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The practical-minded reader may rightfully ask whether any contribution has
been made toward an actual solution of the original problem... It is our opin-
ion, however, that some of the ideas introduced here might usefully be applied
to certain phases of the admissions problem.

D. Gale and L.S. Shapley

The theory of stable matchings started with the 1962 seminal paper of David Gale and
Lloyd Shapley where they presented, now famous, the deferred acceptance algorithm.

(a) David Gale (1921–2008) (b) Lloyd Shapley (1923–2016)

4.1 Setting

Consider a set M of men and a set W of women (alternatively, one could think of students
and colleges, doctors and hospitals or workers and firms). Every man can be linked
(matched) to at most one woman or remain single and vice-versa. We will denote being
single by ∅.

A matching can be defined as a function σ : M ∪W → M ∪W ∪ {∅} such that

• for all m ∈ M , σ(m) ∈ W ∪ {∅},

• for all w ∈ W , σ(w) ∈ M ∪ {∅},

• if σ(m) = w ̸= ∅ then σ(w) = m and if σ(w) = m ̸= ∅ then σ(m) = w.

4-1
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The first requirement states that every man is either matched to a woman or remains
single. The second statement requires the same for women. The third statement says
that if m is matched to w then w should be matched to m and vice-versa.

We assume that every man has a strict ranking over W ∪ {∅}. We denote the ranking of
m by Pm. This is a complete, asymmetric and transitive relation. Similarly, every woman
w ∈ W has a strict ranking over the elements in M ∪ {∅} which we denote by Pw.

Our aim is to find a matching that are stable in the sense that no man and women would
like to form a couple (while abandoning their current partner(s) if necessary). Towards
this end, we use the notion of a blocking pair.

Definition 1 (Blocking pair). The couple (m,w) is a blocking pair for the matching σ if
mPw σ(w) and w Pm σ(m)

In words, (m,w) is a blocking pair if m prefers w over his current match σ(m) and w
prefers m over her current match σ(w).

Next, we say that a matching is individual rational if the assignment is at least as good
as being single.

Definition 2 (Individual Rationality). The matching σ is individual rational if for all
m ∈ M either σ(m) = ∅ or σ(m) Pm ∅ and for all w ∈ W either σ(w) = ∅ or σ(w) Pw ∅.

Definition 3 (Stability). A matching σ is stable if it is individual rational and if there
are no blocking pairs.

Stable matchings have the feature that no individual would like to walk away from their
current partner (to become single) and no two individuals would prefer to be matched to
each other compared to their current situation.

4.2 The Deferred-Acceptance Algorithm

Gale and Shapley showed that there exists at least one stable matching. They did this
by giving an algorithm that provides such matching. This algorithm is known as the
Deferred-Acceptance (DA) algorithm

1. Start in period t = 1 with all men and all women being single.

2. In round t, every man who is currently not engaged proposes to the woman highest
on his preference list to which he has not proposed before in the previous rounds
1, . . . , t− 1, and proposes to no-one if he has exhausted all women he prefers above
remaining single.

(a) If a woman is not yet engaged and someone proposes to her, she engages with
the best among all men that propose to her (if this best man is preferred to
being single).

(b) If a women is already engaged. She compares this man with all men that
currently propose to her and engages with the most preferred one (possibly
rejecting her previous engagement).
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3. Continue until no more offers are being made.

Let’s consider an example with four men and women with preferences as in the table
below.

Men Women
w1 w2 w3 w4 m1 m2 m3 m4

m1 m3 m4 m3 w2 w4 w1 w2

m3 m4 m2 m2 w1 w1 w3 w3

∅ m1 m3 m1 w3 w2 w2 ∅
m2 ∅ m1 m4 w4 w3 w4 w1

m4 m2 ∅ ∅ ∅ ∅ ∅ w4

In round 1, every man proposes to the woman highest in his ranking (who are preferred
to being single). This means that w2 receives two proposals (from m1 and m4) but rejects
m1 (as she prefers m4 over m1).

At the start of round 2, w1 is engaged with m3, w2 with m4 and w4 with m2. This means
that only m1 is not engaged. Then m1 proposes to w1 (which is the highest ranked women
among all candidates that did not yet reject him). w1 accepts the proposal of m1 and
rejects her current engagement with m3.

At the start of round 3, w1 is engaged with m1, w2 is engaged with m4 and w4 is engaged
with m2. The only man not engaged is m3 who proposes to w3, who accepts as she was
currently not engaged and she prefers m2 over being single.

At the end of round 3, no man is single, so the algorithm ends.

Over the iterations of the algorithm all men propose to women further down in in their
preference list and all women engage with men further up in their preference list. The
algorithm has to end when either all men are engaged to a woman (so no man is rejected)
or if all non-engaged men exhausted all acceptable women on their preference list (i.e.
the ones they prefer over being single).

Theorem 4.1 (Gale-Shapley). The DA algorithm produces a stable matching.

Proof: It is clear that the algorithm will produce a matching that is individual rational as
men do not propose to woman they deem worse than being single and no woman engages
with a man that she thinks is worse than being single.

Let us show that the matching produces no blocking pairs. Let σ be the matching pro-
duced by the DA algorithm. Towards a contradiction, assume that m is not matched to
w but m prefers w to his own match (wPm σ(m)) and w prefers m over her current match
(m Pw σ(w)). Following the rules of the algorithm, this means that m should have pro-
posed to w before proposing to his final match σ(m) and, in turn, was therefore rejected
by w in favour of another candidate that she liked better. This means that σ(w) Pw m,
giving the desired contradiction.
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4.3 Optimality of the DA algorithm

Similar to the men proposing DA algorithm, one could look at the variant where the
women propose to the men and the men engage with their most preferred proposing
women. Which of these two algorithms will benefit the women (or men)?

Definition 4. A stable matching σ is man (woman) optimal if every man (woman) is
at least as well of under σ as under any other stable matching.

The following shows that the it is the proposing side of the market that is best of.

Theorem 4.2. The men proposing DA algorithm is man optimal. Similarly, the women
proposing DA algorithm is woman optimal.

Proof: We prove the first part, the second part being very similar. For a given man m,
let us say that w is possible if there is a stable matching that assigns him to w. Let us
denote by A(m) be the set of all possible women for m. So w ∈ A(m) if there is a stable
matching that assigns m to w. We add ∅ to the set A(m) if there is a stable matching
where m is single.

We want to show that the men-proposing DA matches m to his most preferred option in
the set A(m). The proof works by showing that, in the men proposing DA, if m proposes
to w then either w is the top candidate in A(m) or w Pm w′ for all w′ ∈ A(m). So either
w is not in A(m) (if it is preferred to all elements in A(m)) or it is the best option in
A(m). The proof is by induction on the rounds in the DA algorithm.

In the first round, m proposed to his top choice, which is either the top choice in A(m)
or better than anything in A(m). So the claim is true for round 1 of the DA.

For the induction step, assume that up to a certain round t in the DA algorithm, no man
m has yet proposed to a woman that is worse than his most preferred partner in A(m).
Now assume that in round t + 1 man m proposes to women w. For this, it must be the
case that m was rejected by his proposal in round t, say to woman w. In order to show
that w is the best option in A(m) or better than any option in A(m), it suffices to show
that w /∈ A(m). Indeed, if w /∈ A(m), this then menas that in the next round, he will
propose to w that is at least as good as any women in A(m) or his best option in A(m).
Let m be the man that w engages with when rejecting m in round t.

This means that the man m proposed to w in round t (as w was engaged with m and
rejected him in round t). By induction, we know that for m, woman w is either his best
option in A(m), or better than any option in A(m).

Now, towards a contradiction, assume that w ∈ A(m). This means that there is a stable
matching, say σ, such that σ(m) = w. In this matching m is matched to a girl in A(m)
(or m is single). In any case, in the matching σ, m is worse off compared to be matched
to w, i.e. w Pm σ(m) (as by induction w is at least as good as any option in A(m)). In
addition, as w rejected m in favour of m, we have mPw σ(w). This means that (m,w) is
a blocking pair in σ, a contradiction.

Let us denote by σM the matching resulting from the men proposing DA algorithm and
by σW the matching resulting from the women proposing DA algorithm. Above theorem
shows that σM is the men optimal matching and similarly, one can show that σW is the
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woman optimal matching. As it turns out σM is actually the worst stable matching for
the women and σW is the worst possible stable matching for the men.

Theorem 4.3. The matching σM is the worst stable matching for the women (and σW is
the worst men optimal matching).

Proof: Towards a contradiction, assume that there is a stable matching σ such that in σ
women w is matched to a worse outcome compared to her assignment in σM . This means
that in σM , women w cannot be single (as stable matchings are individual rational, it is
impossible that at some stable matching, one is matched to a partner who is worse than
being single).

Let m = σM(w). Then we have that m Pw σ(w). As σ is stable, (m,w) should not block
this matching, meaning that σ(m) Pm w. This, however, contradicts the fact that σM is
the men optimal matching, i.e. either σM(m) = σ(m) or σM(m) Pm σ(m).

4.3.1 The Rural Hospital theorem

The rural hospital theorem tells us that the set of men and women who are matched in a
stable matching is always the same.

We begin by an observation that if m is single in the men proposing DA, then m is single
for any stable matching.

Lemma 1. If σ is a stable matching and σM(m) = ∅ then σ(m) = ∅. In addition, if
σW (m) ̸= ∅ then σ(m) ̸= ∅.

Similarly, if σW (w) = ∅ then σ(w) = ∅ and if σM(w) ̸= ∅ then σ(w) ̸= ∅.

Proof: If σM(m) = ∅ it means that ∅ Pm w for all possible women w in A(m). As all
stable matchings are individual rational, this implies that A(m) = {∅}, so for all stable
matchings σ, we have that σ(m) = ∅.

For the second, assume that w = σW (m) ̸= ∅ then given that σW is the women optimal
matching, w is the worst possible option in A(m) form. It follows by individual rationality
that wPm∅. Then for any stable matching σ, either σ(m) = w or σ(m)PmwPm∅, meaning
that m cannot be single under σ.

Theorem 4.4. If σ is a stable matching and if σ(m) = ∅ then σM(m) = ∅. In particular,
given the previous lemma, the set of singles is the same for any stable matching.

Proof: Towards a contradiction, assume there is a man m such that σ(m) = ∅ while
σM(m) = w ̸= ∅.

Then w is not single in σM , hence by the previous lemma, w is not single in any stable
matching and therefore σ(w) ̸= ∅. Next, the partner σ(w) cannot be m as σ(m) = ∅.

Let m = σ(w). Then m is not single in σ, so by the contrapositive of the previous lemma,
σM(m) ̸= ∅. Also σM(m) ̸= w as w is matched to m for σM .

Let w = σM(m). Then w is not single in σM and we can continue finding a partner m̃ of
w in σ, distinct from m. Then as σ(m̃) ̸= ∅, we have that σM(m̃) ̸= ∅ and so on.
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This process can be repeated indefinitely, alternatively finding σ-partners for the women
and σM partners for the men. It is impossible that this sequence forms a loop as if we
loop back to the original man m, then this contradicts the assumption that m was single
in σ. If we loop back to somewhere in the middle, then someone has 2 partners in either
σ (if it is a man) or in σM (if it is a woman), which is impossible.

From this, we conclude that if a man m is single under σ, then he is single under σM .
From the previous lemma, this implies that m is single under any stable matching. As
such, m is single for a stable matching if and only if m is single for all stable matchings.
In other words, the set of single men (women) is the same.

4.3.2 The lattice structure

Consider two stable matchings σ, µ. We define the following mapping.

(σ ∨ µ)(m) =


σ(m) if σ(m) Pm µ(m)

µ(m) if µ(m) Pm σ(m),

σ(m) or µ(m) if σ(m) = µ(m)

Lemma 2. If σ and µ are stable matchings, then σ ∨ µ is a stable matching.

Proof: Let us first show that µ∨σ is a matching. This means that we need to show that
no two distinct men are matched to the same woman. Towards a contradiction, assume
that (σ ∨ µ)(m) = w and (σ ∨ µ)(m) = w.

Without loss of generality, assume that σ(m) = w and, therefore µ(m) = w. Then by
definition, w Pm µ(m) and w Pm σ(m).

Now for the preferences Pw either mPw m or mPw m. If the first occurs then mPw µ(w),
meaning that (m,w) is a blocking pair for the stable matching µ, a contradiction. If the
second occurs then m Pw σ(w) meaning that the couple (m,w) is a blocking pair for the
stable matching σ, again a contradiction.

To show that (σ ∨ µ) is stable, assume towards a contradiction that there is a couple
(m,w) such that wPm (σ∨µ)(m) and mPw (σ∨µ)(w). Note that this implies wPm σ(m)
and w Pm µ(m).

Note that mPw (σ ∨ µ)(w) implies that either mPw σ(w) or mPw µ(w). In the first case,
(m,w) is a blocking pair for σ in the second case (m,w) is a blocking pair for µ. Both
give a contradiction.

The matching (σ ∨ µ) gives for all men m the best allocation between σ(m) and µ(m).
As it turns out this matching gives to all women w the worst between σ(w) and µ(w).

Lemma 3. For all w ∈ W , if µ and σ are stable matchings then:

(σ ∨ µ)(w) =


σ(w) if µ(w) Pw σ(w)

µ(w) if σ(w) Pw µ(w),

σ(w) or µ(w) if σ(w) = µ(w)
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Proof: Towards a contradiction, assume that (σ ∨ µ)(w) = σ(w) and σ(w) Pw µ(w). Let
m = σ(w) then (σ ∨ µ)(m) = w so w Pm µ(m). This means that (m,w) is a blocking pair
for µ, a contradiction.

Similarly, for two stable matchings σ, µ, we could define the function:

(σ ∧ µ)(w) =


σ(w) if σ(w) Pw µ(w)

µ(w) if µ(w) Pw σ(w),

σ(w) or µ(w) if σ(w) = µ(w)

One can use a similar proof to show that this is a stable matching and that

(σ ∧ µ)(m) =


σ(m) if µ(m) Pm σ(m)

µ(m) if σ(m) Pm µ(m),

σ(m) or µ(m) if σ(m) = µ(m)

This shows that the set of stable matchings has a lattice structure. For any two stable
matchings µ and σ, we can form the matchings µ ∨ σ and µ ∧ σ who are also stable.
In addition, the matching µ ∨ σ is (weakly) preferred to µ and σ for all men while the
matching µ∧ σ is worse than both µ and σ for all men. The reverse holds for the women
preferences.

4.4 Strategy-proofness

Remember that a mechanism is strategy proof if no individual has an incentive to report
a ‘fake’ preference to improve his/her outcome.

Consider a central planner who first elicits the preferences Pm for all men and the prefer-
ences Pw for all women generating the profile P = (Pm, Pw)m∈M,w∈W . Then the planner
runs the men optimal DA algorithm producing the matching σM . Is this matching strategy
proof? I.e. does anybody have any preference to mis-report his/her preference?

Theorem 4.5. The man optimal matching σM is strategy proof for the men and the
women optimal matching σW is strategy proof for women.

Proof: Assume that m has true preferences Pm but instead reports preference Pm
′.

Assume that for the true preference Pm, m is assigned to women w while for the fake
preference Pm

′, m is assigned to w. We want to show that either w = w or w Pm w.

If w = ∅, then as the DA algorithm is individual rational, we have that either w = ∅ or
w Pm ∅ so the claim is true.

Now assume that w ̸= ∅. If ∅ Pm w, then m will do better stating the true preference Pm

as (by individual rationality) this will give him at least something as good as ∅.

As such, we assume that w Pm ∅. We will now modify Pm
′ in a few steps to Pm and show

that at every step, m cannot be worse by stating this new preference relation compared
to the one in the previous step.

• Consider stating the preference where m reports w as the only acceptable woman,
i.e. w is the best option and ∅ is the second best option. The men optimal DA
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algorithm will then still give w as the final allocation: m will immediately propose
to w and w will engage with m and never reject m.

• Consider m reporting a preference that honestly reports all rankings above w but
truncates at w (i.e. put ∅ just below w). Then m will propose (and potentially) be
matched only to women which he deems better than w, meaning that m can only
profit by stating his preferences in this way.

• Consider m now that m reports his true preferences. Compared to the previous
preference, m will still obtain the same outcome: either w or someone better, so m
cannot be hurt by doing this.

It turns out, however, that σM is not necessarily strategy proof for women and σW is
not necessarily strategy proof for men. In fact, there are instances that have no stable
strategy proof matching for both men and women.

Theorem 4.6. There are matching problems without any stable and strategy proof match-
ing.

Proof: Consider the following matching problem (first numbers give the ranking for the
men, while the second numbers in the table reflect the ranking for the women):

m m
w w
w w
∅ ∅

w w
m m
m m
∅ ∅

This instance has two stable matchings {(m,w), (m,w)} and {(m,w), (m,w)} (check this).

Consider the stable matching {(m,w), (m,w)}. Assume now instead of her true prefer-
ences, w gives the ranking mPw

′ ∅ Pw
′ m. Then for any algorithm that produces a stable

matching, w cannot be matched to m (as this would not be individual rational). As m
prefers to be matched to w over being single and w deems m the best man, we see that m
will be matched to w (if not, they make a blocking pair). If so, then m will prefer to be
matched to w over being single, so the resulting stable matching will be {(m,w), (m,w)}
which is preferred to {(m,w), (m,w)} by w. This shows that the first matching is not
strategy proof.

If {(m,w), (m,w)} is the stable matching we will similarly have that m will have an
incentive to misrepresent his preferences by w Pm

′ ∅ Pm
′ w.

This means that there is no strategy proof stable matching.
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