =0, so F is not n.d. nor p.d.
A=-1,-9,-2<0,A,=0,2,18 >0, A3 =0<0s0 Fisns.d.

We want that A; = —2,—2 < 0 and Ay = 4 —4a? > 0. This gives the condition 4(1 —a?) >0
which holds for all values a € [—1,1].

2
Let us determine the hessian. We have g‘;(:c, y) = 2z — 3y, gi — 2y — 3 s0 (;ECCL; —9,
2 2 -
38(.@])02 = 2 and aiﬁfy = —3 so the hessian equals H; = [_23 23]. The eigenvalues are

the roots of the following equation.
(2-X2)2-9=X—-4\-5

We have A = 16 + 20 = 62. The roots are % and %. One is positive and the other

one negative, so f is not concave and not convex.

1 1 2 1
@ Let us determine the hessian. We have 8—f = — and a—f = —. As such, ﬁ = —-——
or = dy vy d(z)? z?
0 1 0? /92
and 8‘; = —? and 8aj8fy = 0. As such, the hessian equals Hy = [ 1(4% _1(;1/2}
The two eigenvalues are negative, so f is concave.
0 0 0?
Let us determine the hessian. We have —f = €Y and —f = €Y. As such, 7f =
ox Ay d(x)?
2 2 Tty Tty
Tty ;(y]); = e*¥ and 883;;97; = €*¥ 5o the hessian is H = Z‘”+y ;er]. One of the

eigenvalues equals 0. The other is the root of the following equation:

(e¥TY — \)2 — 2@HY) — 0 - HY _ )\ = 1Y

A = 2¢(+%) > 0. As such, the hessian is p.s.d. which means that f is convex.

. ala =Dz 2y’ apfzelyf-1
@ The hessian equals Hy = (aﬁa:a_)lyﬂ_ly 5(;— l)xyo‘yﬁ_Q] .

The determinant of this matrix equals:

2?2?72 Ja(a —1)B(B — 1) —a?B%]
— x2a72y2ﬁ72a6 [1 o ,8 o Oé]

So it is positive if o + 8 < 1 and negative if a + 8 > 1. The principal minors of order 1
are non-positive. As such, the function is concave if o + § < 1.
0 2z 0 2 0? 0? 2 0? 2
@ We obtain —f:—x, —f:—x—. So / =2 / — 9% and / ——
or y’ Oy y> ox)? ¥ Oy)? dxdy y?

2
2 L,
As such, Hy = yx x% . The determinant equals
25 23
Yy Y



CHAPTER 10. CONVEX FUNCTIONS

z? z? z?

/i S T
vty y

As such, the principal minors of oder 1 are non-negative and the principal minor of order
2 equals 0. This means that the function is p.s.d., so f is convex.

Let f,g: D C R™ — R be two convex functions on D, a convex subset of R". For z,y € D
and Vo € [0,1] We have:

flaz+ (1 —a)y) <af(z)+(1-a)f(y),
glaz + (1 — a)y) < ag(z) + (1 — a)g(y).

If we take the addition, term by term, we get:
flaz+ (1= a)y) +glaz+ (1 —a)y) < a(f(x) +g(x) + (1 —a)(f(y) +9(u))
So f 4+ g is also convex.
If f is convex, then Vz,y € D, Va € [0, 1]:
flaz+ (1 —a)y) < af(x)+ (1 —a)f(y).
Multiply both terms by —1:

—flaz+ (1 —a)y) 2 a(=f(2)) + (1 — ) (=f(¥))-
As such, —f is concave.

@ The function f is convex and C!, so Va,y € D,

fy) = (@) = (Vf(2),y —2) = (VI(2),y) = (V[(2), )
[ is homogeneous of degree 1, so f(z) = (Vf(z),z) and f(y) = (Vf(y),y). As such,

(VIw),y) = (Vf(x),y).

fis C* on R3.

The hessian of fis Hy= | 0 12y2 0 |. The principal minors of order 1 are e*** > 0
ez+z 0 €x+z

ez+z 0 €x+z

and 1232 > 0. The principal minors of order 2 are 12y%e**# > 0 and 0. The principal minor
of order 3 is 0. As such, Hy is p.s.d. and f is convex.

We can also calculate the eigenvalues which are 0, 12y? and 2e**7. All three of them are > 0.

121




ElS] 11 Implicit functions [ElS

EXAMPLE
Question: Given an equation g(x,y) = ¢ (¢ € R). Under which conditions is this equation equivalent
to an equation of the form y = f(x) where f is a function?

y—>5

> The equation 3z —y + 5 = 0 is equivalent to the equation y = 3z + 5 or the equation x = 5

As such, an explicitation of y as a function of x or x as a function of y.

> The equation 22 4+ y? = 1 can be transformed to 4> = 1 — 22. So y = +v/1 — 22. We have two
expressions of y as a function of x.

> The equation e®¥ 4+ 7x + 9y — 10 = 0 is more problematic to rewrite ...

e &

REMARK
We work “locally”

Figure 11.1 shows the idea. In a neighbourhood of (z,y), the value of y that satisfies f(z,y) = 0 can be

Figure 11.1: Equation y? + 2% =1

Y

expressed as a function of .

122
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Figure 11.2: Equation v +a? =1

Y

Figure 11.2 shows that in the neighbourhood of the point (1,0) this does not work, as there are mulitple values
of y for a same value of x. As such, y cannot be expressed as a function of x in this neighbourhood.

Remark the vertical tangent at (1,0) (infinite partial derivative for the desired function) which means that

Jg
1,0)=0.1 :

Gy( ,0) = 0. Indeed
o(x* +y%)
71 =

L =0

The implicit function theorem in the simplest version:

| Proposition: Implicit function theorem |

> If g: D C R? - Ris C! in a neighbourhood of (Z,%), interior point of D.

> If g(Z,y) = ¢, with ¢ € R a constant.

99

> Z.7) # 0.
If ay(aﬂ,y) #0

then (])

> there is an open ball A C R centered at T and an open ball B C R centered at y and there exists a
function f: A — B: x> f(x) such that

o Vx e A:g(z, f(x)) =c,

e In addition, f is differentiable at T and:

dg .
fﬁ:‘%&?-
Fy( 7y)
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dg - =
8:6

T,y
Where does the expression f/(Z) = ~ 9y come from?

dy

A A

z,7)

—~

We have (given the conditions of the theorem), Vo € A,y € B : g(z,y) = 0 <> y = f(x) where f is a function
defined in a neighbourhood of 7.

In this neighbourhdoo, we have g(z, f(x)) = c¢. If we take the derivative of both sides with respect to z, we
get:

9y g ;o
90 T F@) + 5 @ [ @) f (@) = 0.

Evaluating this at x = 7, we obtain:

dg

“zq
pa = oV
%.5)
oy Y
® EXAMPLE
Let eV + 7x + 9y — 10 = 0. can we express y as a function of z in a neighbourhood of (0,1)?
The equation g(z,y) = €™ + 7z + 9y — 10 is equal to 0 if (z,y) = (0, 1).
g(z,y) is C* in R? because ¢ is the sum of an expontential and a polynome of degree 1.
Also, g (z,y) = xze®™ + 9 which equals 9 # 0 if (z,y) = (0, 1).
Y
Using the implict function theorem, g(z, f(x)) = 0 in a neighbourhood of (0,1) where f satisfies
f(0) = 1. In addition:
Jg
F=-9—-—2
90,1y 9
oy’
We do not know f, but, we know f(0) and f’(0). Using a Taylor approximaiton of order 1, we
L have thatf(z) ~ f(0) + zf'(0) = 1 — Ba.
Olg
® EXAMPLE
y = k0% and f(k,0) = 3. Consider the equation f(k,?) = § = 0 and g(k,¢) = f(k,€). If g is
C* in a neighbourhood of (E,Z) and glgg(/k\:,lﬁ) gi(%, A) # 0 we have a function k(¢) defined in a
neighbourhood of ¢ such that g(k(0),0) = f(k(¢),f) =y and
of ~ ~
_ B&D
K'(€) =
i
ok
BkeB-1
ako—170B
__PBk
. ol
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Generalisation: Consider n equations g (z1,...,Zm) =1, ..., Gn(T1,.. ., Tm) = ¢, (m >n)andcy,...,c, € R
constants. Here, we have m unknowns and n equations. For which conditions, can we write n of the m unknowns
in terms of the p = m — n other variables?

> We can define g = (g1, ..., gn) which defines a function g : D C R™ — R™.
> These equations are compatible with at least one point € R™ if ¢(Z) = c.

> There are m unknowns and n equations. If n < m, we can expect to select n variables among the m and
express these as a function of the others (solve the system of equations). Let us call y1,...,y, the variables
that we want to determine as a function of the others z1,2z2,...,2, (n +p=m)

> The point (Z,y) with ¥ € RP and y € R" satisfies the system

~

gl(aj\l---u/x\pa/y\lw"ﬂyn)zo

gn(fl,...,fc\p,ij\l,...,f/\n) = C.

Consider the jacobian of the function g = (g1, ..., gn) with respect to the variables (z1,...,zp) and (y1,...,Yn):

991 991 g1 991 ]
Rl
Jol&D = \Ogn  Ogn Ogn g
R

n:: (nxn)

sy B(.)

> In the general case, the condition is that det B(Z,y) # 0 or equivalently that the rang of the (n x n) is of
rank n.

Proposition |

> Let m > n,g: R™ — R" noted as g(z,y) with p+n=m, z € RP,y € R",
> Let (z,y) satisty ¢g(Z,9) = c,

> If g is C! on an open ball centered at (Z,7)

> If det B(z,y) #0.

then

> there exists a neighbourhood A C RP of ¥ and a neighbourhood B of i and there exists a function
f=(f1,--.,fn): A— B such that

o y=f(z),
e Vx e A:g(z, f(z)) =c
e In addition, f is partially differentiable at T and:

Jy(@) = -B(@,§) A7) i




CHAPTER 11. IMPLICIT FUNCTIONS 126

To understand the condition J¢(Z) = —B(Z,9) ' A(Z,7), let us start with the system of equations g(z, f(x)) =
c

gi(zr, ..z, oz, (@, g, )y fa(T, g, Tp)) =
gi(z1, ..z, xp, fi(xn, T, ), (@, T, ) = 6
gn(T1, .z, xp, fi(xn, T, )y (T, T, ) = e

Let us take the derivative of the equation g;(z, f(z)) = ¢; with respect to z;:

agl agz afk
=0.
gz, O @)+ Z @) gy, @)
We obtain a system of p x n equations (j =1,...,p;i =1,...,n) that can be put in matrix form:
991 9911 [99 9917 194 oh
8.%'1 o 81‘p 8y1 o ayn 8.%'1 o 8iL‘p 0 ... 0
ST ) R ST A = EET
9gn 99n | | O9n 9gn | | Ofn | [0 ... 0
dry Oz Oyn ~ Oypd LOx1 = Omyp
(nxp) (nxn) (nxp)
A(z,y) B(z,y) Jf(z)

Evaluating this at = ¥ (with ¥ = f(Z) and rewriting this system, we get:

Jp(@) = ~B(z,5) " A@.9).

Let us try to extract y from:

2242 =1,

V2 V2
272 |

in a neighbourhood of a = (

Let g(x,y) = #? + y%. We have that g(a) = 0 and gg( ) =+v2#0.

Using the implict function theorem, we obtain a function f defined in the neighbourhood of @
that satisfies,

g(z, f(x)) =

for all points in this neighbourhood, and:
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® EXAMPLE
Try to extract, z, y ou z from:
i+ =1
2 V2
In a neighbourhood of a = <0, \2f’ \2[> . Note that if g(x,y,2) = 22 + y? + 22, we obtain g(a) = 1
and Jy(a) = Vg(a) = [0,v/2,v2]. So we can extract y as a function of z and z or z as a function
of x and y, but not = as a function of y and z.
For the first, we obtain a function f(z,z) defined in a neighbourhood of (0,1/2/2) that satisfies :
g(xv f(xv Z)v Z) =1,
for all points in this neighbourhood, and:
y % o %,
ox 0z
—(0,v2/2) = — =0et —(0,V2/2) = — = —1.
g0V = = =0 502 = e
dy Ay
For the second, we obtain a function f(x,y) defined in a neighbourhood of (0, v/2/2) that satisfies:
g(fL‘, Y, f(l', y)) =1,
for all points in the neighbourhood and:
dg dg
of 2: Y _ o oy
—(0,v2/2) = - ¢L =0et —(0,v2/2) = — =—1.
| 0z 0z
Olg
ElS] 11.1 Exercises and answers 25
/# EXERCISES
For the following equations. Verify if we can use the implict function theorem at the point
indicated. If so, give the derivative of this implict function.
@ In(zy) =0 and (z,y) = (1,1).
@ Vo2 +y?2=5and (z,y) = (3,4).
vt +y3 —y? — 22 + 2 — y = 0 and the points (0,0) and (1, 1).
2 2 ) 2 _ 0
Consider the system Ty N and the point (1,1,1). Show that for = close to
22+ 2y° 4+ 22 =4
1 there is positive functions fi(x) and fa(x) such that (z, fi(x), fo(x)) solve the equations.
L Determine f{(1) et fi(1).
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& ANSWERS
(justify!)

9
@ Let g = In(z,y). We have g(1,1) = In(1) = 0 and 8—5(1,1) — 1 #£ 0, so there is a

function f that satisfies g(z, f(z)) = 0 in the neighbourhood of 1. We have :

4
@Letg:,/x2+y2—5. We have g(3,4) = v/25 -5 = andg§(3,4)—2\§>—57&0

So, there is a function f that satisfies g(z, f(z)) = 0 in a neighbourhood of 3. We have:

0
'3) = ai(“)_ 6__3
f3)=- dg =3~ 1
3y(34)

Let g = 2% + 3 — 92 — 22 + 2 — y. We have ¢(0,0) = 0 and g(1,1) =0

For the point (0,0) we have g (0,0) = —1 # 0. So, there exists a function f defined in
Y
the neighbourhood of 0 and for all z in the neighbourhood of 0, g(z, f(x)) = 0. and:

Yoo
/ 0 = —7858 = - = 1.
70) = 2
ﬁ(o 0) —1
oy’
. dg g
For the point (1,1), we have 8—(1, 1) =3—-2—1=0. On the other hand, 9 (1 1) =
Y

4—2+4+1=3%#0. So we can find a function f defined in a neighbourhood of 1 such
that g(f(y),y) = 0 for all y in the neighbourhood of 1.

‘We have:
291,1)
f/(l) == 83/ =0
i(l 1)
oz’

Let g1(z,y,2) = 22 + 4% — 222 and go(x,y, 2) = 2% + 2% + 22 — 4. Verify that ¢1(1,1,1) =0
and g2(1,1,1) = 0.

Also:
991 891
g2 92 4 2|’
1,1,1 1,1,1
oL ZELY

which is of rank 2 (determinant equals 20). As such, there exist functions fi(z) and fo
)

(x
defined in the neighbourhood of 1 such that g;(x, fi(z), fo(x)) = 0 and g2(z, fi(z), fa(x)) =

)
0
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for all z in the neighbourhood of 1. Also:

agl agl /

—_— —(1,1,1 1
gw (1,171)—’—883/( ) Ly )fl( )+
99 99 :

L[z a0 =0
24 4f](1) +2f5(1) = 0

)

I
|
M‘H
|
LN
I
—_

3,
I
[
gl—uiwe O
—_

i =-3
& 1
fo(1) = 5
Note that:
1
s =-n-a== [ 5 [}

991

0z
992

0z

(17 1, 1)fé(1) =0,

(1’ 1’ 1)fé(1) = O,
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ElS] 12 Unconstraint optimization [ElS)]

Let f: D C R® — R. We would like to find # € D that maximizes (minimizes) f(z) on D:
v =max f(z),
% € argmax f(x)
xzeD
or
v = min f(z),

% € argmin f(z)
xzeD

The value v* is the maximum (minimum) value. The point Z is a maximum (minimum).

Consider a firm with production function y = k/%¢3/5. Let:

price y = 10
price k =1
price £ = 2

The profit of the firm is 7 (k, £) = 10(k/°¢3/%) — k — 2¢. We have the problem:
(k,0) € arg max 10K /26375 — | — 20

" = arg max 10kM/563/5 — | — 20

9

Definition: global maximum /minimum

Consider f: D CR"” - R:z — f(z) and Z € D.
> f has a global maximum at 7 iff f(z) > f(z) Ve € D

> f has a global minimum at 7 iff f(z) < f(x) Vz € D.

Definition: local maximum/minimum

Consider f: D CR" - R:z — f(z) and Z € D.
> f has a local maximum at 7 iff there is a neighbourhood V' of Z such that f(z) > f(z), Vx € VN D.

> f has a local minimum at 7 iff there is a neighbourhood V' of Z such that f(z) < f(z), Vo € VN D.

all]
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& REMARK
¥ T is not necessarily an interior point of D.

> If f has a local extremum at Z on D, f also has a local extremum at T at every subset of D that
contains Z.

Olg

| Proposition |
If f: D CR"™— R has a global extermum at T,
then (J)
f has a local extremum at T.
]
ElS] 12.1 Continuous image of a compact set 2]

‘a RECALL
> f:la,b] = R:2zw f(z). If fis C° on [a,b], then f has a global maximum and global
minimum on [a, b].

> A subset of R™ is compact if it is closed and bounded.

Olg

| Proposition: Extreme value theorem '

A function f: D C R™ — R continuous on a compact (non-empty) set D has a global maximum and a
global minimum on this set.
all]

EXAMPLE
> f:]0,1] x[0,1] : (z,y) — f(x,y) = x -y has a global maximum at z = y = 1 and a global
minimum at z =y = 0.

> f:R—=R:z+— 1+ x/2 does not has a global maximum (minimum) in R.
> f:]0,3[= R:2z— 1+ x/2 does not have a maxium in [0, 3[

1+2/2 six<2

] does not have a maximum in [0, 3].
3—x six > 2

> f:[O,B]H]R:xr—){

REMARK
This theorem is of limited use in practice as it does not say where the maximum/minimum is.

« &




CHAPTER 12. UNCONSTRAINT OPTIMIZATION 132

ElS] 12.2 Necessary first order conditions 25]

'a RECALL

(n =1): Necessary first order conditions. Let f: D CR - R:z — f(x).

If f is differentiable and Z, interior point of D and if f has a local extremum at Z, then f/(Z) = 0.
So, the candidats for an extremum are:

> Non-interior points of D.

> Interior points of D where f is not differentiable.

> Interior points of D where f is differentiable and where f’(x) = 0 (critical points of f).

s

Case n > 1:

| Proposition: Necessary first order conditions |

Let f: DCR"— R
If:

> f has a (local) extremum at Z, interior point of D.

> fisClatz

then (])
> the gradient of f is zero at Z (i.e. Vf(Z) = 0) L
]
% PROOF
f has an extremum at 7.
Consider the function F(x;) = f(Z1,...,Ti—1,Ti, Lit1,---,2Ln) defined in a neighbourhood of Z;.

The function f(z) has an extremum at  so F' has an extremum at ;.
By hypothesis, F(x;) is differentiable at Z;, interior point of its domain of definition, so F'(Z;) = 0
(first order condition for functions of a single variable). As such,

af

(@) = 5-(@) = 0.

L This derivation is true for all i =1,...,n so Vf(Z) = 0.
Dl:-
| Definition: Critical points |

Let f: D C R® — R. The point Z € D is a critical point of f iff Vf(z) = 0.
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& REMARK
The points  where f: D C R™ — R can have a maximum are therefore:
> Critical points of f where Vf(Z) =
> Interior points of D where the gradient of f does not exist.
> Non-interior points of D.
Of course, when we look for extreme points of a partially differentiable function defined on an open
L set, the only candidates are the critical points.
Olg
@ EXAMPLE
Let f:R? — R : (z,y) — 22 +y2. This function is partially differentiable at all points of the open
set R2.
0 0 22 =0
The partial derivatives are —f(x,y) = 2z and —f(:c,y) = 2y and the system f has a
Ox oy 2y=0
single solution (Z,y) = (0,0); the point (0,0) is the only candiate for an extremum.
Is it an extreme point?
Here we can use common sense: f(0,0) = 0% 4+ 0% =0 and f(z,y) > 0 for all (z,y) € R?. As such,
L (0,0) is a global minimum.
Olg
@ EXAMPLE
max 10,2035 — k — 20,
k0
The function 7 (k, £) is C! on R2. The first order conditions give:
> O X (e, 0) = 2k=433/5 — 1 =0
ok
> O ) = 8ii/si-25 —1 =
ol
L These conditions give one candidate extremum: (k,/) = (108,162).
Olg
ElS] 12.3 Sufficient second order conditions 25]

EXAMPLE

Let f(x,y) = 22 — 3. The first order conditions give 2& = 0 and 2 = 0. As such, we obtain one
critical point (candidat for a maximum/minimum) (z,y) = (0,0). But (0, 0) is not a maximum nor
a minimum. For example, f(0,1) < £(0,0) < f(1,0).
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@ RECALL
(n = 1) Sufficient second order condition. f: D CR —» R:z — f(x).

> If f is convex (concave) on D and f'(Z) = 0 we have a global minimum (maximum) at Z.

> If f is two times differentiable at Z, interior point of D and f/(Z) = 0. If f”(Z) > (<)0, we have
a local minimum (maximum) at Z.

Dl

Cas n > 2:

| Proposition: global sufficient second order conditions |

Let f: D C R"™ — R with D a convex open set.
If

> fisC' on D,
> 7 is a critical point of f,i.e. Vf(Z) =0
> fis concave (convex),

then (J)

> f has a global maximum (minimum) at . L

$# PROOF

Hypothesis f is C! and concave on D and Vf(Z) =0 .

Thesis Ve e A: f(z) > f(z).

The function f is concave and C' on D. As such, Vy € D:
fly) < f(@) +(Vf(@), (y — 2)).
By hypothesis, V f(Z) = 0, so:

fly) < f(x),Vy e D
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| Proposition: local sufficient second order conditions |

If

Let f: D C R* - R.

> fis C? in a neighbourhood of Z, interior point of D,
> Vi(E) =0
> Hy(7), is n.d. (p.d.).

then ({)
> f has a local maximum (minimum) at z. L
all]
$# PROOF
f is C? on a neighbourhood of Z, Vf(Z) = 0 and H;(Z) is n.d.
Vr e B: f(Z) > f(z)

> The function f is C? in a neighbourhood of Z and H (%) is n.d.
» We can find an open ball centered at Z contained in B on which f est concave and C?.
> As fis C? it is also C.

> Let B be this open (convex ball where f is concave and C*. If we restrict the domain of f to B,
we can use the global necessary second order conditions to conclude that f(z) > f(x),Vz € B

« &

REMARK
We have the remaining cases where H;(Z) is p.s.d. or n.s.d.

EXAMPLE
max 10kY/5¢3/5 — | — 2¢.

We have one candidate maximum (k, #) = (108,162). The function 7 (k, £) is C2. We have.

—81.—9/543/5 gk—4/5£—2/5

Hr(k, l) = %514:74/5572/5 _Tukl/‘r’ﬁ?/‘r’ :

We can verify that this matrix is n.s.d., so 7 is concave. The candidate maximum is a global
maximum.
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@ 12.4 Exercises and answers

/# EXERCISES

flz,y) =2+ — 3ay
flz,y) = 2%+ (z —y)?

$4

4 2
2+a:y

(xa y) = 2

X

(@.y) = 14 22 + 42

flz,y) =9>+aylna.

HEHEHEBER

the extrem points.

@ Determine all its extrema.

ud

Ol

flz,y) = (x—y)* + (z - 3)*

Determine all extreme points of the following functions.

f
flz,y) =x2+ 2% —y+yz+y? + 322
f

After having studied the convexity of the function f(z,y) = —(z —1)? — 3y? in R?, determine

Study the convexity of f(z,y) in the open ball centered at (0,0) with radius 1/2? Give
the nature of the extreme points.

For which value(s) of the real non-zero parmeter a does the function f(z,y, z) = z2e¥ +y%e* +

az?e® have an extremum at (0,0,0)? Give the nature of this extremum.

Determine the point P on the plane R? such that the sum of the distances between P and
the K points P; = (x4,y;),i = 1,..., K is minimal.

136

& ANSWERS

@ The function f is C* on R?

First order conditions:

of

0y

The hessian equals Hy = [

==(2,y) =3y* = 32 =0

6x
-3

—=(z,y) = 32° - 3y =0,

We obtain the solutions (0,0) and (1,1).

-3 . . P
6y] The principal minors of order 1 are positive if
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x,y > 0 and negative if x,y < 0, the principal minor of order 2 equals 36xy 4+ 9. This is
positive if 4zy + 1 > 0.

So f is neither concave nor convex.

In the point (0,0), the principal minors of order 1 are zero and change sign in the
neighbourhood of (0,0) and the principal minor of order 2 is positive. So we can not
reach a conclusion (saddle point).

In the point (1, 1), the principal minors of order 1 are strictly positive and the principal
minor of order 2 is also strictly positive, so the hessian is p.d. We can conclude that
(1,1) is a local minimum. This point is not a global minimum (indeed f(1,1) = —1,
while, for example, f(—2,0) = —8).

The function f is C* on R2.

The first order conditions are:

0
gf(f,y) =32% +2(z —y) =0,
az(w,y) =2@z-y)=0
We obtain the solution (z,y) = (0,0).
For the second order conditions, we can calculate the hessian of f, Hy = {63:_—; 2 _22} .

The sign of the principal minors of order 1 change depending on whehter x > 1/3 or
x < 1/3. As such f is neither concave, nor convex.

At the point (0, 0), the principal minors of order 1 are strictly positive and the principal
minor of order 2 is 0 and changes sign in the neighbourhood of (0,0). So (0, 0) is neither
a local minimum nor a local maximum: f(0,0) = 0 and f(a, 8) = a3+ (a — 3)? for a, B
arbitrary close to (0,0) (in the neighbourhood of (0,0)). When looking at the points
(o, B) with a = 8, we have f(a,3) = a3 which is > 0 if @ > 0 and < 0 if a < 0.
Arbitrary close to (0,0), there are points where the image is > 0 and points where the
image is < 0, which gives the desired conclusion.

f is C* on R?. The first order conditions are:

O (a,9) = A 1) + 4z — 3P = 0

i

gy(w,y) = Az —y)’=0

The solution to these is (3, 3).
For the second order conditions, we calculate the hessian of f, H;y =

12(x —y)? +12(z — 3)? —12(z — y)?

[ —12(z —y)° 12(z — y)?
The principal minors of order 1 are non-negative. The principal minor of order 2 is
144(x — 3)%(z — y)? > 0. As such the function f is convex. The point (3,3) is a global
minimum.

@ The function f is C* on R%. The first order conditions are:

0
—f(ac,y) =2z — 223 +9y? =0,

i

oy =0
y e

137
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The solutions are (0,0), (1,0) et (—1,0).
2 — 622 2y

2 Qx] . The principal

For the second order conditions, the hessian of f is H; = {

minors change sign, so f is neither concave, nor convex.

In the point (0,0), the principal minors of order 1 are 2 and 0 and the principal minor
of order 2 is 0, so we cannot reach a conclusion. The sign of the principal minors change
in the neighbourhood of (0, 0).

At the point (1,0), the dominant principal minor of order 1 is —4 and the dominant
principal minor of order 2 is —8, so we cannot reach a conclusion either.

At the point (—1,0), the dominant principal minor of order 1 is —4 and the dominant
principal minor of order 2 is 8, so H(—1,0) is n.d. and f is concave in a neighbourhood
of (—1,0). As such, the point is a local maximum. The maximum is not global because

1 1
f(=1,0) = 2 but, for example, f(v/2,1) = V2 > 7
The function f is C* on R3. The first order conditions are:

O (py2) =2 4 20 =0

@(%,y,2)2—1+2+2y207

of B B
a(x,y,z)—xﬂ-y—f—ﬁz_o

The unique solution is (1/20,11/20,—1/10).

For the second order conditions, we will determine first the hessian of f which is H; =
2 01
0 2 1|. The dominant principal minor of order 1 is 2 > 0. The dominant principal

1 16
minor of order 2 is 4 > 0 and the dominant principal minor of order 3 is 20 > 0, so H

is p.d. and f is convex. The point (1/20,—1/10,11/20) is a global minimum.

f is C* on R?. The first order conditions are:

O oy L2249 g
oz Y (a2 4y 7
ﬂ(w )__230—9_0
oy T T g

The solutions are (1,0) and (—1,0).
We have that f(1,0) = 1/2 and
x
=——<1/2
f@9) = T < 12
o2 <1422+
= 0< (x4 1)2 4+ 42
which is true.
We have that f(—1,0) = —1/2 and

T
= >

<—>2m2—1—x2—y2,
S r+1)2+92>0

_1/27

which is also true. As such, (1,0) is a global maximum and (—1,0) is a global minimum.

138
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The function f is C*° on R4y x R.

The first order conditions are:

3 (z,y) =yln(z) +y =0
By (x y) =2y+zIn(x) =0

The solutions are (1,0) and (e~1, e~ 1/2).

For the second order conditions, we determine the hessian of f, H; =

% In(z) +1 . The principal minors change sign, so f is neither convex, nor
In(z) +1 2 ’ ’
concave.

. 1 L
At (1,0) we have the hessian [(1) 2] , so we cannot reach a decision.

At (e71,e71/2) we have the hessian [1(/)2 g

p.d. at (e7!,e71/2). As such, it is a local minimum. The point is not a global minimum

]. The eigenvalues are 1/2 and 2, so Hy is

1 1 1 —1
because, f <e’ 2e> ="z and, for example, f(e,—1)=1—e < 1z
. . oo 9 . . . -2 0
The function f is C> on R* (polynomial). The hessian of f is Hy = 0 —6l° The

dominant principal minor of order 1 is —2 < 0 and the dominant principal minor of order 2
is 12 > 0, so f is concave.

The first order conditions give

So (1,0) is a global maximum.

@ The function f is C™ in R2.

The first order conditions are:
of

i

5 (2y) = —2ye” ) =0

(,y) = —2ze~ (@) =0,

The solution to these equations is (0,0). It is a global maximum because it is a global

maximum of the function —(2? + y?) and the function exp() is montonte (strictly in-

creasing).

(422 — 2)e~ (@ +v?) Agye (@ +v?)
dxye~ (@) (432 — 2)e~(@*+v?)

values of (z,y) in the ball, the first dominant principal minor is est < 0 and the second

1
equals (—8(z2 + y2) + 4)e~ @ Hv?) > (—85 + 4)e~ (@) = 0. As such, Hy(x,y) is n.d.
V(x,y) € R? and f is concave in the ball.

@ The hessian of this function is H F= . For all

139
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Va;«éO,fisCooinR3.

The first order conditions are:

0
gf = 2xeY + az?e® =0,
j = z2e¥ + 2ye* =0,
gy
of = y%e* + 2aze” = 0.
0z
At the point (0,0,0) we obtain
0=0
0=0,
So (0,0,0) is a solution for all . The hessian of f is Hy =
2eY 4 az?e” 2zeY 2cze” 2 0 0
2xeY z2e¥ 4 2¢* 2e* . At the point (0,0,0) we obtain: [0 2 0 [. All
200z€” 2ye? y2e” + 2ae” 0 0 2«

dominant principal minors are > 0 if &« > 0. If so, the point (0,0,0) is a local minmum. In
addition, this minimum is global because, for a > 0, f(z,y, z) > £(0,0,0) = 0,V¥(z,y, z) € R3.

The hessian cannot be signed if o < 0.

We try to minimize the function Zfil(a: — ;)% + (y — y;)? with respect to x and 3. The first
order conditions are:

{zfl 2w —2:) =0
K2y —yi) = 0.

_ 1L yK = LS K
L Sox=>jxiand y = % > i1 Ui




25— 13 Constrained optimization: equality constraints ]

ElS] 13.1 Lagrange 2]

Figure 13.1: Joseph-Louis Lagrange (1738-1813)

AR

Source: Wikipedia

Consider functions f,g; : D C R® - R: (m,n € No,j =1,...,m) and c1,...,cn € R. We look for extrema

of f(x), when the variables are restricted to satisfy the constraints g;(z) = ¢; Vj = 1,...,m. Normally, the
number of constraints m is smaller than the number of variables n.
gi(z) = 1
max(min) f(z) s.t. < :

X
Im(z) = cm

(s.t. = subject to)

@ EXAMPLE
Let f(k,#) = k'/503/5 be a production function.

> priceof k=1
> price of £ = 2.
We want to maximize the production given a total cost of 10 euros.

H]ia}x kY5035 sc. k +2¢ = 10.
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IfA=(\,...,A\m) € R™ we make the lagrangian:
Lz, A) = fo — Mi(g1(z) —c1) .. = A (gm () — cm),
m
= f(@) = > Nlg(x) = ¢p), :
We call Ay, ..., A\, the Lagrange multipliers.
We have the necessary first order condition:
| Proposition: Lagrange’s Theorem |
Let f,gj: DCR" >R (neNy,j=1,...,m).
If
> f and g are C! in a neighbourhood of the point Z, an interior point of D.
> The jacobian of g at Z, (J,(Z)) is of maximal rank (i.e. of rank m),
> f has an extremum at Z given the constraints gi(x) = c1,...,9m(z) = cm
> L(z, A) = f(z) = 2270 Ailg; (@) — ¢).
then (])
~ oL
> dh, ..., )\ € R such that (Z,\)=0,Vi=1,....n I
T
]

& REMARK
> L is the lagrange function or lagrangian of the problem.

L
> We have that Vi <n, 0 —(Z, )\)—Oande<m 9i(Z) = ¢;.

O\j
L So we obtain n + m conditions and n + m unknowns (¥ € R™ and Xe R™)
Olg
$# PROOF
Let us give the proof for n = 2 and m = 1, i.e. for two variables z,y and a single constraint
g(@,y) =c

09\~ ~ 09 . 09 . g
e —(z,7) Dy (Z,y)| which is of rank 1 iff 83:( ,y) or 8y( )

0g .
is different from zero. Assume that a—g(x, y) # 0.

Here the jacobian of g is Vg(Z) =

Let us show that there exists a A*, that solves the following system:
OL . . of 9g

OL o oy _0f o *89M_

The point (Z,y) satisfies the condition (¢(Z,y) — ¢) = 0. Given that gg(fﬁ, y)#0and gis C!in a
Y
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neighbourhood of (Z,¥), the implicit function theorem shows that there exists a function y = h(x)
in a neighbourhood of T such that:

g(z,h(x)) —c=0and y = h(Z).

We also have:
x
W(@) = -9r— (1)
If we substitute the function y = h(z) in f, we obtain a function of a single variable = that satisfies

g(z,h(z)) = 0 in a neighbourhood of Z.

F(x) = f(z, h(z)),

and this function has an extremum (without constraints) at z. We therefore obtain the following
first order condition:

0= F'(@) = 5L @ h(E) + 5 (@ hEDN @) = (2

If we substute (1) in (2):

of - - 8fAAgi(§’@ .
895( y)—@(x Z/)ag(m .
dy Y
o &)

O e | Oy T 09
50| g | ED =0
dy Y

Define now:
% .5
~ oy’
= a‘g(/x\/\) eR parcequeg—gg/(f,ﬂ);é()
Dy 'Y

of
ox
of . .
Ton-3La

>-(@,9) = A= (2,9) = 0,

143

®

EXAMPLE

Let f:R? = R: (z,y) = f(x,y) =2y, and g : R? = R : (z,y) — g(x,y) = 2o + 4y. Consider the
problem:

Hmlzzx(min)f(x,y) s.t. g(x,y) = 10.
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0 0
The functions f and ¢ are C'' on R? because they are polynomes; 8—9(:1:, y) = 2x and 8—g(w, y) =8y
x

and the jacobian of ¢ is of rank 1 except at the origin (which does not satisfy the constraint).
The lagrangian is here L(x,y, \) = zy — A\(2z + 4y — 10).
The necessary first order condition imposes:

8LAA

o~

N=7-21=0

Discussion: 1) A = % = % —2=2y. Soy=>5/4and ¥ =5/2
We obtain therefore a candidate for an extremum given by:

(Z,7,A) = (5/2,5/4,5/8),

EXAMPLE

max K235 s . k420 = 10.
The function f(k,?) and the function g(k, ¢) are C* on R2.
The lagrangien is: L(k, £, \) = kY/203/5 — \(k 4 2¢ — 10).
The first order conditions are:

oL ~ ~ ~ R . .

> 174/53/5_ _
o (ke 0.0) = 3E4P0 — X =0

> L 0.3y = 3155-2/5 _ 23 = 0
ov

> k+20=10

There is one candidate maximum (minimum) (k,/, \) = (3,12,0.2124)

ol

@ 13.2 Sufficient second order conditions @

Lagrange’s theorem gives a necessary (first order) condition for the problem of maximising a function conditional
on some equality constraints.

We have, as for the unconstrainted problem “sufficient second order conditions” to try to “classify” these
candidate solutions that satisfy the first order conditions.
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| Proposition: Global sufficient second order conditions |
Let f,g; : D C R" = R(n € Np).
If
> f and g; are C' on D, a convex set.
> 7 is an interior point of D that satisfies the constraintes g;(Z) = ¢, Vj € {1,...,m}.
S ~ oL _ ~ .
> There exist A1,..., A\m € R such that (Z,\)=0,Vi=1,...,n
T
> The lagrangian L(z, X) = f(z) = >0, Xj (gj(z) — ¢j) is concave (resp. convex) in x on D.
then ({)
> f has a global maximum (minimum) at z conditional on the constraints, g;(z) =¢;,Vj € {1,...,m}. &
]

% PROOF

Hypothesis

(Z,\) = 0.

15)
) <
Vzina

i

f,g; are C1 and L(x, \*) is concave (convex) on D, Vj < m, g;(Z) = ¢; and

Vz € D with gj(x) = ¢j,Vj < m we have f(x)) < f(Z).

Remark that L(z) = f(z) — X271, Ni(g;(x) — ¢;) is C' on D.

Let z € D and g;(z) = ¢;, Vj < m. We have to show that f(z) < f(2).

= L(z,))
. "\ 0L . _
< L(Z,\) 87:1:(@(% zi)
=1 HZ,_/
= L(Z,\),

As such, f(Z) > f(x) for al x € D that satisfy g;(z) =¢;,Vj =1,...,m.

-~

L(z, M) is concave
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Consider the hessian of the lagrangian with respect to x1,...,x, (fixing A = X)
[ 0°L, ~ 9L ]
— e A
Ox? (@, 4) 0x10zy, (@, 2)
Hy (2, 3) = ; . s
0*L ~ 0’L, ~
. —(x, A
| 0,021 ) ox2 (,4) i

Proposition: local sufficient conditions of the second order. a)

Let f,g9; : D C R" — R(n € Np).
If

> f and g; are C? in a neighbourhood of the point Z which is an interior point of D.

> 7 satisfies the constraints g;(x) = ¢j, Vj € {1,...,m}.

~ o~ ~ oL
> There are A = (A1,..., Ap) € R™ such that

o~

@A\ =0,Yi=1,...,n

ox;
> Hp(Z,A) is n.d. (p.d.) at 7.
then ({)
> f has a local maximum (minimum) at Z subject to the constraints g;(x) = 0,Vj € {1,...,m}. L
]
# PROOF

If fand gj (j =1,...,m) are C? in a neighbourhood of 7, they are also C* on the neighbourhood.
If Hi(z, X) is n.d. (resp. p.d.), the function L(l’,/):) is concave (resp. convexe) in a convex
neighbourhood of Z. As such, the concludsion follows from the global sufficient second order
conditions, if we restrict the domains of f and g1,..., g to this neighbourhood.

REMARK

This relative simple second order condition is rather “strong”: if the matrix H L(a:,//\\) is neigher
n.d. nor p.d., the proposition does not permit to reach any conclusion.

EXAMPLE

I%aéx kY5035 sc. k + 20 = 10.

We have a candidate (k, 7, \) = (5,%2,0.2124). The lagrangian is C? and the hessian is:

( A) %k*9/5£3/5 2735,(4/%4/5
Hr(k, L\ = 4R _
23—514: 4/5p-2/5 —%k;l/% 7/5

This matrix is n.s.d., so (l%, é) is a global maximum.
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In the previously visited example (optimisation of f(z,y) = zy given the constraint g(z,y) =
2z 4+ 4y = 10) we found the following potential solution:

(7,7, \) = (5/2,5/4,5/8).

We also have the hessian:

PP 01
HL(-T,y,)\>:|:1 0:|

~

The eigenvalues of this matrix are 1 and —1 so H(Z,y, A) is neigher p.d. nor n.d. (no conclusion)!

There is an alternative sufficient condition that is less strong: the “bordered hessian”. We here only state it
for the particular case of an optimisation problem of a function of two variables f(z,y) and a single constraint

9(55,3/) = ¢. Define L(:E7ya )‘) = f(x,y) - )\(g(l‘,y) - C)'

Proposition: Local sufficient conditions of the second order. b)

Let f,g: D CR? - R
If:

> f and g are C? in a neighbourhood of the point (Z,7) which is an interior point of D.
> (Z,7) satisfies the constraint g(z,y) = c.

oL _~ L

o~
A~ o~

> 3\ € R such that %(%y, A) = a—y(x,y, A)=0

- O @ @ -

g 0°L  0°L
> det | == — .

“Noz B2 oy > (resp. <0,
o PL DL
Loy 0yoz  9y? 1 5%
then ({)
> f has a local maximum (resp. minimum) at (Z,y) given the constraint g(z,y) = c. L
al]
& REMARK
- () @ @ -
ox oy

. |og 0*L  9°L
> Yy Y

The matrix 9r 02 0xdy
dg O0°L  0°’L

Loy oyox  oy? |

is called the “bordered hessian”.
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> The determinant of the bordered hessian is:

,0009 L (09\* &L _ (99\* &L
dzx dydzdy  \dxz) A(y)?2 \dy) O(z)?*’

99

== |5 | M@ | Y|
oy  Ox 7 _Jg
ox

~

if Hr(z,y, ) is p.d. (resp. n.d.) the quadratic form is > 0 (resp. < 0). So the determinant of
the bordered hessian will be < 0 (resp. > 0).

L > This proposition is only applicable for two variables and a single constraint!

EXAMPLE
Let us go back to the problem of optimising f(z,y) = xy given the constraint g(x,y) = 2z+4y = 10.

~

At (Z,y,\) = (5/2,5/4,5/8), the bordered hessian equals:

=N O

2 4
01
10

L So the determinant is 16 > 0 and (Z,y) = (5/2,5/4) is a local maximum given the constraints.
|:|||.-

25— 13.3 Interpretation of the lagrange multipliers — @5

Let f,gj(j = 1,...,m) : D C R" = R(m,n € Ny). We look for extrema of f(x), when the variables are
subjected to the constraints g;(x) = ¢;.

91(13) =

m;}x(min)f(x) s.C.

gm(m) =Cm
We have that L(z, \) = f(z) = 221 Aj(gj(z) —¢;) (N €R,Vj=1,....m)
Every lagrange multiplier at the optimum, :\\j can be interepreted in the following way:

The value of Xj gives the marginal change of the objective function corresponding to a one-unit increase in the
value ¢; in the constraint g;(x) = ¢;. In economics, we call this the “shadow price” of the constraint.
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| Proposition |

Let f,g: D CR" - R (m € Ny), ¢; € R,Vj.
If

> The problem of optimizing f(z) given the constraints gj(x) = ¢; has a solution in Z(c)
(Z1(c), ..., @n(c)) with ¢ = (c1,...,¢m)-

> The values of the associated lagrange multipliers are Xj () (G=1,...,m).
> The values Z;(c) are partially differentiable in a neighbourhood of ¢,
> f and g; are C! in a neighbourhood of Z(c), an interior point of D.
> the jacobian of ¢ = (g1,...,9m) is of maximal rank (= m) at Z(c),

then
>ifV(e)=f(Z(c))onaVj=1,...,m

ov ~
aTj(C) = Aj(0).

% PROOF
(for n = 2 and m = 1) Consider the problem:

max(min) f(z, y) s.c. g(w.y) =

With solution (Z(c), y(c)). The first order lagrange conditions give:

O (3000 0).30) = 2L (3(0),31e)) ~ Re) 22 (3(e) 3(e)) =0,
oL , . of dg

3y @070 A(0) = 50 (3(), 7)) = A(e) 5 (3(0), 5(e)) = 0.

We have V(c) = f(Z(c),y(c)). By the chain rule, we get:

We also have that for all ¢:

9(Z(c), y(c)) = c.

Taking derivative of both sides with respect to ¢, we get:

S TOT() + 5 EE). T () =1
So:
V(e = X(e) | L@, T () + 5E. T ()]
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EXAMPLE

maxxy s.c 2z + 4y = c.
All the conditions are satisfied.
L(z,y; \) = 2y — A2z + 4y — ¢).

The first order conditions are:

7—2A=0
T—4X=0
20 4+4y=c

15> Which is a local maximum.

ccC C2

The maximal value is V' (c) = f(Z(c),y(c)) = 13- 3
Remark that:

SoT=2jetj=57=C A=

150

/ _ ¢ _3
I V(c)—16—)\(c).
e
@ 13.4 Exercises and answers @l
’ EXERCISES

Consider f(z,y) = 22+ (y — 1) and g(z,y) = 22 — 4y

Represent, on the same graph, the levels curves of value K of f for K = —1,0,1 and 4

and the level curve for the equation g(z,y) = 0.

Determine, using the first order conditions, the possible extrema of f(x,y) under the

constraint ¢g(z,y) = 0.

Interprete graphically the results obtained in b).

Let f(x,y) =7 —y+ 2% and g(z,y) = = + y.

Represent, on the same graph, the level curves of value K of f for K = 0,3 and 7 and

the level curve for the equation g(z,y) = 0.

Determine, using the first order conditions, the possible extrema of f(x,y) under the

constraint g(z,y) = 0.

Interprete graphically the results obtained in b).

Let f(z,y) =Inz and g(z,y) = 2 +y> — 1

Represent, on the same graph, the level curves of value K for f for K = —1,0 and 1

and the level curve for the equation g(z,y) = 0.
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@ Determine, using the first order conditions, the possible extrema of f(x,y) under the

constraint g(z,y) = 0.

Interprete graphically the results obtained in b).

Let U(xz,y) = = -y be the utility function of a consumer. If the prics of the two goods

are, repectively, p; and py (with p; and py > 0) and if the consumer has a budget B > 0,
determine the quantities the consumer must buy to have the maximal utility.

Calculate also this maximal utility and verify the interpretation of the lagrange multipliers.

Determine, using the first order conditions, the extrema of the function f(z,y, ) = 22 +y?+2>
given the constraints x +y + 2 =3 and z = 1.

@ Determine, using the first order conditions, the extrema of the function f(z,y, z) = 2% +y?+2>
(r+y—2)°

the results from exercise 5 above.

given the constraints +2z—1=0and z = 1. Compare the obtained results with

Determine, using the first order conditions, the extream of the function f(z,y,z) = (v —1)%+
y? + 22 under the constraint z + y + z = 4.

Discus, depending on the parameter value «, the number and the nature of the extrema of
L f(z,y) = 2% + 2axy + y? under the constraint z + y = 1.

Olg
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i ANSWERS
@ Level curve of f with value —1 does not exist. Level curve of value K = 0 in black, level

curve of value K = 1 in red and level curve of value K = 4 in blue. The curve for the
equation g(x,y) = 0 is in green.

Y

The functions f and g are C* in R? and Vg(z,y) = [235 —4] is of maximal rank
V(z,y) € R. As such, if L(z,y,\) = f(z,y) — Ag(z,y) the only candidates are solutions




CHAPTER 13.

CONSTRAINED OPTIMIZATION: EQUALITY CONSTRAINTS 152

of the following system:

a—L:2x—2)\x:0

1
This gives the point (0,0) with \* = 3

~ 1
The sufficient second order condition asks us to examine the matrix Hy (z,y, A) = [0 (2)]
which is p.d.
The function f f(z,y) has therefore a global minimum in a given the constraint g(z,y) =

0.
2

The points satsifying the g(x,y) = 0 are those of a parabole y = % The level curves of

f are circles centered at (0,1) for which the radius increase by the level. The smallest
level curve has an intersection with the parabole that passes through the point (0,0) (it
is tangent at the parabole). The higher level curves all have a non-empty intersection
with the parabole. As conclusion f has a minimum given the constraint g(z,y) = 0 and
the graphical interpretation affirms that this minimum is global.

Level curves of f with value 0 in black. Level curve of value K = 3 in red and level

curve of value K = 7 in blue. The equation g(x,y) = 0 is in green.

Y

@ Reasing is similar to the above, but uses the “bordered hessian” ... there is a local (and

1) (with \* = —1)

.. : . -1
globa) minimum given the constraint at 573
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@ Level curve K = —1 in red, K = 0 in green and K =1 in blue. Equation g(z,y) =0 in
black.

Y

-
o

dom f = (R{) x R. On this set, f and g are C* and Vg(z,y) = [2:1: 2y] is of maximal

rank. As such, if L(z,y,\) = f(x,y) — A\g(z,y), the only candidates are the solutions to
the following system:

L o 1 o
OL i s 0 =L 93 —o0
g 7
y<A7g7A) :_2)‘3;:0
P2 +g?=1

~ 1
that are also in dom f, i.e. the point a = (1,0) with A = 3

“ =1 _
The global sufficient conditions looks at the matrix Hp(x,y, \) = {xZ 0 L _01] which

is n.d. in the domain of f. As such, the function f(x,y) has a global maximum at the
point (1,0) under the condition.

The points satisfying the constraint g(x,y) = 0 are on the circle 22 +y? = 1, centered at

(0,0) with radius 1. The level curves of value K of f are parallel lines to the Y-axis of
equation z = e, so the higher the level, the more the line to the right. The point (1,0)
correponds to the point that satisfies the constraint and can be found on the level curve
of f with the highest value (K = 0). This shows that f has indeed a maximum given
the constraint, and the graphical interpretation affirms once more that this maximu is
global.

U and p1z + poy are C™ in R%... We have L(z,y,\) = xy — A(p1z + p2y — B) ...

B B
There is a local maximum under the constraint at (z*(B),y*(B)) = <2, 2) avec \* =
D1 2p2
B
2p1p2’
BQ
We have U(x*(B),y*(B)) = , SO:
(@"(B),y"(B) = ¢
d B
—[U(z*(B),y*(B))] = = \"
U BB =5

153
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We have ¢g(z,y,2) =z +y+ 2 —3 and ga2(z,y,2) = 2 — 1.

Problem: optimize f(x,y, z) given the constraints g1 (z,y, 2) = 0 and g2(x,y, z) = 0.
1 1 1
0 01
maximal rank V(z,y, z) € R3. From this L(z,y,2,\) = f(z,y,2) = \g1(z,y, 2) — Aaga(z,y, 2),
the only candidates are solutions to the following system:

The functions f, g1 and go are C*° in R3 (polynomes) and J,(z,y,2) = [ ] is of

28—\ =0

2 — A =0
22— M —X=0
EP+g+2=3
2=1

This gives the point a = (1,1,1) with A; = 2 and lambdag = 0.

which

N OO

2 0
The global sufficient conditions asks to look at the matrix Hy(z,v, 2, ;\) = (0 2
0 0

is p.d.
The function f(z,y,z) has a global minimum at the point (&,7, %) given the constraints
91(z,y,2) = 0 and ga(,y,2) = 0.

@ Same function to optimize and equivalent constraints. So the same solution, but the system
obtained from the first order condition is:

2@—&@+g—m=0 2% —M@E+9—2) =0 (=0

2) =M +§-2)=0 2)—M(E+9-2)=0 §=0

22 —2hz —dp =0 = {2220z A =0 = {2220z =0
W+22_1:0 T+y—2=0 t+y—-2=0
.=1 (2=1 (2=1

which is incompatible!!

The reasing is that there are points, like (1,1,1) for which the “jacobian of the constraints”
is not of maximal rank.

Local minimum (in fact global!) at (2,1,1) with A = 2.

ee

11 o
If  # 1, there is a single candidate, the point 33 with A = 1 4+ «. The function f has

there a global minimum if —1 < a < 1. A local minimum if @ < —1 and a local maximum if
a > 1 (use the bordered hessian).

If o =1, f(z,y) = (z +5)? and, given the constraint = +y = 1, is constant!
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25— 14 Constraint optimisation: inequality constraints — [@5]

ElS] 14.1 Karush-Kuhn-Tucker [El5]
(a) William Karush (b) Harold Kuhn (c) Albert Tucker
(1917-1997) (1925-2014) (1905-1995)

Source: Wikipedia

Let f,g; :DCR" - Rj=1,...,mand m <n. We look for extrema of f, where the variables are constrainted
to satisfy some inequalities: g;(x) < ¢;.

g1(z) < e

mfx(min)f(m) s.C.

gm () < cm

EXAMPLE
Consider an electricity firm (monopolist) that produces g; on peak and g2 off peak and has a
capacity of k.

> Price on-peak: p; =400 — ¢;
> Price off-peak: py = 380 — g».
> variable cost: 20q; + 20g2

> cost of capacity: 10k

Profit maximisation problem:

<k
max (400 — q1)q1 + (380 — g2)g2 — 201 — 20g — 10k s.c. 4 1=
q1,92,k g <k

155
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& REMARK
> If there is a constraint h(x) > ¢ we can reformulate this as —h(x) < —c.

> If there is a constraint h(x) = ¢ we can reformulate this as h(x) < ¢ and —h(z) < c.

> If there is a constraint x; > 0 we can reformulate this as —z; < 0.

Olg

| Definition: Saturated constraint |

The constraint gj(z) < ¢; is saturated at 7 iff g;(z) = ¢;.

Consider the lagrangian:
L(w,A) = f(x) = Y Aj(gi(x) — ¢5).
j=1

(Aj € R,¥Vj =1,...,m). We have the following necessary first order condition (Theorem of (Karush)-Kuhn-
Tucker).

| Proposition: Theorem of Karush, Kuhn and Tucker |

Let f,g9; : D C R" = R (m,n € Np).
if

> f and the functions g; are C! in a neighbourhood of a point Z, an interior point of D.

> If the jacobian of g = (g1, ..., gm) restricted to the constraints that are saturated at T, are of maximal

rank (at 7).

> If f is maximum (resp. minimum) at Z given the constraints g;(x) < ¢;,

then ({)
> X = (AL, Am) € R™ such that:
L
> 0 (Z,\*) =0, Vi=1,...,n
Zi
> XjZO(resp. ng()) Vi=1,...,m L
]
% PROOF
(idea)
~ . . . o < o i —
Hypothesis T is amsolutlon to the following problem max, f(x) s.c .gj(x) < ¢,V
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L
1. gxi(ﬁ,)\*)—o, Vi=1,...,n
Thesis 2. )\;(gj(f) —¢;) =0, Vi=1,....m

3. A; >0 (resp. A} <0) Vi=1,...,m.

We know that Z is a solution to the following problem:

g1(z) <1
m;?x(min)f(x) s.c. } -

gm(7) < cm

We can introduce auxilliary variables and modify the inequalities to: g;(z) + (z;)? = 0. Note that
(2;)? > 0. The equivalent problem is therefore:

This is an optimisation problem under equality constraints. The lagrangian L of this problem is

given by:
E(a: z,\) Z)\J gi () + (2))* — ¢j).
7j=1
Note that:
L(z,z,\) Z)‘J

Jj=1

The necessary first order conditions (Lagrange) are:

OL _ _ ~ oL ,__ ~ "~ Dg;

_ _ 1
8$Z (.flf Z7)\) axz (w7>\ 83:'Z g)\] (9362 =0 ( )
L . _ ~ ~
8—%@ Z,\) = —2)\;2; =0. (2)

Condition (1) gives condition 1. in the thesis.
Condition (2) implies that Vj =1,...m

2 (%)% =0 = Xj(g;(@) — ¢) = 0.

This gives condition 2. of the thesis.
Using the property of A as the lagrange multiplier of the maximisation problem, we also have that:

2> 0

which gives condition 3. of the thesis.

157




CHAPTER 14. CONSTRAINT OPTIMISATION: INEQUALITY CONSTRAINTS

"

REMARK

oL . ~ . . . . ~
> We have ——(Z,\) = ¢j — g;(Z) > 0,Vj =1,...,m because the constaints are satisfied at z.

OX;

> If the constraint g;(Z) is not saturated (g;(Z) < ¢;), we need that /)\\j =0.

If the constraint is not saturated, the shadow price is zero.

> If Xj > 0, we have that ¢;(7) = ¢,

If the shadow price of the constraint is not zero, the constraint is not saturated.

158

EXAMPLE

Let f:R?2 - R: (z,y) = f(z,y) =y —2rand g : R> = R : (2,9) — g(x,y) = 2> — y. Consider

the problem:

max(min) f(z) s.c. g(z,y) < —3.

T

0

The functions f and g are C' on R?, 99— 9z and 24 = —1 and the jacobian of g is of rank 1 for

ox oy
every point. The lagrangian is L(z,y,\) =y — 22 — A\(2? — y + 3).
The necessary first order conditions require:

L ~ ~
8—:—2—2)@:—2(1+)\§):0 (1)

— =1+A=0 (2)
NZ2—7+3) = (3)

Discussion: In this case, the conditions impose that the constraint is saturated because (2) —
A = —1 # 0. Replacing this value of A in (1), we obtain = 1 and, using (3), ¥ = 4.
We obtain a single candidate for a minimum given the constraint: (1,4) with \* = -1 < 0.

EXAMPLE

max (400 — q1)q1 + (380 — q2)g2 — 20q1 — 20q2 — 10k s.c.

q1,92,k

The function f(qi,q2,k) is C! and the constraints are also C' on R3.

ql_k§07
@2 — k<0

The lagrangian is:

L(q1,q2, k, A1, A2) = (400 — g1)q1 + (380 — ¢2)g2 — 20q1 — 20g2 — 10k — A1 (q1 — k) — A2(q2 — k).

The first order conditions require:

oL . . o . o
> ai(ql,QZakv)\b)Q) =380 — QQ1 - )\1 =0
qi1
oL .. - .
> 87((117(12,7%/\1,)\2) =360 —2¢2 — A2 =0
q2
oL A s . .
> %(Abqbvka)\l,)@):—10+)\1+)\2:0

> M@ —k)=0

> AQ(QQ—]C) =0
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> A >0,20> 0,6 <k, Ga < k.

There is a single candidate that satisfies all constraints: (g1, o, kA, 5\2) = (185,180, 185,10, 0).
Olg

@ 14.2 Sufficient second order conditions @l

| Proposition: Global sufficient second order conditions |

Let f,g; : D C R" = R(n € Np).
If

> fand gj are C! on D and 7 is an interior point of D.

> 7 satisfies the constraints g;(z) < ¢;, Vj € {1,...,m}.

> there exists A1, ..., Ay, € Rsuch that (Z,\)=0,Vi=1,...,nand AN(gj(Z) —¢;) =0,Vj =1,...,m.

Ly

> L(w,/)\\) = f(x) = 227 Aj(gj(x) — ¢;) is concave (resp. convex) on D.

then (J)

> f has a global maximum (resp. minimum) at z under the constraints g;(z) < ¢;,Vj € {1,...,m}.

% PROOF
Let z € D and g;(x) <¢;,Vj=1,...,m. Let us show that f(Z) > f(z).

f(z) < flz) - Aj (g5(x) — ¢j),
:L(l'v)‘*)a

n
L ~
< L(Z,\") + E gx (Z, \)(z; — Ty), L is concave
i=1 —

=0
=L@

= @) =D Nlgi(@) — ),
Jj=1

=0

I ~ £(@).
Olg

& REMARK

If f is concave (convex) and the functions g; are convex (concave) then L(z, \) is concave (convex),
so the second order condition will be satisfied.

Olg
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| Proposition: local sufficient second order conditions |
Let f,g; : D C R" = R(n € Ny).
If
> f and g; are C? in a (convex) neighbourhood of Z, interior point of D.
> T satisfies the constraints g;(Z) < ¢;, Vj € {1,...,m}.
N ~ oL ,__ ~ . ~ ~ .
> There is A1, ..., A\, € R such that (@,\)=0,Vi=1,...,nand \;j(g;(Z) —¢;) =0,Vj =1,...,m.
T
> Hp(Z,A) is n.d. (resp. p.d.) at 7.
then (])
> f has a local maximum (resp. minimum) at z under the constraints g;(x) < ¢;,Vj € {1,...,m}. L
all]

% PROOF
> If f, gj(j = 1,...,m) are C? in a neighbourhood of Z, they are C*.

> If Hi(z, /)\\) is n.d. the function L(x, /)\\) is concave in a neighbourhood of Z.

> The conclusion satisfy the global sufficient second order conditions if we limit the domain of f
and g; to this neighbourhood of .

EXAMPLE
(continuation) We have:

~ 2 0
HL(iE,y, )‘) = |:O 0:| )

which is p.s.d. for all (x,y) in R?, so L(x,y,/):) is convex on R2. As such, (z,7) = (1,4) is a global
a minimum.

EXAMPLE

— k<o,
max (400 — g1)q1 + (380 — g2)g2 — 201 — 202 — 10k s.c. 4 10 "=
q1,q2,k @p—k<0

We have a single candidate (41, ¢, koM, ;\2) = (185, 180,185,10,0). The function f(q1,q2, k) is C?
and the constraints are alsp C:Q.
The hessian of L(q1, g2, k, A1, A2) is:

o -2 0 0
/HL(QI,Q%ka)\l,)Q): 0 -2 0 ;
0 0 O

~

which is n.s.d., so (g1, ¢2, k) is a global maximum.
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@ 14.3 Exercises and Answers @

/& EXERCISES
Determine the extrema of f(z,y) = e~ v’ given the constraint x +y > 1.

Optimize f(z,y) = (z +1)? + (y + 2)? given the constraints x > 0 and y > 0.

Consider the function f(x,y) = x? + 4y? to be optimized given the constraints x > 2 and
y > 1L

Represent, on the same graph the level curves of value K = 0,1 and 4 of f(x,y). Indicate

on the graph the area corresponding tot he points satisfying the constraints.

@ Use the K-T first order conditions to find the candidate extrema given the constraints.
Optimise f(z,y) = e [(@=D*++2°] given the constraints z > 0 and y > 0.
Determine the extrema of f(x,y) =y — Inx given the constraints zy > 8 and = + y < 6.

@ What is the solution to the following problem: max f(z,y) = 2> + y?> + y — 1 s.c. g(z,y) =
22 +y? <17

Determine the extrema of f(x,y) = 522 + 6y? — xy under the constraint x + 2y > 24
u

Olg

& ANSWERS
First of all, notice that (#,9) is a maximum (minimum) of e~@*+%*) (given the constraints)

if and only if (%,9) is a maximum (minimum) of —(x? + 3?) (given the same constraints),
because e? is a strictly increasing function. As such, the problem is equivalent to optimising
f(z,y) = —(2% + %?) under the constraint g(z,y) =1 -2 —y <0

f and g are C* on R? and Jy(z,y) = [—~1, —1] is of maximal rank V(z,y) € R2.
We have L(z,y,\) = —(22 +y?) — M1 — 2z —y).
The first order K-T conditions are:

oL

(
gi(a& ))=—2)+X=0
ay 7y - y -
A1 —2—3)=0.

A =—28+A=0

1) If A=0 then, £ = ¢ = 0, which does not satisfy the constraints £ +¢ > 1, and is therefore
not possible.

~ 1 o
2)IfAN#0,then 2 +gy=1,and £ =9. A such, z =gy = 3 and, by replacing A = 1.

11
The point (2, 2) is thefore a candidat (local) maximum of f(z,y) given the constraint

r+y=>1
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For the second order conditions, we consider the hessian Hp(x,y, \):

Hil(w,y,\) = [_02 _02}

which is n.d., so (Z,7) is a global maximum under the constraints.

a We have f(x,y) = (v+2)?+(y+2)2, g1(z,y) = — and ga(x,y) = —y. The problem amounts
to optimising f(z,y) given the constraints g;(x,y) < 0 and gs(z,y) < 0.

1

f, g1 and g2 are C* on R? and J,(x,y) = [_0 _01] is of maximal rank V(z,y) € R?.

We have L(z,y,\, 1) = (x +1)* + (y +2)* = M(~2) — p(~y).

The first order conditions are:

.
aL E9,M0) =2(84+1)4+A=0
Qf o A
ay ,9,\p) =2(+2)+ =0
A\ =0
=0.
If \ = 0, then & = —1 which does not satisfy the first constraint. If i = 0, then § = —2 which
does not satisfy the second constraint. Conclude that A #0and 4 # 0. A such, 2 =9 =0,
A= —2and i = —4. As such, (&,9) = (0,0) is a candidate for a minimum.
2 0
Concerning the second order conditions, note that Hy(z,vy, A, i) = |0 which is p.d. A
2

such, (z,9) is a global minimum of f(x,y) given the constraints z > 0 and y > 0.

@ Level curve of value 0 in red, level curve of value 1 in blue, level curve of value 4 in

green.
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@ (Verify other conditions) ... L(x,y, A\, \a) = 2% + 4y? — A\1(2 — ) — Aa(1 — g).

The K-T first order conditions require:

gf(fﬁ,?/,}qyja)— T+ A =0
(2,9, My A2) = 8§ + Ao =
Aay('xaya 1 2) y+ 2
M(2—3)=0

Ao(1—9) =0

1) If at least one of the two conditions is not saturated, we have A or Ay = 0, which gives
Z =0 or y = 0, which does not satisfy the constraints and therefore must be rejected.
2) If the two constraints are saturated, we have & = 2 and § = 1 with A = —4 and
Ay = —8.

The point (2,1) is thus a candidate for a (local) minimum given the constraints. Given
the objective function and the nature of the constraints, it is easy to see that the min-
imum is in fact a global minimum (First, f(z,y) is convex on R? and 2 — 2 and 1 — y
are convex (linear) on R?)

First, note that maximising (minimising) e~ [(@=D*+#+2 (given the constraints) is the same

thing as maximising (minimising) f(z,y) = —(z —1)? — (y+2)? (given the same constraints),
because h(z) = €* is a strictly increasing function. As such, we look for the extrema of
f(z,y) = —(z — 1)? — (y + 2)? given the constraints = > 0 et y > 0.

The K-T necessary condittions show that (z,9) = (1,0) is a candidate for a maximum. The
sufficient second order conditions, show that the maximum is global (given the constraints).

L(z,y,A\1,A2) =y —Inz — A\ (8 — y) — Aoz + y — 6). Attention: dom f = (RJ) x R. The
candidate for a maximum given the constraint is (2,4) with A= 2 and Ay = g and there is

. 5 .
a candidate minimum given by (4,2) with A\ = ~3 and Ay = —=

1 3

2

3

The hessian of L(z,y, A}, \) is Hr(z, vy, M, 5\2) = [ } . The determinant of this matrix

N
O

is always negative so it cannot be signed.

@ The lagrangian is given by L(x,y,A) = 22 +y?> +y — 1 — A(2? + y?> — 1). The first order
conditions are:

oL
5t
dy

(2,9, \) = 2& — 2\& = 0,

(8,9, 0) =20 +1-2\§ =0,

a2+ 92 —1) =0,

>
If A\ = 0, then also & = 0 and Uy = —%. The solution satisfies the constraint 2 + 72 < 1.
The hessian is Hp(z,y, )\) [(2) g] which is p.d., so we have a global minimum (given the
constraints).
IfA>0,and # =0, then § = 1 and \ = % = —1and A = L. So there are two candidates

for a maximum, (0, 1) and (0, —1).
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If A >0 and & # 0, then A =1, and the second constraint is not satisfied.

For (2,4, \*) = (0,1,3/2), the hessian of L(x,y, ) is Hr(z,y, \) = [_01 _OJ which is n.d.,

so (0,1) is a global maximum.

01

a candidate maximum, and L(z,y, \) is convex, we do not have conclusion.

For (z, 79, 5\) = (0,—1,1/2), the hessian is H(z,y, ;\) = [1 O] which is p.d. As (0,—1) was

The lagrangian is L(x,y,\) = 522 + 6y> — 2y — A(24 — 2 — 2y). The first order conditions
are:

8L

31“5

A(24—x—2y)=0

(#,9,A) =102 —§+ A =0,
xy,)\)—123)—i“+25\20,

If \ = 0, we obtain £ = ¢ = 0. In this case, the constraint 24 — & — 2y < 0 is not satisfied. If
A # 0 then 24 — 2 — 2 = 0. We obtain & = 6,4 = 9 and A = —51. As such, (z,7) = (6,9) is
a candidate for a minimum.

10 -1
-1 12
order 1 are 10 and 12, which are positive. The principal minor of order 2 is 120 — 1 > 0. So
Hp(z,y,A) is p.d. and (z,y) = (6,9) is a global minimum given the constraint.

For the second order condition, note that Hr(x,y, 5\) = . The principal minors of
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[ElS] A Notation and Greek alphabet 25]

> the reals R =] — 00, +00[
> the non-negative reals R4 = [0, 400]
> the non-positive reals R_ =] — 00,0]
> the strictly positive reals Ry =]0,+o0]
> the strictly negative reals R__ =] — o0,0]
> the non-zero reals Ry =] — 00,0[ U ]0, +oo[= R\ {0}
« alpha n eta v nu v upsilon
B beta ©,0 theta & xi 10) phi
I',v gamma L iota I, pi X chi
,0 delta K kappa p rho 0 psi
€,  epsilon A, A lambda Y, 0 sigma Q,w omega
zeta 7] mu T tau
[ElS] B Some important curves and planes 25]

> (x—a)’+ (y—b)?%=rr>0)

equation of a circle centered at the point (a,b) with radius r.

(z—a)®  (y—b)?
>t~ lHef>0)
equation of an ellipse centered at the point (a,b) and for which the horizontal axis is 2« and the vertical axis
is 2.
(r—a)®  (y—b)?
> 2 B =1(a, 5> 0)
equation of a hyperbole centered at the point (a,b) and for which the asymptotes are parallel to the lines

with equations y = Zx and y = By,

o
> y=2z%withz >0
If o < 0, this is the equation of a curve of the type “arm of an equilateral hyperbole”
If 0 < a < 1, this is the equation of a concave curve through the origin.
If @ =1, this is the equation of the 45 degree line.

If @ > 1, this is the equation of a convex curve through the origin.
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