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Lecture 2: Gibbard Satterthwaite theorem

Thomas Demuynck

The Gibbard-Satterthwaite is another famous impossibility theorem in social choice the-
ory. It was independently proven by the American philosopher Allan Gibbard in 1973
and the economist Mark Allen Satterthwaite in 1975.

(a) Allan Gibbard (1942-) (b) Mark Satterthwaite (1942-)

To set the stage, recall that Arrow’s impossibility theorem looks at social welfare functions
which map profiles of preferences to collective (social) preference rankings. In many cases,
however, one might not think it is really necessary to construct an entire ranking over all
alternatives, as in the end, we only need to select one single final alternative (i.e. the best
one).

This can be done using what is called a social choice rule (instead of using a social welfare
function). The Gibbard-Satterthwaite theorem shows that there are severe limits on what
you can obtain from such social choice rules.

2.1 Definitions and statement

We use similar notation as before. We let X be a finite set of states and denote preferences
over X by P. The collection of all preference profiles (over individuals in N) is denoted
by PV.

A social choice rule is a function ® : PV — X that picks one item out of X for any given
profile of preferences.

A first desirable condition, which is similar to the Pareto condition for social welfare
functions is called Unanimity. It requires that if everyone agrees on the best option, then
this option should be chosen by the society at large.

Definition 1 (Unanimity). The choice rule ® is Unanimous if for alli < N, if a isi’s
best choice (i.e. a P;b for allb € X \ {a}) then ®(Py,...,Py) = a.
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The second condition requires that nobody can manipulate the outcome in her favour by
misrepresenting her preferences.

Definition 2 (SP). The choice rule is Strategy Proof (SP) if for all i and all profiles
(P,....P,....Py), ifa=®P,....,P,....Py), b= ®P,...,P/,...Py) and a # b,
then a P; b (and b P a).

To understand the motivation behind SP, assume that ® violates it. Then there is a profile
(Py,...,Py) such that a = ®(Py,...,P;,...,Py),b=®(P,...,P/,...,Py), a # b and
b P; a. Now assume that everyone truthfully states their preferences. Then the outcome
of the social choice rule is a. If so, 7 has a clear incentive to misrepresent her preferences
to be P, as this generates b which she likes better, i.e. b P/ a.

A final definition is the usual dictatorial property.

Definition 3 (Dictatorship). The choice rule ® is Dictatorial if there is ani < N such
that for all profiles (P, ..., Py) the social choice rule ®(P,..., Py) coincides with the
top choice according to P;.

The following is the surprising result.

Theorem 2.1 (Gibbard Satterthwaite theorem). If | X| > 2 then any choice rule satisfy-
g Unanimity and SP is also dictatorial.

2.2 Proof

We will follow the proof by Sen (2001). The proof is by induction on the number of agents
N. As such, we will first prove the result for N = 2. Before doing so, however, we first
state some preliminary observations.

2.2.1 Preliminary observations

Lemma 1. Let @ satisfy SP. Let ®(Py, P,) = a and assume that P; is modified to P’ by
changing the rank of b (and leaving the relative rank of all other items unchanged), then
O(P, Py) € {a,b}. In addition, if b= ®(P,’, Py) then it must be the case that b P\ a and
a P1 b.

By symmetry a similar result holds if we only change the preferences of individual 2.

Proof: To see that the lemma holds, assume towards a contradiction that there is an
option ¢ ¢ {a, b} such that ¢ = ®(P,’, P»). If ¢ P a, then at profile (P, ), individual 1
would benefit by misrepresenting her preferences as P’ violating SP. On the other hand
if a P, ¢, then also a P’ ¢ (as only the ranking of b changes) so for the profile (P’, P)
individual 1 would benefit from misstating her preferences as Pj, violating SP.

For the second part, assume that b = ®(P’, P,). If towards a contradiction a P, b we
have that at profile (P, P,) individual 1 would have benefited by falsely reporting her
preferences as P, violating SP. If towards a contradiction b Py a then at the profile (Py, P»)
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individual 1 would benefit by misrepresenting her preferences as P, again violating SP.
|

For a given profile P; and item a € X, let us denote by L(a, P;) the set of items that are
worse than a according to P:

L(a, P,) = {b € X|a F; b}.

L(a, P;) is also called the lower contour of a for P;. The following shows that if a is chosen
and if the lower countours of a expand, then a remains to be chosen.

Lemma 2. Let ® satisfy SP. If a = ®(P1, B,), if L(a, P1) C L(a, P\') and if L(a, P;) C
L(a, P') then a = (P, P').

Proof: Consider first the profile (P,’, P»). Let us show that a € ®(Py, P,). Towards
a contradiction, assume that b = ®(P’, P;) and b # a. If b P, a then given profile
(P, P,), individual 1 would benefit from misrepresenting her preferences by P;’. This
means that a P b. Asb € L(a, P;) C L(a, P\") it follows that a P;"b. But now given profile
(P, P,) individual 1 would benefit from misrepresenting her preferences by P;, again a
contradiction.

Given that now a = ®(P,’, P,) we can use a similar reasoning (for individual 2) to show
that also a = ®(P,/, ). n

Lemma 3. Let ® satisfy SP and Unanimity. If there is an a € X such that a P, b and
CLPQb thenb% (I)(Pl,PQ).

Proof: Towards a contradiction, assume that b = ®(P;, P;) and a P; b and a P, b. Now
change the profile (P, ) to (P,’, P') by shifting a to the top leaving the ranking of all
other alternatives fixed.

P PP P

a a

e By Unanimity, ®(P/, P%') = a.

e On the other hand, as L(b, P) = L(b, P\’) and L(b, P,) = L(b, ') we have that
b= ®(P/', P') a contradiction.
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2.2.2 The case N =2

In this section, we show the following.

Lemma 4. If |X| > 2 and if ® : P> — X satisfies Unanimity and SP, then it is
Dictatorial.

Proof: In a first, intermediate, step, we will show that if ® is Unanimous and SP, then
from all profiles (P, P,) it either selects the top choice for individual 1 or the top choice
of individual 2.

Let us denote by P;(1) be the top choice of individual 1 in profile P; and similarly, let
P5(1) be the top choice of individual 2 in Ps.

Step 1. If ® is Unanimous and SP, then ®(Py, P») € {Pi(1), P»(1)}.

If Pi(1) = P»(1), then the result follows by Unanimity. As such, we can assume they are
distinct. For ease of notation, let a = Py(1) # Py(1) = b with a # b.

Towards a contradiction, assume that ®(P;, P2) = ¢ where ¢ ¢ {a,b}. Consider the
preferences P’ obtained by shifting in P;, b to the second position, just below a and the

preferences P,’ obtained by shifting in P, the option a to the second position, just below
b.

P P \ P’ P/ \ P’ P \ P P’
a b a b a b | a b

a b : : a

Now as P’ is obtained from P; only shifting b up, we have that ®(P/, P,) € {b,c}. As
b Pl/ ¢ and ng ¢ it follows that ¢ 7A @<P1/7P2>, so b= (I)(Pll, PQ) As L(b, PQ) = L(b, PQ’)
it follows that b = ®(P/, ).

Next, as P, is obtained from P, by only shifing a up, we have that ®(P;, R') € {a,c}.

As a Py c and a Py’ ¢ it follows that a = ®(Py, P»'). Next, as L(a, P1) = L(a, P\’) it follows
that a = ®(P,, P,’), a contradiction as a # b.

Step 2. If ® : P2 — X satisfies Unanimity and SP, then it is Dictatorial.

Let (P;, P;) be any profile where a = Py(1) # Py(1) = b. Assume that a = ®(Py, P»). Let
us show that 1 is a dictator (the case where ®(Py, P;) = b and where 2 is a dictator is
similar).

In order to do this, we consider another arbitary profile (P, ') where ¢ = P,'(1),d =
Py'(1). We would like to show that ¢ = ®(P, ). Note that if ¢ = d this follows

immediately by Unanimity. As such, we can focus on the cases where ¢ # d. Note that by
the previous step, ®(P,, P’) € {c, d} so we only need to exclude choice d from ®(P,’, ).

There are several cases we will consider.
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1. c=a and d = b.

Consider the profile Py obtained by shifting b to the second position in profile P;
and the profile P, obtained by shifting a to the second position in profile P,.

P BlP BR|P P
a b a b a b
A oy

Towards a contradiction assume that a = ®(P, P,) and b = <I>£P1’ P As
L(b, Pll> Q L(b, Pl) and L(b, P2/> = L(b, PQ) we have that b = (I)(Pl, PQ)

Next as L(a, P) = L(a, P) and L(a, P,) C L(a, P,) it follows that a = ®(Py, P,).
This gives the desired contradiction.

. ¢ ¢ {a,b} and d = b Consider the profile Py obtained by placing in P, option ¢ at
the top.

P B|P P/
a b c b

|

P,
b

-

Assume, towards a contradiction that a = ®(P;, P,) and b = ®(P/, ).

As only the ranking of ¢ changes from P; to P, we have that ®(Py, P,) € {a,c}. On
the other hand comparing (P, %) to (P, Py") we have that, from case 1 applied to
individual 2, b = ®(P;, P,), a contradiction.

. ¢ ¢ {a,b} and d # b Consider the following profiles:

Towards a contradiction assume that a = ®(Py, ;) and d = ®(P,’, ). Then from
the previous case we have that ¢ = ®(Py, P,) Applying the previous case again

A

(but now for individual 2), we see that b = ®(Py, ), a contradiction.

.c=aandd ¢ {a,b}

We have the following situation.
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Towards a contradiction, if a = ®(Py, P5) and d = ®(P’, P,’) then we can apply
case 2 to obtain that b = ®(P;, ), a contradiction.

5. c=band d ¢ {a,b}

Consider following profiles:

Towards a contradiction, assume that a = ®(P, P,) and d = ®(P/, R). Then
using case 4, we have that a € ®(Py, Py) and applying again case 4 we have that
d € ®(Py, P,) a contradiction.

6. c=band d=a.
Let z ¢ {a,b} (which exists as |X| > 2) and consider the following profiles.

P R|P PP P
a b | b a | b =z

—

Towards a contradiction, assume that a = ®(Py, P,) and a = ®(Py’, B’). Then using
case 5, we have that b € ®(P;, P») and using case 2 we have that z = ®(P, P), a
contradiction.

7. c¢{a,b}, d=a.

As ®(Py, P,) = a, rule 4 gives ®(P,, P,) = c. Then rule 4 gives ®(P,, P’) = c.
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2.2.3 The induction step

Consider the following claims.

I For all K < N if @ : PK — X satisfies Unanimity and SP then ® is dictatorial.

II If ® : PV — X satisfies Unanimity and SP, then ® is dictatorial.

We already demonstrated that I is true for K = 2. So if we can prove that I implies I7
for general K, the proof follows by induction.

Assume that ® : PV — X satisfies Unanimity and SP. Define the social choice function
g: PNl X:
g(Pl,Pg,...,PN) :(I)(Pl,Pl,Pg,...,PN).

Let us show that g satisfies SP and Unanimity.

For Unanimity, assume that a is top ranked for all preferences Py, Ps, ..., Py. If so, then

a is also top ranked among all preferences Py, Py, Ps, ..., Py. As such, by Unanimity of
(I), CZZCI)(Pl,Pl,Pg,...,PN) :g(Pl,Pg,...,PN).

To show that g satisfies SP, note that it is clearly Strategyproof for individuals 3,4, ..., N
by the assumption that ® satisfies SP. Now let us show that also agent 1 cannot manipulate
the outcome. Towards a contradiction, assume that:

a:g(Pl,Pg,...,PN):(I)(Pl,Pl,Pg,...,PN),
b:g(P1/7P37...,PN):q)(Pll,Pl/,Pg,...,PN).
and b P a. Let,
C:(I)(Pll,Pl,Pg,...,PN>,

If b = ¢, then we need by strategy proofness of ® that a P; ¢ = b, a contradiction. If a = ¢
then we need by Strategyproofness of ® that a = ¢ P; b a contradiction. Conclude that
¢ ¢ {a,b}. If so, we have that a P, ¢ and ¢ P; b so by transitivity a P; b, a contradiction.

As g satisfies Unanimity and SP, it is (by the induction hypothesis) dictatorial. Let j be
the dictator.

Consider first the case where j is not the first individual. We will show that j is also
the dictator for ®. Towards a contradiction, let a be the best option according to P; and
assume that there is a b # a such that:

(P, Ps,...,Pj,...,Py)=0.
As j is the dictator for g, we know that:

g(P17P37...,Pj7...PN):(I)(Pl,Pl,Pg,...,Pj,...,PN>:CL,
g(PQ,P3,...,Pj,...,PN):@(PQ,PQ,P:;,...,PJ',...,PN):CL.

As @ is strategy proof, we have that: a P, b and b P; a, a contradiction.

Now, consider the case where the dictator in g is individual 1. Fix preferences P, ..., Py
and define a new the social choice rule hp, _p, : P? — X:

hPS PN(P17P2):¢(P17P27P37‘-'aPN)

,,,,,

-----
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h is clearly SP as ® is SP. Now let us show that hp, _p, satisfies Unanimity. Let a be
top ranked in both P; and P, and assume towards a contradiction that there is a b # a
such that:

hp37_._7pN(P1, Pg) = (I)(Pl, PQ, . ,PN) = b.

then if 2 reports his preferences equal to P;, we have:
hp,, . .py (P, P) = ®(Py, Py, ..., Py) = g(Py, B3, ..., Px) = a,

as 1 is the dictator in g. As such, ® is not strategy proof unless a = b.

As hp, . p, is Unanimous and SP (and the number of individuals equals 2) it follows from
the base case (part 1 of the proof) that hp, p, is dictatorial.

Now let us show that the dictator of hp, p, is independent of the choice of the profiles
Ps, ..., Py. If not, there are profiles P, ..., Py and profiles P3',..., Py’ such that 1 is
dictator for hp, . p, and 2 is the dictator for the rule hp, p,.

Take a sequence of N — 3 profiles for individuals 3, ..., N such that at step we change
the profile of one individual k from Py to B, (for k =3,..., N). Let k be the individual
where we switch from 1 being a dictator to where 2 is a dictator. In particular, we have
that for the social choice function:

hPs',kaA',Pk,m,PN7

individual 1 is a dictator and for the profile

hpy. Py PPy
individual 2 is the dictator.
As P, # P’ we can find options a, b such that a P, b and b P, a.
Now, take profiles P, and P, where b is top ranked in P, and a is top ranked in P,. Then,

h/P3’,...,Pk_1’,Pk,...,PN(Pla PQ) = (I)(Pla P27 P3,7 R Pk71/7 le cee 7PN) = b7
hP3/,...,Pk_1',Pk/,...,PN (P17 P2> = (I)(P17 P27 P3/7 S 7Pk71,7 Pk’7 cey PN) = a.

This follows from the fact that 1 is dictator for hp,  p,_ 7 p.. py and 2 is the dictator
for hPSI:-kafllypk/w-wPN'
Now this means that for the choice rule ® and the profile (Py, Py, P/, ..., Py_1', Py, ..., Py),

agent k can manipulate the outcome from b to a by misstating his pereference to be P,/
instead of Py, a contradiction with the assumption that ® is SP.

From this, it follows that either 1 or 2 is a dictator for all choice rules hp, . p, independent
of P5,..., Py. Now, assume that this dictator is 1 and assume that a is the top choice for
P;. Tt follows that:

O(Py, Py, Ps,...,Py) = hp,  py(P1, ) =a,

This means that 1 is also a dictator for &. We get a similar result if 2 is the dictator for
all choice rules hp, _ p,-
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