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Lecture 5: House allocation problem

Thomas Demuynck

We continue with another seminal contribution of Lloyd Shapley, now together with the
economist Herbert scarf presented in their 1974 house allocation problem.

Figure 5.1: Herbert scarf (1930-2015)

5.1 Setting

Consider a set of individuals I and a set of indivisible items (houses) H. Every individual
i € I is the owner of a house h € H. We can model this as a bijection (matching)
w: I — H that associates to every individual i a unique house w(i) € H.

An allocation o : I — H is another bijection (matching) from I to H, where o(7) indicates
the house that is finally allocated to individual ¢ (which might differ from her initial house).
We denote by F the set of all possible allocations. All individuals ¢ € I have strict
preferences over all houses in H which we denote by P;. A preference profile (P, ..., Py)
specifies a preference for every individual in I. For h, h' € H we write h P; b’ if i prefers
h over h' and we write h R; ' if either h P; b’ or h = h'. We denote by P the set of all
preference profiles. An allocation problem is given by a tuple (I, H,w, (P;);er) where I is
a set of individuals, H the set of houses, w : I — H an endowment rule and (P;);cs is a
preference profile.

Definition 1 (Individual Rationality). Let (I, H,w,(P;)icr) be an allocation problem.
The allocation rule o is individual rational for this allocation problem if for all i € I :
o(i) R; w(i).

Individual rationality requires that everyone receives a house that is at least as good as
their endowment.
Definition 2 (Blocking coalition). Let (I, H,w, (P;);er) be an allocation problem. We say

that a coalition S blocks the allocation o if it is able to reallocate among themselves their
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endowments such that no one in the coalition is worse of and at least one individual is
better off.

This means that there is an alternative allocation p such that:

o Vie S:u(i)R;o(i)
e 3j €S :pu(j) Pjo(j)
o Vic 5,35 €S put)=w(y).

Definition 3 (Core allocations). Let (I, H,w, (P;)icr) be an allocation problem. We say
that the allocation rule o is a core allocation (stable) if it is individual rational and there
are no blocking coalitions.

5.2 The Top Trading Cycle algorithm
The following algorithm is called the Top Trading Cycle algorithm.

1. Start in round ¢t = 1 with a set of agents I, houses H, an endowment rule w and a
preference profile (P,);c;. Set Iy =1, H; = H.

2. For every round t let I; be the set of remaining agents and let H; be the set of
remaining houses. If these sets are empty, we stop the algorithm. If not, then:

(a) We construct the following graph G' with nodes [;: draw a directed edge from
agent i € I, to agent j € I, if w(j) is the most preferred house for i among all
remaining houses in the set H;. We allow an agent to point at herself.

(b) Consider a cycle in the graph and let A; be the set of agents that are involved
in the cycle. (If there are multiple cycles, we can take any of them).

(c¢) Allocate every agent in A; the endowment of the agent she points to, so if i
points to j, we set o(i) = w(j).

(d) Remove from I; all agents in the cycle A; and remove from H; all houses
allocated to agents in A; (which agrees with all endowments of the agents in

Ay).

The algorithm ends if all agents are assigned a house.

In order to show that this algorithm executes well, we need to show that at every iteration,
we can find at least one cycle. At every iteration, we have that from every agent in I,
there is exactly one arrow leaving, following these arrows, we must eventually encounter
an agent that we visited before. This creates a cycle. Also note that as from every agent
in I; there is a single outgoing edge, different cycles must be disjoint. Note further that
in every round ¢, H; only contains the houses that are endowed to agents in ;. So if an
agent leaves the set I;, his endowed house is also removed from the set H;.

Theorem 5.1 (Shapley-Scarf theorem). The allocation resulting from the TTC algorithm
15 in the core.
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Proof: Let us now first show that the allocation is individual rational. If not, then there
is an agent i that is assigned a house h such that w(i) P; h. Assume i is assigned a house
in round ¢ of the TTC. But then in this round w(7) was still in the set of remaining houses
Hy, so h cannot have been his most preferred house (i.e. agent ¢ should have pointed to
herself).

To show that there is no blocking coalition, assume towards a contradiction that S blocks
the allocation of the TTC algorithm. Construct the graph with nodes the agents in S and
where there is an arrow from ¢ to j if ¢ receives the endowment of j for the alternative
allocation that produces the blocking coalition. This graph consists of a set of disjoint
cycles. Take one such cycle. If this is also a cycle in the one of the iterations of the TTC,
then every agent gets the same allocation as in the TTC. As such, all of these agents are
indifferent between the alternative allocation and the TTC allocation. As at least some
agent is better of with the blocking coalition, it follows that there must be at least one
cycle that involves agents that are assigned houses in different rounds of the TTC.

As such, consider a cycle with an agent 7 that is assigned a house in some round ¢ of the
TTC (i € A;), which is pointing to an agent, say j that is assigned a house in the TTC
in round t' >t (j € Ay). As Hy C H,, it follows that the TTC allocates to i an option
that is at least as good as any option in Hy. Moreover, the TTC does not assign to i the
house w(j) (else j would also be in the TTC cycle at round ¢, so j would be in A;). It
follows that for ¢, the allocation obtained in the TTC algorithm is better than what he
receives according to the blocking coalition, i.e. w(j). This contradicts the assumption
that S is a blocking coalition. ]

Even a stronger result holds.

Theorem 5.2. The TTC produces the unique core allocation.

Proof: The previous observation showed that the TTC allocation is in the core. Let us
now proof that it is the only core allocation. We do this using induction on the rounds
of the TTC algorithm. In round 1, all agents in A; get their most preferred house. So in
any core allocation, all these agents must get the same house as for the TTC allocation.
If not, A; would be a blocking coalition. Conclude that any core allocation agrees with
the TTC allocation for agents in A;.

Now suppose that every core allocation agrees with TTC on the agents in Ay U...UA;_;.
The TTC allocation allocates every agent in A, their preferred house among all remaining
houses. As such, they must indeed get the same house in any core allocation. If not, they
would form a blocking coalition. As such, also in round ¢ all agents in A; receive the same
allocation in every core allocation. [ ]

5.3 Pareto optimality

The previous section established that the TTC allocation is the unique core (stable)
allocation. Perhaps there are other allocations that give a Pareto improvement.

Definition 4 (Pareto). Let (I, H,w, (F;)icr) be an allocation problem. We say that the
allocation o is Pareto optimal if there does not exist another allocation p such that for all
i€, u(i) R; o(i) and for at least one j € I, u(j) P;o(j).
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Theorem 5.3. The TTC allocation is Pareto efficient.

Proof: The proof is again by induction on the rounds of the TTC. Let o be the allocation
resulting from the TTC algorithm. Towards a contradiction, assume that p be a Pareto
improving allocation. Then all agents in A; have their most preferred house in 0. As
p(i) R; o(i) for all i € Ay it follows that p(i) = o(i) for all these agents. By induction,
assume that o(i) = p(i) for all i € A; U...U A;1. Then for i € A, all agents get their
most preferred outcome in o among all houses that are still not allocated. As such, also
for them o (i) = u(7). By induction, we have that u(i) = o(¢) for all ¢ € I, meaning that
i cannot be a Pareto improvement. |

5.4 Strategy proofness

A rule is strategy proof if no individual has an incentive to misrepresent her preferences.
To make this somewhat more formal, let us fix (I, H,w). For any preference profile
P=(Py,...,Py) and preference P} let us denote by (P, P_;) the profile where i changed
her preferences from P; to P, and all other individuals kept their preferences at the profile
P.

(Pilap—i) = (P17"'7P7L—17]Di/713i+17---aPN)'

An allocation rule is a function that corresponds to ever preference profile P an allocation.
We denote this by op.

Definition 5 (SP). The social allocation rule op is strategy proof if no individual has an
incentive to misrepresent their preferences. Formally, for all profiles P = (P;, P_;) and
for all preferences Py,

op(i) R o(py p_,)(4)

Our aim is to show that the TTC allocation rule is SP. Towards this end, we make the
following observation.

Lemma 1. Let j € A; and let there be a path from i to j in the graph constructed at
round k <t of the TTC, then there will also be a path from i to j in graph of round k' of
the TTC where k < k' < t.

Proof: The proof is by induction on &’ (from k to t). For k" = k this simply follows from
the assumption. Now assume that the path is still there in round & < ¢ and consider
round k' + 1. As every agent on the path only has one arrow leaving in round &’ of the
TTC algorithm, no vertex on this path can be part of the agents in Ay (else t would also
be part of Ay/). This means that all agents on the path (including j) are still in I/, and
their endowments are still in Hy/; 1. This means that the path is still there for the graph
constructed in round k" + 1. [

Now we can show that the TTC algorithm is strategy proof.
Theorem 5.4. The allocation produced by the TTC algorithm is strategy proof.

Proof: Consider the preference profile P = (Py,...,FP;,...,Py). Take agent j and
assume that if j gives his true preferences, he is allocated a house in round ¢ of the TTC
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algorithm j € A;. This means that if he tells the truth, he receives his favourite house
among all houses in H;.

Now if agent j lies about his preferences, this makes only sense if he would be allocated
a house in a round before ¢t as at round ¢ he can do no better than presenting his own
preferences.

This means that by misreporting his preferences to say P;’, he is able to form a cycle
in some round k < t. In other words, following the prefereces in P;’, he should be
pointing to an agent that is in round & on a path to himself. But then, using the previous
lemma, this agent is still on a path to 7 in round ¢ of the TTC for the preferences
P=(Py,...,P;, ..., Py),sojcanstill point to this agent in round ¢ and generate the same
cycle and receive the same house. This means that j cannot strictly gain by misreporting
his preferences. [ ]



