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Lecture 6: Farkas’ lemma

Thomas Demuynck

Farkas’ lemma, named after the Hungarian mathematician Gyula Farkas, is a key result
in convex analysis, and has been rediscovered several times. It is also well known under
the term “the theorem of the alternative” 1t is tightly connected to duality in optimization
theory and has a surprising variety of applications in economics (and other areas).

Figure 6.1: Gyula Farkas (1847 — 1930)

6.1 Convex sets and separating hyperplanes

A set S C R” is called convex if for any two vectors x and y in S, the entire segment
between x and y is also part of S. Formally, it is defined in the following way.

Definition 1 (Convexity). A set S C R" is convex if for all z,y € S and o € [0,1],
ar+ (1—a)y € S.

There are several ways to create new convex sets from existing ones. For example, if S
and T" are two convex sets, then SN 7T is a also a convex set (check this). This can even
be made stronger: if S;, 4 € I is a (possibly infinite) collection of convex sets, then ()., S;
is also convex. Next, if S and T are convex, then for all a,b € R, the linear combination
aS+0l'={zeR"Jx €S,y €T:z=ax+ by} is also convex (check this).

If, in the definition of a convex set, we also allow a to take on negative numbers, we
obtain the class of affine sets.

Definition 2 (Affine set). A set A is affine if for all z,y € A and all « € R, ax + (1 —
a)y € A.

Points, lines and planes are affine sets. Notice that any affine set is also a convex set.
Examples of an affine set is the solution set of a system of linear equations A = {x €
R"|Bxz = b} where B is an m X n matrix and b is an m dimensional vector (check this).
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If, in the definition of a convex set, we instead relax the assumption that the coefficients
should add up to one, we obtain the class of convex cones.

Definition 3 (Convex cone). A set C C R" is a convex cone iff for all z,y € C and
a,BER,, ar+ Py € C.

A half-line originating at the origin is a convex cone. A part of a plane through the origin,
delineated by two half-lines originating from the origin is also a convex cone.

Convex cones are also convex sets. Also, notice that the n dimensional zero vector, 0 € R™
is an element of every cone (as we can pick a = f = 0). As an example of a cone, consider
the set G = {y = Az|z > 0} where A is an (m x n) matrix. Check that G C R™ is a
cone.

6.1.1 Separating hyperplanes

Definition 4 (Hyperplane). A hyperplane in R™ is an (n — 1) dimensional affine subset.
It can be represented by an n-dimensional non-zero vector p and a numberb. In particular,
forp e R\ {0} and b € R, the hyperplane H = (p,b) is the following subset of R™:

H={xeR"p-z=0}.

Hyperplane of R™ (1-dimensional) are points (0-dimensional). A hyperplane in R? (2
dimensional) is a straight line (1-dimensional) and a hyperplane in R? (3-dimensional) is
a plane (2-dimensional).

In order to see that the hyperplane H as defined above is an affine set, let x,y € H and
aeR Tenp-(az+(1—0a)y) =ap-z+(1—a)p-y=(a+ (1 —a))b=>. As such,
ax + (1 — a)y is also an element of the hyperplane H.

A hyperplane H = (p,b) of R™ divides the space R" in two halfspaces, namely the sets
{z € R"|p-2 > b} and {z € R"|p-x < b}. The intersection of these two halfspaces gives
the hyperplane H. Given this, we can (try to) use hyperplanes to separate disjoint sets
in R™.

Definition 5. Two sets S and T are said to be strictly separated by the hyperplane
H = (p,b) if forallx € S andy €T,

p-x>b>p-y.
They are weakly separated by the hyperplane (p,b) if for allz € T and y € T,

p-x>b>p-y.

Not all disjoint sets can be separated by a hyperplane. One class of sets that can be
separated by hyperplanes are disjoint convex sets. This remarkable feature has many ap-
plications in economics (and beyond). There exists a wide variety of separation theorems
for convex sets. The simplest case, and the one we start with is when one set is convex
(and closed) and the other set contains a single point, namely the origin.
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Theorem 6.1. Assume that S is a closed convex set and 0 ¢ S, then there is a hyperplane
that strictly separates S from {0}.

Proof: Let S be a closed convex set and consider the following minimization problem:

min ||z||.
zes

Given that the norm ||z is continuous, the extreme value theorem shows that this problem
is well defined if S were compact (i.e. closed and bounded). S is assumed to be closed, but
not necessarily bounded. However, if we take an arbitrary element 2’ € S and consider
the set,

§'=50{y e R*[ly[l < [|«'[I}-

Then set S’ is closed (as it is the intersection of two closed sets), bounded (as it is enclosed
in the ball B(0, ||2'|| 4 ¢), where € is any strictly positive number) and convex (as it is the
intersection of 2 convex sets). Additionally, any solution to min,cg ||z|| is also a solution
to mingeg ||z|| and vice versa (check this).

Now, assume that z* is a solution to the minimization problem min,cg ||z||. As 0 ¢ S,
it must be that ||z*|| > 0 (so z* # 0). Consider the point z = 2*/2 # 0 and define the
hyperplane H = (p, b) such that,

:E*

S

AR C|
b=p-z= = > 0.
20l 2

p

Observe that p - z* = ||z*|| > b > p-0 = 0, so the hyperplane H strictly separates x*
from 0. We finish the proof by showing that p -y > b for all y € S showing that H also
separates S from 0. Take any y € S, then by convexity ay + (1 — a)z* € S. Given the
choice of z* as the solution to min,eg ||z, we have

%] < llay + (1 — a)a™|| = la(y — z7) + 27|
Squaring both sides gives:

ot <oy —2%) - (y —2") + 2a(y — 2¥) -2t + 2t ot
—=0<a*(y—2")-(y—2%) + 2y —2%) - 7,
—0<aly—z") - (y—x")+2(y —x*) - z".
Given that o can be made arbitrarily small, we can take the limit & — 0. Then it follows
that (y —a*) - z* > 0.
As such,
0<(y—a*)- ",
= [l«"[lp - (y = 27),
= [="(p-y —p-2"),
= [lz"|(p -y — =),
=2b(p -y — 2b),
—p-y > 2b>0.
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The following corollary shows that a closed convex set S can be strictly separated from
any point that does not belong to S.

Corollary 6.2. Consider a closed and convex set S and and a point z € R™, with z ¢ S.
There is a hyperplane (p,b) that strictly separates S from z, i.e. for allz € S, p-x > b >

p-z.

Proof: Theset =S5 —z = {y =2 — z|z € S} is convex (as it is the linear combination
of two convex sets) and does not contain the origin (otherwise z € S). So it can be
separated by a hyperplane (p, c) such that for all y € T,

p-y>c>p-0.
But then, for all x € S,
p-(r—2)>c>0,
—p-r>ctp-z>p-z.

Defineb=c+p-z,thenp-z > b > p- 2z as was to be shown. ]

6.2 The theorem of the Alternative

Let A be an n x m matrix and consider the system of equations Az = b where z is an
n-dimensional vector and b is an m-dimensional vector. Often it is of interest to know
whether there exists a solution to this system with the additional constraint that x > 0.
In other words, we are interested in finding out whether the set F' = {z € R}|Az = b} is
non-empty.

The following theorem, better known as Farkas’ lemma, is widely used in economics.
Theorem 6.3 (Farkas’ lemma- Theorem of the alternative). Let A be an m x n matriz.
Then exactly one of the following two statements is true.

e dxr e R", x> 0,Ax = b,

e IpeR™" PA>0,p-b<0
where p' is the transpose of y.

Proof: Let us first show that we cannot have both conditions simultaneously holding.
If, towards a contradiction there is an z € R’} and a p € R™ such that both statements
hold, then

0>p-b=7p'(Az)=(p'A)_x >0.
>0 =20

Now, assume that that the first statement does not hold, i.e. for all z € R%, Az # b.
It suffices to show that the second condition is true. Let a; be the i-th column of A, so
A=a;y...a,]. Every column a; is a vector in R™.
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Consider the set C' = {z € R"|z = > . a; - x;,x; > 0}. The set C' is a closed convex cone
and therefore a closed and convex set (check this). In particular, it is the convex cone
generated by the vectors {ay,...,a,}.!

The fact that the first statement does not hold is equivalent to requiring that b ¢ C' (i.e.
for all z € R%, Az # b). Given that C' is a closed convex cone, we can use our separating
hyperplane theorem and proclaim the existence of a hyperplane H = (p, d) that strictly
separates C' from b: Vz € C,

p-z>d>p-b.

First, observe that 0 € C' (choose = = 0), so by choosing z = 0, we immediately have that
0 > p- b, which gives the last part of the second statement in the theorem.

Next, choosing z = a; € C' (pick x the unit vector in direction i) gives p-a; > d > p-b
for all columns 7 of A.

Let us strenghthen this condition by showing that in fact p - a; > 0 for all columns a;. If
not, there is a column such that p-a* < 0. But aa; € C for all @ > 0 (pick x the zero
vector except for the value of @ > 0 at coordinate 7). As such, taking a > 0 large enough,
we can make p - («a;) sufficiently negative to guarantee that p- (aa;) <p-b (asp-bisa
just a fixed number). This gives a contradiction. Conclude that p-a; > 0 for all columns
a; of A, giving p'A > 0. n

6.3 Revealed preference and utility maximization

Consider a non-empty finite subset of objects X = {xi,...,z,}. We have a finite set
of observations where for each observation an individual makes a choice from a certain
subset of X. That is, we have a list B = (By, Bs, ..., B,,) of non-empty subsets of X and
for each B; we observe that the individual making some choice x € B;. We denote this
choice by = = ¢(B;). The function ¢ : B — X is called a choice function (note that for all
Bi; C(Bz) € Bz)

We want to know under what conditions we can guarantee that this individual is utility
maximizing in the sense that there exists some utility function v : X — R that rationalizes
the choice function c:

x=c(B)— [Vy € B;,(x #y) — u(x) > u(y)]

In other words, c is rationalizable if we can find numbers {u(z)|z € X} such that for all
B, if (x = ¢(B;) and y = B; \ ¢(B;)), then u(z) > u(y).

We start by definining a revealed preference relation S:
x Sy if there is some B; with x,y € B;,x # y and = = ¢(B;).

In words, x Sy if = is chosen from some choice set B; while y was also available (but not
chosen).

We say that the observations satisfy the strong axiom of revealed preference if the revealed
preference relation S has no cycles, i.e. there are no options x, ¥, z,...,w in X such that:

xSySzS...SwSx.

'Restating C' in matrix form we have C = {z € R"|z = Az, > 0}.
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Theorem 6.4. The choice function c is rationalizable if and only if SARP is satisfied.

Proof: Assume that the choice function c is rationalizable and (towards a contradiction),
assume that the SARP does not hold. Then, there exists a sequence z,y, z,...,w such
that:

xSySzS...SwS z.

But as the choice function is rationalizable, we have that:
u(x) > u(y) > u(z) > ...u(w) > u(zx),

which is impossible.

For the reverse, we want to show that if SARP is satisfied, then the choice function is
rationalizable. We will first rephrase the condition: ‘the choice function is rationalizable’
in terms of a system of equalities (to be used by Farkas’ lemma later on). Note that ¢ is
rationalizable if we can find numbers {u(x) : x € X} such that for all z Sy, u(z) > u(y).

We will construct a matrix A whose columns are indexed by the elements in X and whose
rows are indexed by the relation S viewed as ordered pairs. In other words, for all every
row of A corresponds to a pair (z,y) for which z S y. In row (z,y) we put a 1 for the
column indexed by x and a value of —1 for the column indexed by y and a zero in every
other column. Now we can consider a vector u € R representing the utility values u(x)
for the various options. Rationalizability is equivalent to the existence of such vector uR"
such that:
Au > 0.

Note that we can always scale u by a strict positive number to change this inequality to :
Au > 1.

where 1 is the n-dimensional vector of 1’s. Next, to turn this into a system of equations,
we can add a slack d € R (where m is the number of rows in A) and rewrite this as:

Au— Id = 1.

In block matrix notation, we obtain the system:

Now let us go back to the proof. We will show that SARP implies that ¢ is rationalizabile
using a proof by contrapositive. So we assume that ¢ is not rationalizable and want to
demonstrate that SARP is not satisfied. IF ¢ is not rationalizable then above system of

equalities does not have a solution > 0. By Farkas’ lemma, this implies the existence

u
d
of a vector p (of dimension m) such that:

p’A>0,p-1<0.



Lecture 6: Farkas’ lemma 6-7

let us index the vector p by p(,,) where (x,y) indexes the rows of A (i.e. z Sy). We can
rewrite this as:

Va Z P(ay) — Z Pya) = 0,

y:xSy yySx
Ve Sy : —puey =0,

Zp(%y) < 0.

xSy

Let us show that this implies a violation of SARP. first as for all Sy, p,) < 0 but
the sum is strictly negative, there should be at least one zo S yo such that pe, 4, < 0.
Then Zy:xo sy P(zo,y) Will also be strictly negative, so Zy:ySaro D(y,z0) Should also be strictly
negative (as the difference is positive). This implies that there is at least one 7 such that
21 S wo and Pz, wg) < 0.

If so, then likewise, Zy:xl sy P(a1,y) 18 strictly negative, implying that Ey:nyl P(y,21) should
also be strictly negative (as their difference is positive), implying that there is an o
such that o S o1 and p(y, ;) < 0. We can continue this forever generating a sequence
oS S Sxp_o... S xy. Given that there are only a finite number of options, we
must eventually repeat some x;, which forms a cycle:

1S e Sxr_1S... ST

This gives a violation of SARP.

6.4 No arbitrage conditions

Assume that an investor can choose to buy among T different financial assets. The payoff
that each asset gives depends on the realized state of the world. Let S be the finite set of
possible states.

Buying one unit of asset ¢ € 1" gives a return of a,, in state s € S of the world. A portfolio
x gives the holding of the various assets x;. The payoff of portfolio x in state s € S is

then:
Z CLSthL't.

teT

Let p; be the price that the investor has to pay for asset t. The total expenditure for
portfolio x is then given by:
Zptfl?t-

teT

If the portfolio gives a positive payout in every state of the world and if total expenditure
is negative, then we say that the portfolio is arbitrage free.

Definition 6. The portfolio x € R™ is arbitrage free if for all s € S:

Z (st Ty > 0,

teT
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and

Zptl't < 0.

teT

Arbitrage free portfolio’s can be arbitrarily scaled up or down to make as much money
as desired. This means that we can without loss of generality set profits to 1 giving the
system:

Z a5y 2> 0,

teT

Zptxt = —1.

teT

Let us try to figure out what it means to have an arbitrage free portfolio by putting this
system in the form for Farkas’ lemma.

First, we need to make the inequalities equalities. We do this by adding slacks:
ds = Zas,txt >0
teT

Next, to make all variables non-negative, we define x = xy — x5 where x1, x5 are positive
vectors. This gives the system:

{Zte’]" as,txl,t - ZtGT as,ta:Q,t - dS - 07 o |:A _A _-[:| 1 — |: 0 :|

T2
S er D1y — D oper Doy = — 1. pt —pt 0 b ~1

Here A is a matrix whose rows are indexed by the states s and whose columns are indexed
by the assets t. It has value a5, on row s and column ¢.

The Theorem of the Alternative states that this system has no solution zq,x9,d > 0 if
and only if there is a vector y, with elements y, and final element z such that:

t A _A _]
Y pt _pt R
0

Y [_1} < 0.

Writing out this system gives:

> ysase+pez >0, (VteT),

seS

Z ys@s,t + Pz S 07 (Vt € T):

seS
_ysZO,
— 2z <0.

We get rid of z by defining 7y = —ys/z > 0 to get:

E TisQst = Pt-

SES
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The numbers 7, > 0 are called Arrow-Debreu prices. An Arrow-Debreu security for state
s is an asset that pays out 1 euro if state s occurs and 0 if not. Now instead of buying
portfolio ¢ at price p; we can instead by a, ¢ units of the Arrow-Debreu security for state s.
Doing this reproduces the asset ¢. Its total price is ) | o msas; which given the equation
above equals its price p;.

This result states therefore that there is no arbitrage-free portfolio if and only if we can
find non-negative Arrow-Debreu prices for the various states.

Assume, for example that there exists a risk neutral asset (e.g. a bond). Buying one unit
of the bond pays off an amount of a,, = (1 + r), independent of the state of the world s
then,

1= m(l+r),
ses

—(14+7r)=

1
ZSES Ts .
In other words: reciprocal of the sum of all Arrow-Debreu prices equals (1 + r).

Let’s take another example. Suppose a firm issues a bond B at price pg in period 0 and
promises to pay a rate of interest A\, unless it is unable to do so, in which case it will pay
what it can afford. What can we say about the value of \?

If the firm’s income in period 1 in state s is given by the value vy, then the bond’s return
is

(1+A) ifve> (14 N)ps,
s =
= vs/PB otherwise

Let ST = {s € S|vs > (1 + \)pg} be the set of states that capture the first case and
ST ={s € Slus < (14 AN)pp} the set of states that capture the second state. Then:

pp = Z (1 4+ ) + Z 71'5;)—;,

seSt seS—
<> w4+ ) m(L4 ),
seSt SES™
=1+ 7,
sES
B 14+ A
147

where 7 is the interest rate of the risk-free bond with unit price. The left hand side gives
the relative price of the bond (remember: we normalized the price of the riskless asset
to one). The right hand side gives the relative rates of return between the bond and the
riskless asset. As such, we see that the price of the bond is lower than the rate of return,
due to the risk of default.

As another example, let us derive the put-call parity. Given an asset A, a call option on
A is the right to buy a unit of A at a specified exercise price before a given date.? Since

2 American call options can be exercised any time prior to expiration; a European call option can only
be exercised on the expiration data. In a two period world, the distinction does not matter.
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the option need not be exercised, the call will only be ‘called” in states s where the price
of the stock exceeds the exercise price. Let p, be the price of the underlying stock in
period 1 in state s and assume that the exercise price is v. If C'is a call on the stock with
exercise price v, the time 1 cash flow obtained from C'is given by

s can = max{p, — v,0} = (7, —v)".

A put option on the stock is the right to sell the stock at the exercise price v. It will be
exercised only if p; < v. If P is a put on the stock, then its return is

s put = max{v — g, 0} = (v — 7)) "

Let ST ={s € S|ps > v} and S~ = {s € S|ps < v}. Then the prices of the call and put
satisfy

Peall = Z (ps - U)Trsa

seSt

Pput = Z (U - ps)ﬂ's-

sES™

The price of the stock itself is given by:

p= Zpsﬂ-s-

seS

So,

Pcall — Pput = Z(ps - U)ﬂ-m

sES
= E TsPs — E VT,
ses seSs
v
p 11

where r is the rate of return of the risk free bond with unit price. From this we see that,

v

= Peall — Pput + —-
P = Pcall — Pput T1r

This is known as the put-call parity. (This is as far as my knowledge of financial economics
goes.)



