MATH-S400: Mathematics and Economic Modelling 2025-2026

Lecture 7: Informativeness and Blackwell’s theorem

Thomas Demuynck

Imagine you're making a decision which is determined by some uncertain outcomes. You
might have access to different signals or sources of information. Which source of infor-
mation is more informative than another in the sense that it leads to better decisions, no
matter what the decision problem is? This notion is captured by Blackwell informative-
ness, first put forward by David Blackwell.

Figure 7.1: David Blackwell (1919-2010)

For a finite set B, we define by A(B) the set of all probability distributions over B:

ZprI}.

beB

A(B) = {p eRY

In particular, A(B) is the set of all non-negative vectors of size | B| that sum to 1. Instead
of writing py for the coordinate of p corresponding to the element b € B, we will use the
notation p(b), so p = (p(b))sep. For a distribution p € A(B), p(b) gives the probability
that the element b € B occurs.

Consider a decision maker living in an uncertain world. The decision maker can take an
action a from a finite set A. The uncertainty is modelled by a finite state space 2 with
typical element w. We call w a state of the world. The decision maker has a utility function
u:AxQ— R, so u(a,w) gives the utility of taking action a if the true state is w. As
an example, we can consider a set of actions A = {going to the beach, staying at home}
while €2 could be {it will rain, the sun will shine}. Then the utility function is determined
by 4 numbers:

u(go to the beach if it rains), u(go to the beach if the sun shines), ...

The decision maker does not know the true state w when making a decision but has a
prior p € A()) giving various probabilities p(w) for the states w € €. A strategy (or
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action) of the decision maker is then a probability distribution over actions: o € A(A)
which gives the probability a(a) that action a will be taken. The idea is that we allow
the decision maker to randomize over the set of possible actions. The expected payoff of
the decision maker choosing strategy a € A(A) is then:

Note that the decision maker cannot condition her action a on the state w, as the decision
maker does not know w at the time when she makes her decision.

Now, let us make this problem a bit more interesting. Consider a finite set of signals S
observable by the decision maker. For example, these could be the predictions made by a
weather forecaster, e.g. S = {predict sunshine, predict rain}. An information structure
(S,0) consists of a finite set of signals S and a function o : Q@ — A(S). The function o
associates with every state w a distribution over the set of signals S. Instead of writing
o(w) as the distribution generated by w, we will write o(.|w), so we can write the proba-
bility that signal s € S will occur given the distribution o(.|w) by o(s|w). In other words,
o(s|w) gives the conditional probability of observing signal s given that the state of the
world is w. So o(predict rain|the sun will shine) gives the probability that the weather
forecaster predicts that it will rain, when in reality the sun will shine.

Now assume that the decision maker observes a signal s € S before taking the action. If
so, she can then update her prior p € A(£2) using Bayes rule:

_ o(slw)p(w)
N(w‘s) - PI‘(S) .
where p(w|s) is the now the probability that state w € € will occur given that we observed

the signal s and Pr(s) = > . 0(s|w’)p(w’) is the probability that signal s will be realized.

As the decision maker observes the signal s € S before deciding on the action, she can
now condition her optimal action (strategy) a on the realization of the signal s. So a
strategy is now a mapping a : S — A(A) (note that we still allow to randomize over A).
Given the signal s, a(als) gives the probability of taking action a.

Now assume that the decision maker observes signal s and uses strategy «, the expected
utility of the decision maker is:

S5 ulwls)alalsyula,w),

As we do not know, before deciding on o which signal will be realized the ex-ante utility
is the expectation of this over all possible signals:

Epou = Z Pr(s) Z Z p(wls)a(als)u(a,w),

ses weN acA

=33 S wlawalals)o(slp()

we) seS acA

where we used Bayes rule Pr(s)u(w|s) = o(s|w)p(w). The goal of the decision maker is to
choose the strategy « : S — A(A) that maximizes this expected utility:

View) = max 357" ufaw)alals)o(sle)p(w)

weN seS acA
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The maximal utility level V (o, p) will depend on the prior p and the information structure

(S,0).

7.1 Stochastic mappings

A stochastic map from a finite set X to a finite set Y is a function o : X — A(Y). We
have already seen that actions a : S — AA and information structures pu : 2 — A(S) are
stochastic mappings. Given this, it will be worthwhile to investigate these a bit further.

Given three finite sets X,Y, Z, a stochastic map « : X — A(Y) and a stochastic map
p:Y — A(Z) we can make a composite stochastic map v : X — A(Z) by combining «
and .

y(zlz) =) Bzly)alyle)

yey

Here, the probability for v of “reaching z given state z” is obtained by summing over
all y the probabilities of reaching y given z (using «) and then reaching z from y (using
B). We call this composite map v = o «a. It is easy to check that for three maps
a: X —=>AY),8:Y - A(Z) and v: Z — A(W) function composition is associative:

(yeB)oa=ryo(Boa).
For a finite set Y, we can also look at the identity map idy : Y — A(Y) such that:

. 1 ify=y,
iy (ly) = {0 else

Ifa: X - A(Y)and f:Y — A(Z) one easily establishes that:
tdy o=« and B oidy = .

So idy serves as a left and right identity map.

7.2 Garblings

Consider two information structures (S, o) and (S’,0"). We say that (S’,¢’) is a garbling
of (S,0) if someone with access to the information structure (S,o) can replicate the
information structure (S’, 0’). More formally, there is a stochastic function v : S — A(S")
such that ¢’ =y oo.

Note that this means that for all s € S’ and w € Q:

o'(s'|w) = y(s|s)o(sw).

So to replicate o/, the owner of o looks at the realized signal s and then draws s” according
to the distribution ~y(.|s). Intuitively, using the function v can be thought of as adding
more noise and blurring the information generated from o.



Lecture 7: Informativeness and Blackwell’s theorem 7-4

Definition 1 (Garblings). The information structure (S’,c') is a garbling of the struc-
ture (S, o) if there exists a stochastic function v : S — A(S") such that:

/
o =7voo.

The diagram below makes this definition more visually intuitive. The information struc-
ture (57, 0) is a garbling of (S, o) if there is a v that makes the diagram below commute.

S

7.3 Feasiblity

Remember that for a signal structure (5, ¢) a mixed strategy corresponds to a stochastic
mapping « : S — A(A) giving a distribution over actions for every realized signal s € S.

Now consider the composite function 7 = « o o. This is a stochastic mapping 7 : ) —
A(A) that determines a distribution over all actions given the state (taking into account
the information structure o and the action «). In other words, m(a|w) gives the probability
of taking action a if the true state is w. In fact this is the only object the decision maker
is interested in given that:

S Y wlawalals)o(slwlpw) = 303 ulw, alpw) 3 alals)o(skw),

weN s€S a€A weN acA ses
=YY wlalw)p(w)u(a,w).
weEN a€A

So choosing the optimal strategy « (given the information struture) is the same as choosing
an optimal mapping 7. Now what are the possible mappigs 7 that a decision maker
can choose from? By definition these are all the mappings that can be obtained from
combining o with some action a:

Ao ={r=aoo|a:5— A(A)}.

An information structure (S,0) that produces a larger set A, will be beneficial as this
means that a larger set of distributions 7 are possible.

Definition 2 (Choice set dominance). We say that the information structure (S, o) leads
to a larger set of feasible strategies compared to (S',c") if for all sets of possible actions

A A,y CA,.

Now let us think about what this means. It means that for all strategies o : S" — A(A)
there exists a strategy a : S — A(A) such that:
d'od’ =aoo.

Referring to the diagram below, it states that for all A, and for all o/ : " — A(A), there
is a stochastic map a : S — A(A) that makes the following diagram commute.
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7.4 Utility

There is a third way to say that one information structure is better than another one,
which is based on the maximal expected utility that it provides.

Definition 3 (Expected utility dominance). We say that (S, o) is unanimously preferred
over (S',a") if for every prior p € A(Q) and for every utility function u: A x Q — R,

V(o,p) > V(o' p).

where remember,

V(o,p) aé{ga&A ZZZ u(a,w)a(als)o(s|w)p(w).

weN seS acA

In this sense if (S,0) is unanimously preferred over (S’,¢’) then any Bayesian decision
maker will prefer the information structure (S, o) over the information structure (S’, o’).

7.5 Blackwell’s Informativeness theorem

Theorem 7.1. Consider information structures (S, o) and (S’,0") then the following are
equivalent:

1. (8',0") is a garbling of (S,0),

2. For all possible action sets A, (S,0) leads to a larger set of feasible alternatives
compared to (S',0'), i.e. Aoy CA,.

3. (S,0) is unanimously preferred over (S’,d’).

Let us first show that (1) implies (2). Let (S’,0’) be a garbling of (S, o) and let A be a
finite set of actions. Let o : §" — A(A), to show that A,» C A, we want to show that
there is an « : S — A(A) such that &« o 0 = o o ¢’. The diagram below is probably
helpful.
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As (S7,0") is a garbling of (S,0) we know there is a v : S — A(S’) such that 0/ =y oo.
Now define a = o/ o v which is a stochastic mapping from S to A. We also have that:
aoo=(aov)oo,
— o (y00),
=a oo,
what we wanted to show.

Now, let us show that (2) implies (1). Assume that for all finite action sets A and all
functions o : S” — A(A) there is a mapping a : S — A(A) such that c oo =’ 0 ¢’.

We need to show that there is a v : S — A(S’) such that v oo = ¢’. The idea is to set
A = 5" and consider the identity map o' = idg. This is illustrated in the diagram below.

o

Q S

S’ o = ng/ S/

Now, by assumption, we can find a stochastic map a : S — A(S’) such that,
aoo=1idg oo =o',
so it suffices to define v = a.

Now we show that (2) implies (3). That is actually not that difficult. Assume that
Ay C A, then:

V(') = max 3 3 ulo,w)m(alelple),
< max Z Z u(a, w)(alw)p(w),

TEA,
wEN aEA

= V(o,p).

The inequality follows as the maximum over a feasible set cannot decrease if this feasible
set expands.

Finally, to show that (3) implies (2) we will use a proof by contrapositive and a separating

hyperplane argument. Assume that A, & A,. Then, we know there is a 7' € A, such
that 7’ & A,.

First note that every stochastic mapping 7 : 2 — A(A) can be seen as a collection of
|2 x A| numbers 7(a|w) € R. As such, by stacking all these numbers into one large vector,

7 is in fact nothing more than a vector in RI**4l. As such, A, can be seen as a subset of
R'QXA|.

First of all, notice that A, is bounded. Indeed, every element 7 (a|w) € [0, 1] so the vector

7 satisfies:
Il < 305 w(als) < 2 x Al

s€S acA
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Moreover A, is also closed. To see this, take a sequence m; € A, which converges to m (so
mi(alw) converges to m(aw) for all @ € A and w € Q). As m € A, for all ¢, there exists
a; : S — A(A) such that:

m(alw) = Z o(s|w)ay(als).

ses

The set of all stochastic maps a € RI**4l is bounded and closed (see appendix B),
so (ay)ien has a convergent subsequence «y, which converges to say the stochastic map
a:S — A(A) (this follows from the Bolzano-Weierstrass theorem, see Appendix A for a
statement). Then for all ¢;,

m(alw) = Y o(slw)ay,(als).
seS
Taking limits for ¢; — oo gives:

m(alw) = Z o(s|lw)a(als),

seS

somE A,.

Next, we can also show that A, is convex. To see this let 7,7 € A, and € € [0, 1] then
define 7 = em + (1 — )7 where:

7(als) = em(als) + (1 —e)7(als),
Then there are a : S — A(A) and & : S — A(A) such that:

7(als) = 52 +(1—¢) Za(s|w)&(a|s),

ses ses
= o(slw) [eafals) + (1 — e)a(als)],
seS
= Za(s]w)&(a s
seS

where we defined & = ea + (1 — €)&. Now, & : S — A(A) is also a stochastic map (see
Appendix B), so we see that 7(als) € A,.

As A, is closed and convex and 7’ ¢ A, we can find a hyperplane separating 7’ from A,.
We denote this hyperplane by (u,b) where u € RI*Al is a non-zero vector and b € R.

Then:
ZZ a,w)n (alw) >b>zz a,w)r(alw),
weN acA weN acA
for all 7 € A,. Now consider a prior p where p(w) = ﬁ for all states w € €. Then

dividing the left and right hand side by |Q| gives:
ZZ u(a,w)r (alw)p S >ZZuaw (alw)p(w).
weN acA | | weN acA
Taking the maximum of the right hand side over all 7 € A, gives:
b
o', p) >ZZ u(a,w)r (alw)p(w) > — > V (o, p).
weN acA |Q|

Conclude that (S, o) is not unanimously preferred over (5’,0’).
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7.6 Conclusion

Blackwell’s theorem allows us to partially order the information structures (S, o) based
on one of the three criteria. Then we can say that a structure (S, o) is Blackwell more
informative than (5, ¢’) if one of the three conditions hold. Note that this order is not
complete as there will be many information structures that cannot be ranked by it.

7.7 References

e Blackwell (1951), “Comparison of Experiments,” Second Berkeley Symposium on
Mathematical Statistics and Probability 2.

e Blackwell (1953), “Equivalent comparisons of experiments,” Annals of Math. Statist.,
24, 265-272.

e de Oliveira (2018), “Blackwell’s informativeness theorem using diagrams,” Games
and Economic Behavior, 109, 126-131.

A Bolzano-Weierstrass theorem

Consider a sequence (x;);ey of vectors in R, we say that this sequence converges to a
vector = € R if:
Ve >0,dN e NNVn > N : ||z, — x| < e.

Obviously, not every sequence of vectors converges. Sometimes, however, there might be
a subsequence of the sequence which does converge. A sufficient condition for this is that
all terms of the sequence (x;);en live in a bounded set A. If the set A is also closed, then
the limit of this subsequence is also in A. This is the Bolzano-Weierstrass theorem.

Theorem 7.2. Any sequence in a closed and bounded subset of R" (i.e. a compact subset
of R™) has a convergent subsequence whose limit is also in the set.

B The set of stochastic mappings is closed and convex

Let I' = {a|a: S — A(A)} be the set of all stochastic mappings from S to A. We want
to show that this set is closed, bounded and convex. Let (a)ien be a sequence in I' that
converges pointwise to a, i.e.

ai(als) =" alals).

To show that I' is closed we need to show that « is a stochastic mapping, in particular
a(.|s) € A(A) for all s € S. First of all as for all ¢,

at(als) >0,

it follows that a(a|s) > 0. Next as,

Z ai(als) =1,

acA



Lecture 7: Informativeness and Blackwell’s theorem 7-9

it follows that, by taking ¢ — oo that ) _, a(als) = 1.

Boundedness follows immediately from the fact that:

lal <) alals) < |Ax S|,

acA scS

Now, to show that the set is convex, let o, & € T, take € € [0, 1] and define & = ear+ (1 —
e)a. Then,
a(als) = ealals) + (1 — e)a(als) > 0,

and

D alals) = afals) +(1—2)) alals)=c+(1-¢e)=1.

acA acA acA
Soael.



