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1.1 The problem of social choice

Consider an election with three candidates A(nn), B(ob) and C(atherine) and three vot-
ers, simply called voter 1, 2 and 3. Every voter has a strict preference order over the
candidates:

1 2 3
A B C
B C A
C A B

So voter 1 prefers A over B and B over C while voter 2 prefers B over C and C over A
and so on. Which candidate should they pick. An appealing (and popular) way to pick
the best candidate is by means of sequential majority voting. Such voting procedure first
selects two candidates and sees who would win a majority of the voters. This winner is
then in a similar way compared to the remaining candidate.

For our example, if we compare A to B, then two voters would pick A (1 and 3) and one
voter B, so A wins. Then comparing A to C, we see that C wins (2 and 3 against 1).
So it would seem that C is the winner. On the other hand, if we would have started by
comparing B to C, we see that B wins (1 and 2 versus 3) and then compare B against A,
candidate A would turn out to be the winner. Of course, we could also have started by
comparing A to C and then compare the winner to B, which would have designated B as
the overall winner.

It seems that any candate can win this ‘contest’ depending in which order the candidates
are compared to each other. In other words, there is no candidate that beats all other
candidates in a pairwise majority vote. This example is called the Condorcet paradox,
named after Marie Jean Antoine Nicolas de Caritat, Marquis of Condorcet. Figure 1.1a
shows a painting of the Marquis.
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(a) Marquis de Condorcet
(1743–1794)

(b) Kenneth Arrows (1921–2017)

The Condorcet paradox begs the question whether there is perhaps another, better,
method to aggregate individual preferences. This question was answered by Kenneth
Arrows. Arrows was an American economists who won the Nobel prize in 1972 for “pio-
neering contributions to general economic equilibrium theory and welfare theory.”1

His most famous work, known as ‘Arrows Impossibility Theorem’, addresses a key question
in collective decision making. Assume that you have a (finite) set of options/actions to
choose from. As a society, you would like to rank these options from best to worst based
on the preferences of the members in the society. You have two innocent looking criteria
that should be satisfied:

• If everyone prefers some option x over an option y then the final rank should give
the same preference of x over y.

• For any two alternatives x and y, the final ranking between x and y should only
depend on how the individuals rank x versus y, independent of how they rank the
other options.

Arrow showed that (if there are at least three alternatives) then any aggregation rule that
satisfies these two properties will be dictatorial, i.e. the social preferences must coincide
with the preference of a single individual.

1.2 Formal framework

To formalize this result, consider a finite set of states or options X. A relation P is a
subset of X×X. We write xPy to denote that x is better than y according to the relation
P. Here are some properties that we might want to impose on a preference relation.

Asymmetry For all x, y ∈ X, if x ̸= y then x P y implies that ¬(y P x).

Transitivity For all x, y, z ∈ X if x P y and y P z then x P z.

1The Nobel prize in economics is officially called the ‘The Sveriges Riksbank Prize in Economic Sciences
in Memory of Alfred Nobel’ as it is not part of one of the original 5 Nobel prizes.
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Completeness For all x, y ∈ X If x ̸= y then either x P y or y P x.

An asymmetric, transitive and complete relation is called a preference relation. A
preference relation gives a ranking (from best to worst) without any indifferences over all
states in X. We will use P to denote the set of all preference relations on X.

We consider a set of N individuals and associate to every individual i ≤ N a preference
Pi. A sequence of preferences (P1, . . . , Pi, . . . , PN) is called a preference profile. Let us
denote by PN be the set of all possible preference profiles.

A social welfare function F is a function F : PN → P that associates to every
possible preference profile a unique preference over the set of states X. We can think
of F (P1, . . . , PN) as the preferences of the society which aggregates the preferences of
its various members. In other words, we can write xF (P1, . . . , PN) y if the society with
preference profile (P1, . . . , PN) ranks x above y.

Consider the following definitions:

Definition 1 (Pareto). The social welfare function F satisfies the Pareto principle if
for all x, y ∈ X and for all ∀(P1, . . . , PN) ∈ PN

if for all i ∈ N : x Pi y, then xF (P1, . . . , PN) y.

Definition 2 (IIA). The social welfare function F satisfies Independence of Irrele-
vant Alternatives if for all x, y ∈ X and for all profiles (P1, . . . , PN) ∈ PN and for all
profiles (P ′

1, . . . , P
′
N) ∈ PN

if for all i ∈ N : x Pi y ↔ x P ′
i y, then [xF (P1, . . . , PN) y ↔ xF (P ′

1, . . . , P
′
N) y]

Definition 3 (D). The social welfare function F is Dictatorial if there exists an i ∈ N
such that

∀(P1, . . . , PN) ∈ PN : F (P1, . . . , PN) = Pi.

Pareto reflects the idea that if everyone in the society prefers x to y then the social welfare
ordering should also rank x over y. IIA states that the ranking of x over y only depends
on the individual rankings between x and y but is independent on how other alternatives
are ranked by the members. Dictatorship states that the social ranking coincides with the
ranking of one particular individual. Note that this individual is the same for all possible
profiles.

The following gives Arrows Impossibility Theorem.

Theorem 1.1 (AIT). Let |X| > 2. If a social welfare function satisfies Pareto and
Independence of Irrelevant Alternatives, then it is Dictatorial.

1.3 The Proof

There are various proofs of Arrows Impossibility theorem (some are easier than others). I
will follow the setup/proof of Kim Border’s note (link) which uses the concept of decisive
coalitions.

For a coalition of individuals S ⊆ N , we denote by SC its complement: SC = N \ S. We
use the following concepts.

https://healy.econ.ohio-state.edu/kcb/Notes/Arrow.pdf
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Definition 4 (Decisive for x over y). The coalition S is called decisive for x over y
if: {

∀i ∈ S : x Pi y

∀j ∈ SC : y Pj x
→ xF (P1, . . . , PN) y.

Note that this is well defined under IIA. Indeed in this case the ranking of F (P1, . . . , PN)
over x and y only depends on how all individuals in N rank x and y. As such, if a coalition
is decisive for x over y for some profile, it is decisive for x over y for all profiles.

Definition 5 (Strictly decisive for x over y). A coalition S is strictly decisive for x
over y if for all profiles (P1, . . . , PN) ∈ PN :

(∀i ∈ S : x Pi y) → xF (P1, . . . , PN)y.

Strict decisiveness does not depend on how the coalition SC ranks the alternatives x and
y. In this, strict decisiveness for x over y implies decisiveness for x over y but the converse
does not necessily hold.

Definition 6 (Decisive). A coalition S is decisive if:

∀x, y ∈ X : S is strictly decisive for x over y.

Notice that every decisive coalition is strictly decisive for x over y. In particular, a
coalition is decisive if it is strictly decisive for any two options x and y.

Note that under Pareto, the coalition N is decisive. Indeed, if everyone prefers x over y
then society als prefers x over y. Next, notice that if an individual i is decisive, then she
is a dictator. This means that we can prove Arrows Impossibility Theorem by showing
that any Pareto and IIA social welfare function has a decisive individual, i.e. a dictator.

Lemma 1. Let F satisfy Pareto and IIA. If coalition S is decisive for x over y and
z /∈ {x, y} then S is strictly decisive for x over z (for all profiles).

Proof: Assume that S is decisive for x over y and z /∈ {x, y}. We want to show that S
is strictly decisive for x over z.

For this assume that P1, . . . , PN is a profile such that for all i ∈ S, x Pi y. We need to
show that xF (P1, . . . , PN)y.

By IIA, we have that if S is decisive for x over y then S is decisive for x over y for any
preference profile (P1, . . . , PN), where x Pi y for all i ∈ S and y Pj x for all j ∈ SC .

The situation is depicted in the left column below. We have individuals i in the coalition
for which x Pi z. The set SC is partitioned into two sets A and B. For the individuals
j ∈ A we also have x Pj z while for the individuals j ∈ B we have z Pj x.

Now we consider another profile P ′
1, . . . P

′
N where we also added information on a the third

alternative y.
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P1, . . . , PN

S SC

A B

x x z
z z x

P ′[1], . . . , P ′N ]

S SC

A B

x y y
y x z
z z x

• As coalition S is decisive for x over y, IIA tells us that xF (P ′[1], . . . , P ′[N ]) y

• By Pareto we also have that y F (P ′[1], . . . , P ′[N ]) z

• By transitivity, we conclude that xF (P ′[1], . . . , P ′[N ]) z.

• As for all individuals the ranking of x versus z between the profile P1, . . . , PN and
the profile P ′

1, . . . , P
′
N , we conclude that by IIA, xF (P1, . . . , PN)y.

• Conclude that S is strictly decisive for x over z.

Lemma 2. Let F satisfy Pareto and IIA. If coalition S is decisive for x over y then for
any w ∈ X where w ̸= x, coalition S is strictly decisive for x over w.

Proof: The previous lemma proves this for the case where w /∈ {x, y}. As such, we only
need to show this when y = w. Let z ̸= {x, y} which exists as |X| > 2. The previous
observation shows that coalition S is strictly decisive for x over z. As such, Coalition
S is also decisive for x over z. Using the previous Lemma once more, and noting that
y /∈ {x, z}, we have that coalition S is strictly decisive for x over y.

Lemma 3. Let F satisfy Pareto and IIA. If coalition S is decisive for x over y and
z ̸= {x, y} then coalition S is strictly decisive for z over y.

Proof: Let S be decisive for x over y and assume z ̸= {x, y}. We want to show that S is
strictly decisive for z over y.

For this consider any profile P1, . . . , PN such that for all i ∈ S, z Pi y. The situation is
depicted in the left table below. For all i ∈ S, z Pi y. Then the set SC is split into two
parts A and B. For all j ∈ A we have z Pj y and for all j ∈ B we have y Pj z.

We want to show that zF (P1, . . . , PN)y.

P1, . . . , PN

S SC

A B

z z y
y y z

P ′
1, . . . , P

′
N

S SC

A B

z z y
x y z
y x x

• As coalition S is decisive for x over y we have that xF (P ′
1, . . . , P

′
N)y.
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• By Pareto we also have that z F (P ′
1, . . . , P

′
N)x

• By transitivity, we conclude that z F (P ′
1, . . . , P

′
N) y.

• As the ranking between x and y is for all individuals identical for P1, . . . , PN as for
P ′
1, , P

′
N) we conclude, by IIA that z F (P1, . . . , PN) y

• Conclude that S is strictly decisive for z over y.

Lemma 4. Let F satisfy Pareto and IIA and let |X| > 2. If coalition S is decisive for x
over y then for any w ∈ X where w ̸= y, coalition S is strictly decisive for w over y.

Proof: The previous Lemma shows this if w /∈ {x, y} so we only need to prove this for
w = x. Pick any z /∈ {x, y}, which exists as |X| > 2. By the previous observation, we
have that coalition S is strictly decisive for z over y. As x /∈ {z, y} we can use the previous
Lemma once more to conclude that coalition S is strictly decisive for x over y.

Lemma 5. Let F satisfy Pareto and IIA and let |X| > 2. If coalition S is decisive for x
over y (for some x, y ∈ X) then the coalition S is decisive.

Proof: In order to show that S is decisive it suffices to show that for any v, w ∈ X, S is
strictly decisive for v over w. We consider various cases.

• If v = x and w = y. Let z /∈ {x, y}. As S is decisive for x over y, it is strictly
decisive for x over z by the previous Lemma. This in turn implies that x is strictly
decisive for x over y by applying the previous Lemma once more. As such S is
strictly decisive for v over w (as x = v and y = w).

• If v = x and w ̸= y, then coalition S is strictly decisive for x over w by the previous
Lemma.

• If w = y and v ̸= x, then coalition S is strictly decisive for v over y by the previous
Lemma.

• v = y and w = x. Take any z /∈ {x, y}.

– Coalition S is decisive for x over y, so the coalition S is strictly decisive for x
over z.

– This implies that S is strictly decisive for y over z

– This implies that S is strictly decisive for y over x.

• {v, w} ∩ {x, y} ≠ ∅

– Coalition S is decisive for x over y, so S is strictly decisive for x over w.

– This implies that S is strictly decisive for v over w.

Note that if S and T are decisive then S ∩ T ̸= ∅ (show this). We now have the following
result.
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Lemma 6. Let F satisfy Pareto and IIA and let |X| > 2. If S and T are both decisive
then S ∩ T is also decisive.

Proof: Assume that both S and T are decisive and let x, y ∈ X. Consider the following
preferences.

S \ T S ∩ T T \ S (S ∪ T )C

x z y y
y x z x
z y x z

• As S is decisive, we have xF (P1, . . . , PN)y.

• As T is decisive, we have z F (P1, . . . , PN)x.

• By transitivity, z F (P1, . . . , PN)y.

• This means that S ∩ T is decisive for z over y.

• Conclude that S ∩ T is decisive.

Lemma 7. Let F satisfy Pareto and IIA and let |X| > 2. If S is not decisive, then SC

is decisive.

Proof: If S is not decisive then it is not decisive for x over y for any x, y ∈ X. Consider
a profile (P1, . . . , PN) such that x Pi y for all i ∈ S and y Pj x for all j ∈ SC .

As S is not decisive for x over y, it follows that not xF (P1, . . . , PN)y. As the social
ranking is complete, it follows that yF (P1, . . . , PN)x. This shows that SC is decisive for
y over x. As such SC is decisive.

From Pareto we have that if x Pi y for all i ≤ N , then xF (P1, . . . , PN)y. This implies
that the set of all individuals is a decisive coalition. As such, there is at least one decisive
coalitions.

We can now prove Arrows Impossibility Theorem. We use a proof by contradiction. Let
F satisfy Pareto and IIA and assume that F is not Dictatorial. Then for all individuals
i ≤ N , {i} is not decisive. Then by the previous lemma, it follows that {i}C is decisive
for all i ≤ N . Pick any i∗ ∈ N . Then as the intersection of decisive coalitions is decisive,
it follows that

⋂
j∈N,j ̸=i∗{j}C = {i∗} is decisive. This is a contradiction.

1.4 May’s theorem

Arrow’s impossiblity theorem gives clear restrictions on what a social aggregation rules
can achieve. In order to circumvent the impossibility theorem, one therefore has to relax
one of the theorem’s underlying assumptions. There are various possibilities:
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• Restrict the set of possible preferences (there are many papers in the literature going
this way. Restrictions can take the form of being single peaked, quasi-linear, etc)

• Relax the Pareto efficiency condition (do we want to do this?)

• Relax IIA (there exists a literature on this)

• Restrict the size of X.

May’s theorem is a result that picks the last option. Consider a setting with N voters and
two candidates, A and B. We assume each voter has three alternatives {A,B, 0}. Voting
for A implies that the voter prefers A over B. Voting for B implies that she prefers B over
A. Finally, voting 0 means that the voter abstains: she likes both candidates equally good
(so this is somewhat different from the previous setting where there were no indifferences).
Every person thus votes for her preferred option. Formally, let vi = A if i ∈ N votes for
A, vi = B if i votes for B and let vi = 0 if i abstains. A social choice welfare rule takes a
vector v ∈ {A,B, 0}N (a vote for every voter) and produces an element in {A,B, 0} (the
winner). Let Φ : {A,B, 0}N → {A,B, 0} be the social welfare function.

We impose the following conditions:

Definition 7 (Unanimity). If there is an R ∈ {A,B, 0} and for all i ∈ N , vi = R, then
Φ(v) = R.

Definition 8 (Anonymity). Let w be a permutation of the vector v. Then Φ(v) = Φ(w).

Definition 9 (Neutrality). Let v w be such that vi = A if and only if wi = B and vi = 0
if and only if wi = 0 then Φ(v) = A if and only if Φ(w) = B.

Definition 10 (Positive responsiveness). If Φ(v) ∈ {0, A} and if w is equal to v except
that one individual switches from either B to 0 or from 0 to A, then Φ(v) = A.

For a vote v let N(A, v) be the number of votes for A, N(B, v) the number of votes for
B.

N(A, v) = |{i ≤ N |vi = A}| ,
N(B, v) = |{i ≤ N |vi = B}| .

Theorem 1.2 (May’s Theorem). The voting rule Φ satisfies Unanimity, Anonymity,
Neutrality and Positive Responsiveness if and only if it is the majority rule, i.e.

Φ(v) = A if N(A, v) > N(B, v),

Φ(v) = B if N(B, v) > N(A, v),

Φ(v) = 0 if N(A, v) = N(B, v).

Proof: Verify that the majority rule satisfies all conditions.

For the reverse consider first the case where N(A, v) = N(B, v). Assume, towards a
contradiction that Φ(v) = A. By Anonimity, we can arrange voters in v such that voter
i = 1, . . . , k voted for A, voters k + 1, . . . , 2k voted for B and the remaining individuals
voted for 0.
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Now consider the profile w where every voter i = 1, . . . , k voted for B, every voter k +
1, . . . , 2k voted for A and the remaining voted for 0. By Neutrality, we have that Φ(w) =
B.

Next, rearrange the voters in w such that the first k voters are the A voters, the next
k voters are the B voters and the remaining voted for 0. This profile reproduces v.
However, as v was obtained from w by rearranging voters, we conclude that by Anonymity,
Φ(v) = B, a contradiction.

Next, assume that N(A, v) > N(B, v). Assume that there are k voters for A in v and
ℓ < k voters for B in v. Consider the profile w by turning k − ℓ voters in A to vote 0.
Then N(A,w) = N(B,w) so Φ(w) = 0. We can go from w to v by increasing the support
of A for k − ℓ individuals. As such, by Positive Responsiveness, we have that Φ(v) = A.

If N(B, v) > N(A, v), we consider the profile w where wi = B if vi = A; wi = A if vi = B
and wi = 0 if vi = 0. Then N(A,w) > N(B,w) so Φ(w) = A. By neutrality, Φ(v) = B.
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