
MATH-S400: Mathematics and Economic Modelling 2025-2026
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In a bargaining problem two individuals decide on the division (allocation) of payoffs
between themselves. More formally, a bargaining problem is defined by a compact (closed
and bounded) convex set B ⊂ R2 and a point d = (d1, d2) ∈ R2, called the disagreement
point.

The set B represents all payoffs or utilities that the two players may obtain and d gives
the threat or disagreement point, i.e. the payoffs that individuals receive when they do
not reach an agreement. The bargaining set is assumed to be closed and convex: if
x, y ∈ B, we assume that the individuals can randomize between the two, so anything
on the segment between the two payoffs is also feasible (here we assume that individuals
have expected utilities).

As we may safely assume that individuals will reject any proposal (x1, x2) for which either
x1 < d1 or x2 < d2, we will also assume that for all (x1, x2) ∈ B, x1 ≥ d1 and x2 ≥ d2. To
make the problem interesting, we assume that there is at least one (x1, x2) ∈ B such that
x1 > d1 and x2 > d2.

A bargaining solution is a function ϕ that associates with every bargaining problem
(B, d) a value (or allocation) ϕ(B, d) ∈ B. The components of ϕ(B, d) are denoted
by (ϕ1(B, d), ϕ2(B, d)).

The question is: which bargaining solution will the players agree upon as a giving a ‘fair’
division between themselves. We will discuss two popular bargaining solutions: the Nash
Bargaining and the Kalai-Smorodinsky solutions.

Figure 3.1: A bargaining problem
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3.1 Nash Bargaining

The Nash bargaining solution is called after the American Mathematician John Forbes
Nash who proposed it in his 1950 paper.

Figure 3.2: John Nash (1928–2015)

The Nash bargaining solution assumes that individuals will pick the allocation that max-
imizes the product of the surplus over the threat points:

ϕN(B, d) = argmax
x1,x2

(x1 − d1)(x2 − d2).

Figure 3.3: The Nash bargaining solution
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We will denote the Nash bargaining solution by ϕN(B, d) = (ϕN
1 (B, d), ϕN

2 (B, d)). To
characterize this solution concept, Nash used 4 axioms.

Axiom 1 (Pareto). The bargaining solution ϕ satisfies Pareto, If for all y ∈ R2 : if
y ≥ ϕ(B, d) and y ∈ B then y = ϕ(B, d).

If a bargaining solution satisfies Pareto, it is impossible to get a payoff that delivers a
better payoff to both individuals.
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Axiom 2 (Symmetry). The bargaining solution ϕ is Symmetric if for all bargaining prob-
lems (B, d), if d1 = d2 and if B is symmetric (i.e. if for all (x1, x2) ∈ B, (x2, x1) ∈ B),
then ϕ1(B, d) = ϕ2(B, d).

Symmetry states that the payoff for both players should not depend on the identity of
the players but only on the feasible payoffs and potentially the disagreement points. So
if the problem is entirely symmetric, both individuals should receive the same payoff.

For a vector α = (α1, α2) ≫ 0, a vector a = (a1, a2) ∈ R2 and a set S ⊆ R2, we define the
set:

αS + a = {(α1x1 + a1, α2x2 + a2)|(x1, x2) ∈ S}.

The set αS + a is a the linear transformation of S: every element in the set S is rescaled
by a factor α and translated by the vector a.

Definition 1 (Linearity). The bargaining solution ϕ satisfies Linearity if for all α ∈ R2
++

and a ∈ R2, we have that

ϕ(αB + a, αd+ a) = αϕ(B, d) + a.

Linearity states that linear transformations of the set of possible payoffs and threat points
should affect the bargaining solution likewise. In other words, the bargaining solution
should be independent of linear transformations in the individual payoffs.

Definition 2 (IIA). The bargaining solution ϕ satisfies Independence of Irrelevant Alter-
natives if for any two bargaining problems (B, d) and (B′, d), if B′ ⊂ B and if ϕ(B, d) ∈
B′, then ϕ(B, d) = ϕ(B′, d).

IIA states that if the bargaining set shrinks and if the solution of the bigger bargaining
set is still feasible in the smaller one, then the solution of the two bargaining problems
should be the same.

Theorem 3.1 (Nash). The bargaining solution ϕ satisfies Pareto, Symmetry, Linearity
and IIA if and only if it is the Nash Bargaining solution.

Check that the Nash Bargaining solution satisfies the 4 properties!

Let us show that the four properties characterize Nash Bargaining. Consider a problem
(B, d) with solution ϕ(B, d) and assume that ϕ satisfies Pareto, Anonymity, Linearity and
Independence of irrelevant alternatives. We want to show that ϕ equals ϕN .

First of all, let (uN
1 , u

N
2 ) = ϕN(B, d) be the Nash bargaining solution for (B, d):

(uN
1 , u

N
2 ) = ϕN(B, d) = arg max

(u1,u2)∈B
(u1 − d1)(u2 − d2).

This point is well defined (maximizing a continuous function over a compact set). Notice
that by convexity of B and strict quasi-concavity of the objective function, this point is
also unique. Also note that uN

1 > d1 and uN
2 > d2.

Our aim is to show that ϕ(B, d) = (uN
1 , u

N
2 ), so ϕ coincides with the Nash bargaining

solution.
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A first step in the proof is to transform the bargaining problem (B, d) such that the threat
point d = (d1, d2) is mapped to the zero vector (0, 0) and the vector (uN

1 , u
N
2 ) is mapped

to the unit vector (1, 1). This can be done using the following linear transformation:

T (xi) =
xi − di
uN
i − di

=
1

uN
i − di

xi −
di

uN
i − di

This is a linear transformation. where αi =
1

uN
i −di

and ai =
−di

uN
i −di

. Let S = αB + a be

the resulting transformed bargaining set.

Lemma 1. The Nash bargaining solution of (S, (0, 0)) is given by the vector (1, 1), i.e.

(1, 1) = ϕN(S, (0, 0)) = arg max
(x1,x2)∈B′

x1 · x2.

Proof: Let x1 = u1−d1
uN
1 −d1

and x2 = u2−d2
uN
2 −d2

, where (u1, u2) ∈ B. Note that, by definition of

(uN
1 , u

N
2 ), for all (u1, u2) ∈ B, (u1 − d1)(u2 − d2) ≤ (uN

1 − d1)(u
N
2 − d2). Dividing the left

hand by (uN
1 − d1)(u

N
2 − d2) shows that x1x2 ≤ 1 = 1 · 1

Next, consider a new bargaining problem (C, (0, 0)) where:

C = {(x1, x2)|x1 + x2 ≤ 2, x1, x2 ≥ 0}.

The set C is a triangle with a horizontal side x2 = 0, a vertical side x1 = 0 and a third
side given by x1 + x2 = 2. Note that this set contains the point (1, 1).

Lemma 2. S ⊆ C.

Proof: If not, then there is a point (x1, x2) ∈ S \C satisfying x1+x2 > 2. Note that such
point also satisfies x1 · x2 ≤ 1 (as (x1, x2) ∈ S). If x1 · x2 = 1, we can slightly decrease x1

or x2 such that after the change x1 + x2 > 2 and x1x2 < 1.

As S is convex and (1, 1) ∈ S we have that for all α ∈ [0, 1], (y1, y2) = ((1−α)x1+α, (1−
α)x2 + α) = (1− α)(x1, x2) + (1− α)(1, 1) ∈ B′.

Let ε = (x1 + x2)− 2 > 0. Taking the product of both components gives:

y1 · y2 = ((1− α)x1 + α) · ((1− α)x2 + α),

= (1− α)2x1 · x2 + α(1− α)(x1 + x2) + α2,

= (1− α)2x1 · x2 + α(1− α)(2 + ε) + α2.

Let us now show that there exists an α ∈]0, 1[ such that y1y2 > 1. Note that:

(1− α)2x1 · x2 + α(1− α)(2 + ε) + α2 > 1,

↔(1− α)2x1 · x2 + α(1− α)(2 + ε) > (1− α)(1 + α),

↔(1− α)x1 · x2 + α(2 + ε) > (1 + α),

↔(1− α)x1 · x2 + α(1 + ε) > 1,

↔α(1 + ε− x1 · x2) > 1− x1 · x2,

↔α >
1− x1x2

1 + ε− x1 · x2

,
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Here we made use of the fact that x1 · x2 < 1, so the denominator and numerator are
strictly positive. Note that the right hand side is strictly below 1, so we can always
choose a value of α ∈]0, 1[ that satisfies this condition. But then, for some value α ∈]0, 1[,
y1y2 > 1, so (y1, y2) /∈ S contradicting the fact that S is convex.

As (C, (0, 0)) is symmetric our bargainig solution should give: ϕ1(C, (0, 0)) = ϕ2(C, (0, 0)).
By Pareto optimality, we have that ϕ(C, (0, 0)) = (1, 1).

Note that as S ⊆ C and (1, 1) ∈ S, IIA requires that (1, 1) = ϕ(S, (0, 0)). Then, by
linearity, we have that:

ϕ(B, d) = ϕ(T−1(S), T−1(0)),

= (1 · (uN
1 − d1) + d1, 1 · (uN

2 − d2) + d2),

= (uN
1 , u

N
2 ),

= ϕN(B, d).

As such, ϕ(B, d) = (uN
1 , u

N
2 ), so the bargaining solution ϕ coincides with the Nash Bar-

gaining solution.

Figure 3.4: The bargaining sets (B′, (0, 0)) and (S, (0, 0))
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3.2 The Kalai-Smorodinsky solution

The Kalai-Smorodinsky solution, proposed in 1970 by Ehud Kalai and Meir Smorodinsky
replaces the (controversial) IIA axiom of the Nash bargaining solution to get a different
solution.
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(a) Ehud Kalai (1942–) (b) Meir Smorodinsky

For a bargaining problem (B, d), let us consider the ideal point e(B, d) = (e1(B, d), e2(B, d))
to be the maximal attainable utility that both individuals could separately obtain:

e1(B, d) = max{u1|(u1, u2) ∈ B}

and
e2(B, d) = max{u2|(u1, u2) ∈ B}.

Now, consider the line connecting the point d = (d1, d2) to the point e(B, d) = (e1(B, d), e2(B, d)).
The KS bargaining solution is the largest vector on this line that is still in the bargaining
set B. It can be found by solving the following optimization problem:

uKS
1 = argmaxu1 s.t.

(
u1, d2 +

e2(B, d)− d2
e1(B, d)− d1

(u1 − d1)

)
∈ B.

Here u2 = d2 +
e2(B,d)−d2
e1(B,d)−d1

(u1 − d1) gives the equation of the line connecting (d1, d2) with

(e1(B, d), e2(B, d)).

Figure 3.6: The Kalai-Smorodinsky Bargaining solution
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Let uKS
1 solve this problem and let

uKS
2 = d2 +

e2(B, d)− d2
e1(B, d)− d1

(uKS
1 − d1)
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Note that:
uKS
1 − d1

e1(B, d)− d1
=

uKS
2 − d2

e2(B, d)− d2
.

The Kalai-Smorodinsky solution can be characterized by replacing the IIA axiom by the
following Monotonicity axiom.

Axiom 3 (Monotonicity). The bargaining solution ϕ is Monotone if for all bargaining
problems (B, d) and (S, d):

if e(B, d) = e(S, d) and B ⊆ S, then ϕ(B, d) ≤ ϕ(S, d).

This condition states that if for a bargaining problem, if the bargaining set expands, but
the ideal points remain the same, then the new solution should give at least as much
payoff to both individuals.

Theorem 3.2 (Kalai-Smorodinsky). The bargaining solution ϕ satisfies Pareto, Symme-
try, Linearity and Monotonicity if and only if it is the K-S solution.

Check that the KS solution satisfies all these axioms!

Consider a bargaining problem (B, d) and let ϕ satisfy Pareto, Symmetry Linearity and
Monotonicity. Let (uKS

1 , uKS
2 ) be the allocation which provides the KS solution for (B, d).

We want to show that ϕ(B, d) = (uKS
1 , uKS

2 ).

First, let B̃ = {(x1, x2)|∃(y1, y2) ∈ B, (d1, d2) ≤ (x1, x2) ≤ (y1, y2)}. The set B̃ is called

the comprehensive hull of B. It is easy to see that B ⊆ B̃ and e(B, d) = e(B̃, d) so by

monotonicity: ϕ(B̃, d) ≥ ϕ(B, d). However all Pareto efficient points of B are also Pareto

efficient points of B̃, so ϕ(B̃, d) = ϕ(B, d).

Next, consider the transformation of (B̃, d) that takes the threat point d to the zero vector

(0, 0) and the ideal point e(B̃, d) to the unit vector (1, 1).

T (xi) =
xi − di

ei(B̃, d)− di
=

1

ei(B̃, d)− di
xi −

di

ei(B̃, d)− di
.

Let S = T (B̃), so we have the transfomed bargaining problem (S, (0, 0)).

Consider the transformed value xKS
1 = T (uKS

1 ) and xKS
2 = T (uKS

2 ). Note that:

xKS
1 =

uKS
1 − d1

e1(B̃, d)− d1
,

and

xKS
2 =

uKS
2 − d2

e2(B̃, d)− d2
,

=
d2 +

e2(B̃,d)−d2

e1(B̃,d)−d1
(uKS

1 − d1)− d2

e2(B̃, d)− d2
,

=
uKS
1 − d1

e1(B̃, d)− d1
= xKS

1
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So xKS
1 = x2KS (as expected).

Let C be the convex hull of the points (1, 0), (xKS
1 , xKS

2 ), (0, 1) and (0, 0). This set is
Symmetric, so ϕ1(C, (0, 0)) = ϕ2(C, (0, 0)). By Pareto, it must be that ϕ(C, (0, 0)) =
(xKS

1 , xKS
2 ).

As C is convex and (xKS
1 , xKS

2 ), (1, 0), (0, 1), (0, 0) ∈ S it follows that C ⊆ S. Also,
e(C, (0, 0)) = e(S, (0, 0)) = (1, 1) so, by Monotonicity, (xKS

1 , xKS
2 ) = ϕ(C, (0, 0)) ≤

ϕ(S, (0, 0)). But (xKS
1 , xKS

2 ) is on the Pareto frontier of ϕ(S, (0, 0)), so by Pareto (xKS
1 , xKS

2 ) =
ϕ(S, (0, 0)).

Applying the reverse linear transformation T−1(xKS
1 , xKS

2 ) shows that

Φ(B, d) = Φ(B̃, d),

= T−1(xKS
1 , xKS

2 ) = (xKS
1 (e1(B̃, d)− d1) + d1, x

KS
2 (e2(B̃, d)− d2) + d2),

= (uKS
1 , uKS

2 ).

So the bargaining solution coincides with the Kalai-Smorodinsky solution.

Figure 3.7: The bargaining sets (S, (0, 0)) and (C, (0, 0))
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