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Logic and proofs

A teacher announces in class that an examination will be held on some day during the following week, and moreover that the examination
will be a surprise. The students, having followed a course in mathematical logic argue that a surprise exam cannot occur. For suppose the
exam were on the last day of the week. Then on the previous night, the students would be able to predict that the exam would occur on the
following day, and the exam would not be a surprise. So it is impossible for a surprise exam to occur on the last day. But then a surprise
exam cannot occur on the penultimate day, either, for in that case the students, knowing that the last day is an impossible day for a surprise
exam, would be able to predict on the night before the exam that the exam would occur on the following day. Similarly, the students argue
that a surprise exam cannot occur on any other day of the week either. Confident in this conclusion, they decide not to study for the exam.
The next week, the teacher gives an exam on Wednesday, which, despite all the above, was an utter surprise to all students.

Timothy Y. Chow, The American Mathematical Monthly, Vol. 105, No. 1 (Jan., 1998)

LoGIC Is THE LANGUAGE of reasoning. It deals with the evaluation
of arguments. Its main aim is to develop a system of methods and
principles that can be used as a criteria for evaluating the validity of
certain chains of arguments. Propositional logic, which is a subfield
of logic, is a logical system built around two values True and False,
called the truth values. For simplicity we can assign the value 1 to
something that is True and the value o to something that is False.®
The aim of propositional logic is to find out the truth value of for-
mula’s.

IF p 1s A FORMULA, and this formula is true, we write

T(p) =1

If the formula is false, we write

T(p)=0.

The main objective of mathematics is to find (non trivial) formula’s
that are true. Many formulas are obtained by putting together or
transforming other formulas. In order to do this, however, we need to
give the rules that determine how various formulas can be combined
into other ones and how their truth value is determined.

As it is impossible to get something from nothing, we need some
basic building blocks. These building blocks are what we call atomic
statements.

*We don’t allow for statements that can
be both true and false or for statements
that are neither true nor false.



AN ATOMIC STATEMENT, which we represent by the letters p,q,7,s, . ..
are the basic building blocks of a formula. Atomic statements are
either True or False. Every atomic statement is also a formula.

NEW FORMULAS ARE build up from other (smaller) formula’s. A

first way to transform a given formula into another formula is by

negation. If p is a formula then its negation, —p, is also a formula.
Intuitively, -p means

“It is not the case that p”.

Of course p is true if and only if —p is false, as such, we obtain the
rule:

T(=p) =1-T(p).
Soif T(p) = 1, weget T(—p) = Oandif T(p) = 0, we arrive
at T(—p) = 1. It is possible to represent this rule in what we call
a truth table. The first column of the truth table enumerates all
possible values of T(p), i.e. 1 or 0. The second column enumerates
the corresponding values of T(—p).

p —p —(-p)
(0]
(0] 1 (6]

Truth tables are useful because they allow us to derive equivalence
between two expressions. The equivalence between the first and
third column in the table above, for example, shows that p = —(-p).
For every possible truth value of p, p has the same truth value as

=(=(p)))2

NEGATION TRANSFORMS A given formula into a new one. On the
other hand, it is also possible to combine two existing formulas into
a new one. The first rule that does this is conjunction. If p and g are
two formulas then the conjunction of p and g, p A g, is also a formula
and it means:

“it is the case that p and q”.

The formula p A g is true if and only if both of its parts are true. In
other words, it is assigned the truth value 1 if and only if T(p) = 1
and T(g) = 1. This also means that p A g is false if at least one of p or
q is false. The mathematical rule is,3

T(pAg)=1ifand only if T(p) =1 and T(q) = 1.

The following gives the truth table for p A gq. Here the first two
columns give every possible combination of truth values for p and q.
The third column gives the truth value of p A g.

The following gives some examples of
atomic statements:

* p = “it is snowing”
e g = “all consumers are rational”
e r = “tax cuts increase welfare”

* s = “my math professor is great”

Examples of negation are,
* —p = “it is not snowing.”
* —g = “not all consumers are

rational.”

e —r = “a tax cut does not increases
welfare.”

* -5 = “my math teacher is not that
great.” (which is obviously false)

2 In contrast to the English language,
mathematics has not problem with
double negations.

Use induction to show that the truth

value of —... - p has the same truth
N——r

k times
value as p if and only if k is odd.

For example,

* p Ag="itis snowing and all
consumers are rational.”

3 Or equivalently,
T(p Aq) =min{T(p), T(q)}-



p g9 pAg —(pAq) —pA—q
1 1 1 (0] (0]
1 (0] (6] 1 (0]
(0] 1 (6] 1 0
0 0 (6] 1 1

Now perhaps is a good time to talk about priorities of operators. Just
like normal mathematical equations, formulas can be understood
only if you know the priority of the various operators. In this respect,
negation has priority over conjunction (and all other operators we
will see). So a formula like ~p A —q requires you to first negate p and
negate g and only then take the conjunction. If you want to change
the priorities you need to use brackets.# If you want to play safe, just
use brackets.

Above table clearly shows that =(p A g) is not the same as —p A =g,
so negating a conjunction is not the same of the conjuction of the
negations.

THE SECOND WAY to combine two formulas into a new one is dis-
junction. If p and g are formula then their disjunction, p V g, is also a
formula and it means that

“it is the case that p or q”

Here the “or” is inclusive, so either p is true, g is true or they are
both true.5> The mathematical rule is that,

T(pVvg)=1lifand only if T(p) =1o0r T(q) = 1.

Or equivalently,

T(pVq) = max{T(p), T(q)}-
Let us use the truth table to demonstrate that the V operator can also
be defined by a suitable combination of disjunction and negations:

pVqg=-(-pA-q).

In words this says that p or g is true if not both are false.

p 9 pvVqg —pA=qg —(=pA-g)
1 1 1 (0] 1
1 (0] 1 (0] 1
(0] 1 1 (0] 1
0 (0] (6] 1 0

Equivalently, we can also show that:®

pAg=-—(-pV—gq).

4note that —p A g is not the as same as
—(p A q) but it is the same as (—p) A g.

5 Shrodingers cat was ‘life or dead’.
For example,

* pVgq="itis snowing or all con-
sumers are rational.”

¢ Do this! Also notice the similarity with
De Morgan’s law:

(AUB)" = A°N B



This shows that =(p A q) = —p V —¢ so negating a disjunction
gives the conjuction of the negated parts. Similarly, —(p V q) produces
—p A —q. These are easy enough to remember.

A THIRD VERY manner to to combine two formula’s into a new one is
by implication. If p and g are formula then p — g is also a formula
and it means,

“If p, then q”.

Here p — g is true if g is true whenever p is true. In other words,
the only way p — ¢ can be false is when p is true but g not. The
mathematical rule is,”

T(p — q) = 1if and only if T(p) = 1 implies T(g) = 1.

So for p — g to hold either p is False, in which case g can either be
True or False or p is True but in that case, § must also be True.3

p 9 p—>q9 —q pA—qg ~(pA—q)
1 1 1 (0] (0] 1
1 (0] (0] 1 1 (0]
(0] 1 1 (0] 0 1
(0] (0] 1 1 (6] 1

Above truth table shows that?

p—=>q=-(pA—q).

This is the basic justification for a proof by contradiction. In order to
show that p implies g you start by assuming that both p holds and

q is false. Next you use this to derive a contradiction, which shows
that —(p A —g) is true. It also shows that —(p — q) = p A =g, which
gives the rule to negate an equation. Remember this rule as it will
frequently come in handy.

A FINAL RULE to combine two formula’s into a third one is caled
equivalence. If p and g are formula then p + g is also a formula and
it means,

“p if and only if g”.

instead of the phrase ‘if and only if” one often writes ‘iff” (with two
f’s). The mathematical rule is,™®

(T(p) =1and T(q) = 1),

(T(p) =0and T(q) =0)

T(p <> q) if and only if

For example,

* p — q="If it is snowing then all
consumers are rational.”

7 Or equivalently,

T(p — q) = max{1-T(p), min{T(p), T(q)}}-

8 Show that if 6 is prime, then the sun
explodes.

9 Notice the equivalence between
ACB,

and
(ANBY) =@.

Exercise: show that for any formula

p V —p is always True. This is called
the law of the excluded middle. Some
mathematicians actually contest this
rule. If you don’t agree with the law
of the excluded middle, you can’t use
a proof by contradiction. In order to
make our lives not too difficult (life is
already hard enough) we will stick to
this law.

For example,

* p <> g ="it is snowing if and only if
all consumers are rational.”

© Or equivalently,

min{T(p),T(q)},
T(p ¢ q) = max { min{1 pr(p)[zl —T(q)}

b



The important thing to remember, however, is that p > g is true
whenever both p and g are true or when both p and g are false. The
truth table below shows that p <+ ¢ is the conjunction of p — g and
q — p, as we would expect if the symbols make any sense.

p g poqg p=qg g—op (P29 AG@—p)
1 1 1 1 1 1
1 (6] (6] (0] 1 (0]
(0] 1 (6] 1 (6] (0]
(0] (6] 1 1 1 1

As such, in order to show the equivalence between two statements
you can show that the first implies the second and that the second
implies the first."*

Predicate logic

UNTIL Now WE have studied what is called propositional logic.
Predicate logic builds upon propositional logic by introducing two
additional symbols, called quantifiers, namely the existential (3) and
universal (V) quantifiers. These quantifiers must be combined with
variables belonging to some particular set. You might recall that,

® Va € A: P(a) means “for all 2 in A such that P(a) ...”
e da € A: P(a) means “there exists an a in A such that P(a) ...”

Observe that the V quantifier works as a long chain of disjunctions
over all elements in some set A. In particular, if A is a finite set, say
A={m,ay,...,a,} then,

Va e A:P(a)

is the same as,
(P(a;) AP(ag) A...AP(ay)).

Next, the 3 operator works as a long chain of conjunctions:
da € A: P(a),

Is the same as,
(P(ay) V P(az) V...V P(ay)).

The nice thing about quantifiers, however, is that they also work
on sets that are of infinite size, which is the main reason for using
them.1?

™ In mathematical proofs this is called
the sufficiency part and the necessity part
of the proof. Most of the time I myself
cannot remember which is which so I
just put the arrows.

I always wondered why one uses an
upside-down A and backward E until
I noticed that a backward A and an
upside-down E would be a bit silly.

Sometimes one also uses the symbol 3!
to denote ‘there exists a unique ...". In
this course, we won’t be needing such

exotic notation.

2 As such, Vx € R makes sense even
though R is really large (infinitely so as
a matter of fact).



IN ORDER TO prove statements containing quantifiers, it can be
useful to know some propositions that are logical true (without going
too formal). Let us first look at negating a formula with quantifiers.
Recall that negating a sequence of conjunctions was the same as the
disjunction of the negations. For example, —(p A g A r) is equivalent to
(mp V =gV —r). This leads us to the following rule:

—(Va € A:P(a)), is equivalent to Ja € A : =P(a).

Likewise as =(p VV g V r) is identical to (—p A =g A =r)., we get the rule:

—(3a € A: P(a)), is equivalent to Va € A : =P(a).

So in order to negate a formula with a quantifier, there are two
steps. First you change the type of quantifier (from V to 3 or vice
versa) and second, you need to negate the premises P(a). As an
example, let us negate

Vavy : ((x >0)A(y <0)) — (xy <0)
———

P q

First we change the V quantifiers into an 3 quantifier. Next, we
negate the premises (note the implication). This gives,

IxJy: ((x >0)A(y <0)A(xy>0).
—_——

p -q

NEXT, WE CAN also combine V and 3 quantifiers if we have proposi-
tions that use multiple variables. For example, the following makes
perfectly sense:

Va e A,3b € B: P(a,b).

This means that for all 2 in A there is a b in B such that P(a,b) holds.

Note that the value of b may depend on the value of 4. As an exam-
ple, the following formula is obviously true:

VxeR,dyecR:x<y.

Note that exchanging quantifiers changes the meaning of the formula.

For example, Va € A,3b € B : P(a,b) is not the same as
db € B,Ya € A: P(a,b).

Here b is fixed for all values of a that one might pick. For example,
the following is false:

JyeR,VxeR:x <y,

which would require that IR has a largest value.

10

Formulas involving multiple quantifiers
are responsible for many headaches
among students. A famous example

is the definition of continuity of a
function f, which reads Ve > 0,36 > 0:
I = xoll < 6 = |£(x) — f(x0)]| < e
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There is no problem, however, in exchanging two quantifiers if
they are of the same type,

Va € A,Vb € B: P(a,b) is the same as Vb € B,Va € A : P(a,b).

Ja € A,3b € B: P(a,b) is the same as 3b € B,3a € A : P(a,b).

LET us Now have a look at how the quantifiers interact with the
logical connectives. Let P and Q be two propositions, then

JneA:(P(a)VQa) < [(3ae A:P(a))V(Bac A: Q)

If the left hand side is true, then there is an a such that P(a) or Q(a)
is true. Of course the same a can be used on the right hand side to
show —. If the right hand side is true, then we know that either there
is an a such that P(a) holds or there is an 4’ such that Q(a’) holds.
Use a or 4’ to make the left hand side valid.

The same equivalence result does not hold for the existential
qualifier and the connective A.

JneA: (P(a)AQa)) — [(3a€ A:P(a))A(3ae A:Qa)).

To go from left to right, we do the same as before, i.e. we use the a
that makes the left hand side true. However, this does not work in
the other way, since the a and a’ that make the right hand side true

may not be the same.?3 13 See also Exercise 12 for a similar
results for the universal quantifier.

Proofs

ALL RESULTs IN mathematics are obtained via proofs.’* There are 4 There is a proof of this somewhere.
different kind of proofs according to the logical format that are used
to construct the proof. Luckily there are only a few types of proofs

that one can use.’> 5 Although it is not always straightfor-
ward to figure out which type of proof

. . X . one should use in practice.
THE EASIEST PROOF to grasp is a direct proof. A direct proof aims

to demonstrate p — ¢ by finding a (finite) set of ‘intermediate’
formula’s pg, p1, ..., pn such that p; — p;q foralli=0,...,n—1and
where py = p, pn = q. This gives a chain of implications,

p—>p1—>p2—>...—>4¢.

As such, if p is true, it follows that p; is true, from which it also

follows that p; is true and so on. Eventually, 4 must also be true. As

16

an example, consider the following conjecture. 1% A conjecture is a statement which you

think is true but you haven’t found a

“For all integers x, if x is odd, then x? is also odd.” proof (yet). It is sometimes handy if you
quickly want to finish a paper. You state
the result as a conjecture and leave the
proof for the reader.
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The direct proof starts with the assumption, pg = “x is odd” and
creates a chain of intermediate ‘truths” which end by sentence g =
“x*is odd”, we can use the following chain of reasoning,

po: x is odd

p1: then, there is an integer # such that x = 2n + 1.7 7 Every odd number can be written as
two times a number plus one.

pa: then, x2 = (2n +1)?,

p3: then, x2 = 4n? +4n + 1,18 8 Remember: (a + b)? = a2 + 2ab + b2

py: then, x2 = 4(n® +n) +1,

ps: then, x2 = 2z + 1 where z = 2(n? + n) is an integer,

q: then, x? is odd.™9 9 As x? is two times a number plus one.

A PROOF BY CONTRAPOSITIVE relies on the equivalence between
p — q and —q — —p, as illustrated in the following truth table.

p 9 p—q —q —~p —q—77p
1 1 1 o o 1
1 0 0 1 o0 0
o 1 1 o 1 1
o o 1 1 1 1
The formula =g — —p is called the contrapositive of p — 4.2° 2 the contrapositive of ‘it rained so my
The idea of showing p — q using a proof by contrapositive is to hatr is wet’ is ‘my hair is dry so it did
not rain .
start with -4 and use a direct proof to show —p. Let us demonstrate
this by proving the following,
“If the sum of two integers x + y is even then either both integers x and
y are even or both integers x and y are odd.”
A direct proof of this would be quite involved.?' However, we can 21 At least quite annoying. Try it.
easily proof the assertion by starting from the assumption that x and
y are not of the same parity.
—g: assume x and y don’t have the same parity,
g1: then, wlog assume x is odd and y is even,*? 2 wlog is an abbreviation for ‘without
loss of generality’. Mainly to be used
g2: then, there are integers z and w such that x =2z +1 and y = 2w, if there are various cases that can be
treated almost exactly the same. To be
73: then x +]/ =224 2w4+1= 2(2 + w) +1, used at your own risk.

—p: then, x +y is odd.



THE MOST FAMOUS type of proof is a proof by contradiction. This type
of proof relies on the equivalence between p and —(—p). In order to
show that p is true, one starts from the assumption that p is false, so
—p is true. Then, you show that this leads to a contradiction,*3 which
demonstrates that —(—p) = p is true, which invalidates your initial
assumption.

An example will illustrate: Let’s demonstrate that,

“\/?2 is irrational.”

A direct proof of this assertion would be very difficult.*4 So let us
proceed by contradiction.

—p: V2 is rational,
p1: then, V2 = a/b where a and b are integers and not both even.?>

p2: then, bvV2 =a,

p3: then, taking squares on both sides gives b2 = a?,

2

pa: then, a“ is even,

ps: then, a is even,2®

pe: then, there is a number z such that a = 2z,
p7: then, a2 = 472,

ps: then, b? = 222,

po: then, b? is even,

p1o: then, b is even.

From this we see that pyg (b is even) and ps (a is even) contradict pq,
So v/2 is not rational which, showing that it is irrational.

A proof by contradiction is often used to demonstrate an impli-
cation p — g. In this case, one starts from the negation —~(p — ¢)
and show that this leads to a contradiction. In addition, =(p — q) =
(p A —q) so one can start from the assumption that p holds and g is
false and use this to derive a contradiction.

A PROOF BY INDUCTION is a bit different form the proofs presented
above, but often appears handy even in unexpected circumstances. It
can be used if the proposition to be proven must hold for each value
of a parameter that takes a value in the set of natural numbers, INg.?”
Assume that we want to proof that a formula p(n) is true for all
natural numbers n. The proof by induction starts by proving that
p(1) holds. Then it goes on to show that p(k) — p(k + 1) for all

13

» In other words, you show that —p is
false.

2+ In the literature this is known as
‘beyond the scope of this course’.

% Every rational number can be written
as the ratio of two numbers that have
no common divisors (except 1). If 2

is not a common divisor, either a or b
should be odd.

2 Follows from the previous proof.

%7 There also exists a proof technique
called transfinite induction. Here the
induction is over the set collection of all
ordinals. Ordinals may contain num-
bers that are larger than infinite. ..So
the statement ‘infinity plus one’ makes
sense. Of course, one must be careful to
specify which infinity you are talking
about.
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natural numbers k. From this, it can be concluded that p(n) holds for
all natural numbers n because.

p(l) = p2) = ... = plk) = plk+1) —....

For example if we want to show that p(10) is true, we just start from
the fact that p(1) is true, which implies that p(2) is true, and so on up
until p(10). Of course, there was nothing special about the number
10, so we can do this for any n € N (given enough time) which
shows that p(n) is true.

Induction is often useful to get a solution for complex sums. Con-
sider the following claim.

“For all natural numbers n: } ' ;i = @.”
To proof this by induction, let p(1) be the equation }_/' ;i = n(”; O

First p(1) requires us to demonstrate that Y., i =1=1(1+1)/2 =1,
so this is true. For the induction step let us assume that p(k) holds,
ie. YX i =k(k+1)/2. We need to show that this implies

) < - )
i=1

p(k): Th i=k(k+1)/2,
p1(k): then, Yitli=Y5 i+ (k+1),
pa(k): then, Efill i=k(k+1)/2+ (k+ 1),28 # By the induction hypothesis.

p(k+1): then, YiHi = w

BE VERY CAREFUL with proving statements using quantifiers V and
3. For the universal quantifier you should check the proposition
for every element of the set. Giving only an example here is not
sufficient. In general, this means that you will need to work with
variables (unknowns). For the existential quantifier, it could suffice to
only give one example.

For example, in order to prove,

VaEZ:azzo,

we need to show that a> > 0 for all integers a. One way to do this is
to prove the statement for all non-negative integers and then to prove
the statement for all negative integers. In order to prove,

JaeZ:a*>=9,

we only need to find one number for which the statement holds.?? 2In this case we can pick either a = 3
or a = —3. However, we only need to
find one of the two cases in order to
establish the proof.
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Exercises

1. Let p, g, and r be the following statements:

p: Traveling to Mars is expensive.
q: I will travel to Mars.

r: I have money.

Express the following English sentences as symbolic expressions:

I have no money and I will not travel to Mars.

I have no money and travelling to Mars is expensive, or I will
travel to Mars.

It is not true that, I have money and will travel to Mars.

Travelling to Mars is not expensive and I will go to Mars, or
travelling to Mars is expensive and I will not go to Mars.

2. Construct truth tables for each of the following formulas.

PA(QV-—P)
-P—=Q
QV~=(PAQ)
P—=(PAQ)
P—(PAQ)
Q—(P—Q)
PA=P
(QVP)A-P

3. Which of the following arguments are valid?

(@) If I'm rich then I'm happy. I am happy. Therefore, I am rich.

(b) If Sam drinks beer, he is at least 16 years old. Sam doesn’t

drink beer. Therefore, Sam is not yet 16 years old.

(c) If sheep are white, they are popular with shepherds. Small

sheep are unpopular with shepherds. Heavy sheep are small.
Therefore, white sheep are not heavy.

15



(d) If I study, I will not fail MATH-S-400. If I don’t party too
much, then I will study. I failed at MATH-5-400. Therefore, I
partied too much.

4. There is a party tonight.

¢ John comes to the party if Mary or Ann comes.
* Ann comes to the party if Mary does not come.

e If Ann comes to the party, John does not.

Try to figure out who will come to the party.

5. For each of the following propositions, state the negation:

e x>0andy >0

All x satisfy x > a

Neither x nor y is less than 5.
e For each ¢ > 0 there exists a § > 0 such that B is satisfied.
Ve >0,dn €e N,Vm € N, (m > n) = (|x,, —al| <e).

Everyone loves somebody some of the time.

6. Consider the following statement: If inflation increases, then
unemployment decreases. Which of the following statements are
equivalent to the given one?

¢ For employment to decrease, inflation must increase

¢ A sufficient condition for unemployment to decrease is that
inflation increases.

¢ Unemployment can only decrease if inflation increases.

¢ If unemployment does not decrease, then inflation does not
increase.

* A necessary condition for inflation to increase is that unemploy-
ment decreases.

7. What is the negation of

e VYm e NoVk,n € No: (m=nk) - (k=1Vk=m).
* Do you know the meaning of this sentence?
8. Show that:
[Ha € A:P(a) — Q(a)],
AR’
[(WVae A:P(a)) = (Ja e A:Q(a))].



9. Show that the following are identical

(Vx:P(x)) - Qand 3x: (P(x) — Q),
P — (Vx:Q(x)) and Vx : P — Q(x).

(Ix: P(x)) — Qand Vx: (P(x) — Q).
P— (Ix:Q(x)) and 3x : (P — Q(x)).

10. The ¢, 6 formula for continuity is the following: A function
f:A— Ris continuous ata € A C R iff

Ve>0,30 >0,Vxe A:|x—a| <d—|f(x)— f(a)| <e
When is a function not continuous?

11. Write the following in mathematical language: For any 2 integers
we have that their sum is even if they are both even.

12. Show the following:

e WVac A:Pa)ANQ(a)) <> [(Vae A:P(a)) A (Vae A:Q(a))].
e VacA:Pla)vQ(a))« [(Vac A:P(a))V (VYaec A:Q(a))].

13. Prove the statement. If 6 is a prime number, then 6% = 30.

14. Prove the statement: For all integers m and #, if m and n are odd
integers, then m + n is an even integer.

15. Prove the statement: For all integers m and #, if the product of m
and n is even, then m is even or # is even.

16. Prove the statement: For all nonnegative real numbers 4, b and c,
ifa?+1v>=c? thena+b>c.

17. Prove the pigeonhole principle: If if k, n are integers and kn + 1
objects (pigeons) are distributed into n boxes (pigeon holes), then
some box must contain at least k + 1 of the objects.

18. Use the pigeonhole principle above to show that if there are n
people who can shake hands with one another (where n > 1), then
there is always a pair of people who will shake hands with the
same number of people.

19. Proof that there are infinitely many primes.
20. Show that foralln € IN, n < 2".

21. Show that yf ; 2f =27+l —2,

17
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22. What is wrong with the following proof by induction that all
butterflies have the same colour.

“If there is a single butterfly in the "group", then clearly all but-
terflies in the group have the same colour. For the inductive step,
assume that n butterflies always have the same colour. Consider

a group of n 4 1 butterflies. First, exclude the last butterfly and
look only at the first n butterflies, which by induction must have
the same colour. Likewise, exclude the first butterfly, then all other
butterflies must have the same colour. Conclude that the first but-
terfly is of the same colour as the middle ones which has the same
colour as the last one. Hence, all butterflies have the same colour.”

23. The price of a stock is defined as the sum of the actualized values
of the dividends. Suppose that the yearly dividend is K and the
yearly interest rate is . Prove that if we take n years into account,
that the price of the stock is given by,

(- (5))

24. Show that there are two irrational numbers a and b such that a’

is rational.



Sequences and limits

WE USE STANDARD notation as much as possible. The set R is the
set of real numbers, IN is the infinite set of strict positive integers
{1,2,...}. Elements of these sets are sometimes called scalars and
they are denoted by small letters x,y,z, .. ..

The set RF is the k-fold Cartesian product of R, elements of R¥ are
k-dimensional column vectors and they are denoted in bold, x,y,z.. .,

eg.,

We use subindices + and ++ to denote non-negative and strict
positive parts of these subsets.3° Corresponding row vectors are
denoted by x’,3*

x':[xl X2 ... xn}

The dot product of a row and column vector is denoted by x -y,

k
X-y= anyn.

n=1

Euclidean distance

MucH oF REAL analysis deals with limits of sequences and vectors.
In order to discuss these notions, we need to have some way to mea-
sure the distance between two numbers and, more importantly, the
distance between two points or vectors in k-dimensional Euclidean
space. For scalars we use the absolute value of the difference between
the numbers,

x—yifx >y,
|x—y|={ pery
y—xifx <y

3 For example R | is the set of k-
dimensional vectors whose components
are all strictly positive while R is the
set of vectors whose components are
non-negative.

3t A prime after a vector or matrix is
used to denote the transpose.



For vectors, we use the notion of an Euclidean distance. We use the
notation ||x|| for the Euclidean norm. It is given by the following
formula.

k
— _ 2
Il = vxx = L
1=

Notice that although x is a vector, its norm ||x|| is a number. The
value of ||x|| is equal to the length of the line segment from the origin
0 to the point x.3* The (Euclidean) distance between two vectors x
and y is given by ||x — y|| and is defined as,

=yl =

In two dimensions, this gives

Ix—yll = /(1 =12 + (22— 922,

which can also be found by applying Pythagoras’ rule to compute
length of the line segment between the points (x1,x2) and (y1,Y2).
The norm ||.|| can be seen as the natural extension of Pathagoras’
to settings with more than two dimensions.
The norm function ||.|| satisfies the following desirable proper-
ties.33

1. [[x—y|>0and |[x —y|| =0if and only if x =y.

2. [x=yll = lly =xI:
3 Ix=yll < lix =zl + [z =yl

The third condition is also known as the triangle inequality. It states
that the distance between two vectors x and y is always less than the
distance between x and some third vector z plus the distance between
z and y. It can be proven from first principles. In order to do this,
we first have to prove an interesting intermediate result called the
Cauchy-Schwartz inequality.

Theorem 1 (Cauchy-Schwartz and Triangular inequality). For all
X,y,Z € ]Rk,
-yl < lxlllyll,
and
x =yl < llx = z[| +[lz = |-
Proof. Let us first proof the first inequality, called the Cauchy-
Schwartz inequality. Note first that if y = 0, then the inequality
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52 The point x in R¥ is given by the
value of its coordinates.

Figure 1: Euclidean distance ||x — y]|.

T, Iz = yll Y

The distance between the points (x1, x2)
and (y1,y2) is given by the square root
of the sum of the squares of the lengths
of the sides of the right angled triangle.
33 A function p that satisfies the follow-
ing conditions

* p(x,y) > 0 with equality if x =y,

* plxy) =plyx),

* plxy) <p(xz)+p(zy)

is called a metric. Many of the results in
this course are actually valid for general
metric space.
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holds. As such, we can assume that y # 0, which also means that
lly|| # 0. Let ¢ € R and consider the value of ||x — cy||. We have,

< (Ix—cyl)?,
=Y (i —ey)? =Y yi — 20 ) (xiyi) + Yo7
i 1 1 1
= c(|lyl)? = 2¢(x-y) + (IIx|)*.
This inequality must hold for all possible values of c. Let us take the

value ¢ = ﬁ, which is well defined as ||y| # 0. This gives,

(x-y1? L (x1? , e
0=z ~Fqypz Uk
Sy 232 2 (x- y1)2

Taking square roots on both sides gives the desired Cauchy-Schwartz

inequality.
Now, for the triangular inequality, consider two vectors x and y.
Then,34 34 The fourth line follows from the

Cauchy-Schwartz inequality.
2
(Ix+yl)* = Y (xi +v:)? Zx +Zy1 +22 XiYi),
i

< inzJFZy%Jrz Z(xiyi) ,
1 1 1

(IxINZ + Iyl +2[x -y,
< (IIxID*+ (lyl> + 2yl 1,

2
= ([lx[l =+ flyll)
Taking square roots from both sides gives ||x +y|| < [|x|| + [ly]|.
Now,?> % Here we treat (x — z) and (z —y) as
two vectors and apply the previous
Ix =yl = l[(x=2) + (z+y)[ < lIx=z] + [z =yl rale
O

As stated above, the inequality,

-yl < [Ix[lllyll

is called the Cauchy-Schwartz inequality and is of great interest in
its own right. If x is a scalar, one easily sees that ||x|| = |x|, so the
triangular inequality gives as a special case that for all x,y,z € R,

X =yl < |x—z|+ [z -yl



Sequences in R

THE sTUDY OF sequences and series provides a way to develop
intuition abut the notions of arbitrarily large and arbitrarily small
numbers. These notions are developed by using the idea of a limit of
a sequence of numbers.

A SEQUENCE Is simply a succession of numbers. For example, 1, 4, 9,
16,...could be seen as a sequence of squares of the natural numbers
12,22,32,.... We could easily write down the rule generating this
sequence by defining a function f : N — R which produces for any
n € N the value f(n) giving the nth value in the sequence,

f(n):n2, n=123,...
Formally, we have the following definition for a sequence in R.

Definition 1 (sequence). A sequence in R is a function f : N — R that
associates a real number f(n) with every integer n € IN.

Instead of writing down a sequence in terms of a function f(n) it
is often convenient to use the ‘enumeration’ notation (x,),cNn Where
x, = f(n). This is also the notation that we will use.

Sequences that are getting closer and closer to some particular
value as n grows larger are said converge to a limit. Sequences that
are getting larger and larger in absolute value as n grows are said to
diverge (to infinity). Some sequences neither diverge nor have a limit.

Definition 2 (limit). The sequence (x,)n,eN in R converges to 0 if for all
€ > 0 there is a number N such that for all n > N,

|2 | < e

The sequence (xn)neN in R converges to the number x if the sequence of
numbers (ay)yeN with a, = |x, — x| converges to 0.

Using the notation of the previous section, we can write this down
as,

Ve >0,IN € N,Vn > N : |a, —a| < .

Note that N may change with the value of e.

In words, a sequence (x,),enN has a limit x if all values of the
sequence, beyond a certain term can be made as close to x as one
wishes. If a sequence (x,),cN has a limit x we write this as

lim x, = x,
n—oo
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Plot the following sequences on a
graph.

e f(n)=2n

e f(n)=1/n
s f(n)=—-1/n
s fln)=-n?
o f(n)=(=2)"

Can you say which of these sequences
diverge or converge.



more often, however, I will use the notation,3°

Xn > X

As an example, consider the sequence (x,),en = (1/1)yen. Our
best guess of limit for this sequence is the value x = 0. If we take,
for example, ¢ = 0.01 then we have that that |1/n — 0| < 0.01 for all
n > 100, so setting N = 100 will suffice. On the other hand, if we take
e = 0.002, a value of N = 500 will do. In general for a value € > 0 we
will need to take a choice that satisfies N > 1/¢. Indeed for any such
choice, we have that if n > N > 1/¢ then,

1 1
|xn0|:’n’ §ﬁ<€

LET Us MAKE this a bit more rigorous and prove that indeed % 50.
What we need to show is that for all ¢ > 0 there is a number N such
that for alln > N,
1
‘ — 0’ < e.
n

This is equivalent to the condition that, for all n > N,
1
— <&
n

Multiplying both sides by n gives,

1 < ng,
—n > 1/e.

Thus choosing N to be the smallest integer above 1/¢ will guarantee
the validity of the definition.

As A sECOND example, let us show that the sequence ((—1)"),en
does not have a limit. Let us prove this by contradiction. Towards a
contradiction, assume that there is an x such that (—1)" % x. In other
words, for all € > 0 there is a number N € N such that for all n > N,
[(-1)" — x| <e.
Let us show that this gives a contradiction for ¢ = 1/2. Let N be
the number such that for all n > N
1
n —
()" —x| <e= X
If N is odd, then N + 1 is even and N + 2 is odd, so (—1)N*! =1 and
(—=1)N+2 = —1 which means that (as N +1 > N and N +2 > N),

1—x|<1/2and|—1—2x| <1/2.
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3 The n on top of the arrow should
make clear that I'm not talking about
the implication symbol.



If N is even then N + 1 is odd and N + 2 is even, so (—1)N*1 = —1
and (—1)N*2 = 1 which means that (as N +1 > N and N +2 > N),

|—1-x|<1/2and |1 - x| <1/2.

In both cases, we see that x should lie within distance 1/2 of both 1
and —1, which is impossible.37 This gives the desired contradiction
and therefore shows that (—1)" has no limit.

CONSIDER A SEQUENCE Xy 2 x and assume that there is a number
z € Rsuch that x, < zforalln € N. What do we know about
the ranking of x and z. Luckily it does what we expect: x < z so,
inequalities are preserved in the limit.

Theorem 2. Consider a sequence xy, Loy, If foralln € N, x, < z, then
x < z. On the other hand, if for all n € IN, x,, > z then x > z.

Proof. We only proof the first part. The second part is similar.3® Let
xy = x and x, < z for all n € IN. We need to show that x < z. The
proof is by contradiction. As such, we assume that

z < x.
Now, x, — x so by definition of a limit,

Ve >0,IN € N,Vn > N: |x, — x| < e.

The idea is to pick a smart choice of e. Here, we will set e = x —z > 0.
Then, our definition gives the existence of a number N € IN such that

foralln > N,
vy —x| <e=x—z.

As such, there exists a number N € N such that for alln > N,
Xp>x—€e=x—x+2z=2z
This contradicts the assumption that x, < z for all n € IN. O

In a similar manner, one can show that if x; = x and z; — z and
zy < x¢ for all + € IN, then z < x. (Do this).

Remark: Above theorem also shows that if x,, - x and x, < z for
all n € IN, then x < z. However, it is not true that x,, < z for all
n € N implies x < z. For a counterexample, consider the sequence
Xy, =1—1/n. We have that x,, < 1 for all n € N but x,, — 1 which is
not strictly lower than 1.39

The following theorem gives some useful rules to work with
limits.4°

Theorem 3. The following rules apply to all sequences (xn)neN, (Vn)neN in
R.
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37 For x to lie within a distance 1/2 of 1,
we must have that x € [0.5,1.5] for x to
lie within a distance 1/2 from —1, we
should have that x € [—1.5,—0.5]. Since
these two intervals don’t overlap, there
is no x that lies within a distance 1/2
from both.

3 Try this.

3 To summarize: limits of weak in-
equalities convert to weak inequalities.
Limits of strict inequalities do not
always convert to strict inequalities.

4 The proof of these results is simplified
with the help of the Convergence
Lemma, which is exercise 1. Proving
the theorem itself is exercise 6.
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1. Ifxy = xand y, 5 y then (x, +yy) = (x +y),
2. Ifa € R, then x, = x implies (wx,) - (ax).
3. Ifxy = xand y, = y then, (xuyn) = (xy),

4. Ifxnixandyngyandy;«éOthen,;—:i;

Supremum and infimum

A suBseT S C R has an upper bound in R if there is a number x € R
such that for ally € S, x > y. Observe that it is not necessarily the
case that an upper bound x of S is also an element in S. Similarly, the
set S has a lower bound in R if there is a number x € R such that

x <yforally € S. Sets that are bounded from above and below are
simply called bounded.

Not every subset S C R has an upperbound. For example S =
{1,2,3,...} is clearly unbounded from above and S = {—1,-3,-5,...}
is unbounded from below. For sets that are bounded from above
(or below) we can define a smallest upperbound (or largest) lower
bound.

Definition 3 (Infimum and supremum).

e IfS C Ris bounded from above, it has a lowest upperbound. This
number is called the supremum and we write it as sup S.

The formal definition is that y = sup S iff (i) y is an upper bound of S
and (ii) for all other upper bounds z of S, we have that y < z.

e IfS C R is bounded from below, it has a greatest lowerbound. This
number is called the infimum and we often write it as inf S.

The formal definition is that y = inf S iff (i) y is a lower bound of S and
(ii) for all other lower bounds z of S, we have that z < y.

Observe that the supremum or infimum of S, if it exist, is not nec-
essary an element of 5.4* The existence of a supremum or infimum
for bounded sets follows from the completeness of the real numbers.
This is a inherent property of the real numbers that cannot be proven
from first principles. In fact, it is a consequence of the way the real
numbers are constructed. The infimum and supremum of a set S, if
they exist, are unique.**

The following gives a useful alternative characterization for the
supremum and infimum.
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Exercise: Do the following sets have an
upper or lower bound?

S1 = {x € R]x > 10}

Sz = {X S R+,0|1/X < 2}

S; = {x € R|x? < 2}

41If the supremum of S is in S we also
call this the maximum of S. Similarly, if
the infimum of S is in is, this is called a
minimum of S.

Exercise: What are the infima and
suprema of the sets given above?

#Indeed, assume that both x and y

are suprema of S. Then it must be

that x < yandy < x so we have

x = y. A similar reasoning holds for the
infimum.



Theorem 4. Let S C R be bounded from above. Then y = sup S if and only
if y is an upperbound of S and for all ¢ > O there is an element x € S such
that y < x +«.

Let S C IR be bounded from below. Then y = inf S if and only if y is
a lowerbound of S and for all ¢ > 0 there is an element x € S such that
y>x—e

Proof. We only provide the proof for the supremum.43 Let y = sup S.
Then obviously, y is an upper bound for S. We need to show that,

Ve>0,dxeS:y<x+te

We show this by contradiction. Negating above formula gives,
Je>0,VxeS:y>x+e

Let e > 0 be a number that satisfies this formula. Then for all x € S,

y>x+e,
Y —€2> X

This shows that y — ¢ is an upper bound of S.#* However, y was the
supremum of S so y < y — ¢,4> which gives a contradiction.

Next, let us show the reverse. Assume that y is an upperbound of S
and that,
Ve>0,dxeS:y<x+e

We need to show that y is the supremum of S. Again, we prove this
by contradiction. Assume that y is not the supremum. We know that
y is an upper bound. As y is not the supremum, this means that there
is another upperbound of S, say z which is smaller than y, i.e., z < y.

Define ¢ > 0 such that e = y — z > 0.4 Then we know that there
exists a number x € S such that,

xte>y=z+g,

—X > Z.

This contradicts the assumption that z is an upper-bound of S.47 [

As we saw above, not every sequence (¥, ),eN has a limit. It
would be nice to have at least one class of sequences for which we
can guarantee that a limit exists. That’s the goal of the following
theorem.

Theorem 5. Any non-decreasing sequence in IR which is bounded from above
has a limit in R and every non-increasing sequence in R which is bounded
from below has a limit in R.48
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4 The proof for the infimum is similar
and left as an exercise.

# All x € S are below y — ¢ so this is an
upper bound of S.

4 The number y is the smallest upper
bound so it is smaller than the upper
bound y —e.

4 Here ¢ is the distance between z and y.
Other distances will also work as long
as 0 < e <y — z. Try this.

47 Indeed, x € S and x > z so z is not an
upper bound.

# A sequence (xy)yeN is non-
decreasingif x; <xp < ... <x, < ...
A sequence is non-increasing if

X1 2>2X2 2 ... 22X > ..



Proof. Let (xt);eN be a non-decreasing sequence which is bounded
from above.#9 Let y = sup{x, : n € IN}. This supremum exists as S is
bounded from above.

Let us prove that x; = y. In particular we need to show that,

Ve>0,IN € N,Vn > N: |x, —y| < e.

Consider any € > 0. By Theorem 4, we know that there exists an xy
in the sequence such that,

y <xN+e
Also, as y is an upper bound of the sequence, we have that,

XN —e<Yy<xy+tE,

“lany —y| <e.

Now, take any n > N. As the sequence is non-decreasing,>° we have
that,

Xp—e<y<xy+e<x;+g
which means that,
lxn —y| <e,

for all n > N which we needed to show. The proof for the infimum is
similar.>" O

Subsequences

SUBSEQUENCES ARE TO SEQUENCES what subsets are to sets. More
formally, let (Xn)neN be a sequence in R. Consider an increasing
function ¢ : N — IN,5?

p(1) < ¢(2) < p(3) <...,

Then define the numbers,53

Yn = Xo(n)-

The sequence (yu)neN = (Xg(n))neN is also a sequence. It is called a
subsequence of (x,),cN. The concept is important enough to have
its own definition.>4

Definition 4 (subsequence). Let x, = f(n) where f : IN — R represents
a sequence in R. Let ¢ : IN — IN be a strictly increasing function,55 then,

yi = fle(j)),

is called a subsequence of (Xp)neN-
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# This means that the set S = {x, : n €
IN} is bounded from above.

5° In other words, xy < xy,.

5' Try this yourself.

5 A function is increasing if n > m

implies f(n) > f(m).

53 For example, if ¢(3) = 7 then the
third term in the sequence (¥ )neN,
agrees with the 7th term in the se-
quence (X, )neN-

5 Convince yourself of the fact that the
two definitions are identical.

55 This means that for n,m € Nif n < m
then ¢(n) < ¢(m).
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A subsequence of a sequence is what
We will also denote the subsequence by (x(p(n) )neN, We can also you get if you drop from the initial
sequence a finite or infinite number
of elements, as long as you have an
X)) Xp2)r- 1 Xpn)r -+ infinite number of elements left.

list it by elements,

The following result is immediate given the definition of conver-
gence.

Theorem 6. Every subsequence of a convergent sequence is also convergent
and has the same limit as the original sequence.

The next result is very important and is called the Bolzano Weier-

strass theorem.5° 5 Important means that it is used over
and over again in these notes. It helped
Theorem 7 (Bolzano-Weierstrass). If the sequence (xn)neN in R is me on several occasions to complete a

. . f1 tuck on.
bounded, then it contains a convergent subsequence. proot L was stuck on
Proof. Assume that (x,),cnN is bounded. We call an element x,, from
this sequence a top if,

Ym>n:x, > Xy

In other words, x, is larger or equal to all elements in the sequence
beyond x,,. Let T be the set of all tops. There are two cases. Either T
is finite or T is infinite.

If T is finite then there is a number N such that for all n > N, x,, is
not a top. Let ¢(1) > N then x,1) is not a top, so there is a number
ny > ¢(1) such that x,(;) < x,. Let us define ¢(2) = np. But x5 is
also not a top, so there is a number n3 > ¢(2) such that x,5) < xp,.
We define ¢(3) = n3. We can continue this reasoning indefinitely
long generating a sequence,

Xp(1) < Xp2) < Xp(3) < Xp(4) < -+

Observe that (x, () )nen is a subsequence of (x4)nen. Also this
subsequence is non-decreasing and it is bounded from above.57 As 57 As (xn)nen is bounded from above.
such, from Theorem 5 we see that (x,(,))neN is convergent, which
concludes the proof.
Now what happens if the set of tops T is infinite. Then we can list
these tops, say

Yp(1): *p(2): Xp(3), - -

i.e. X, is equal to the nth top. Also,

¢(n)
Yo(1) = Xo(2) = Xp(3) = -+

so we obtain a non-increasing sequence which is bounded from
below. Again from Theorem 5, this sequence has a limit. O



Sequences of vectors

So FAR, WE looked at sequences of real numbers. The concept easily
extends to sequences of vectors.

Definition 5 (sequence of vectors). A vector sequence in R¥ is a function
f:IN — R that associates a real vector f(n) = x, to each positive integer
n € N.

The definition of a limit of a sequence of vectors is also analogous
to the limit of a sequence of numbers. The only difference is how
we measure the distance between elements. For numbers, we used
the absolute value |x — y|. When dealing with vectors, we use the

Euclidean norm ||x — y||.58 % Recall, ||x — y|| = /X5, (x; — ;)2

Definition 6 (limit). The sequence of vectors (X, )neN has a limit x if the

sequence of numbers (an)neN, Where a, = ||x, — x|| converges to 0.59 5 In other words, for all ¢ > 0, there
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is a number N; € IN such that, for all

As a formula, n > Ng,
lIxn —x|| <e.

Ve >0,IN € N,Vn > N : [|x, — x|| < &.

The notion of a subsequence of a sequence of vectors is very
similar to a subsequence of a sequence of numbers. In particular, we
take an increasing function ¢ : N — IN,

p(1) < 9(2) <9(3) <...

Then we define y; = x,;) to be a subsequence of (x,)nen. The
following result is an immediate generalizations from the one dimen-
sional setting to the k-dimensional setting.

Theorem 8.
If the sequence (of vectors) converges then any subsequence of this sequence
also converges to the same limit vector.

Next, we would like to provide an analogue to the Bolzano-
Weierstrass theorem but now for sequences of vectors, i.e., every
sequence in a bounded set has a convergent subsequence. In order
to do this, however, we need a notion of boundedness for sequences
of vectors. For sequences of numbers, this was easy. A sequence
(xn)neNn was bounded if there exists a number M such that for all
n € N, |x,| < M. The definition for sequences of vectors is similar,
except that we use the norm |.|| instead of |.|.

Definition 7 (Boundedness). A sequence (xn)neN is bounded if there
exists a number M such that for all n € IN,

[xn]| < M.



Above definition states that a sequence is bounded if each of it’s
elements is within a distance M from the origin.®°

Theorem 9 (Bolzano-Weierstrass for vector sequences). If the sequence
(Xn)nen in RF is bounded, then it contains a convergent subsequence in
RF.

Proof. We proof the theorem by induction on k. For k = 1 the the-
orem states that if a sequence (x,),en in R is bounded, then it
contains a convergent subsequence in IR. But this is the Bolzano
Weierstrass theorem that we already proved before. So we know this
is true.

Assume that the theorem holds up to k and assume that (x,),eN is
a sequence in R¥1. Write each element of the sequence x; as,

o]
Zn

Here y;, is the vector that contains the first k elements of the vector
Xi’l/
Xn,1

Xn,2
yu . ’

Xk
and z, equals the last k + 1th element of the vector x;.
Observe that ||y, || < ||xx|| and |z,| < ||xx|| which shows that both
sequences (yn)nen and (z,),en are bounded.
We can write the sequence xq,Xy, ..., Xy, ... in the following way,

Xl - [Y1‘| , xz - [yz‘| , X3 - [Y3‘| T
Z1 Z2 z3

By the induction hypothesis, we know that the sequence (yy),eN in
R has a convergent subsequence. Let (Yo(n))nen be this sequence.
Let us restrict (x,),en to this subsequence,

_ Ygo(l)] _ [ng(Z)] - [st(s)l
Xp(1) = , Xp(2) = , Xp(3) = s
o Lw) " 20 U )
The sequence (Z(p(n))HG]N is also a bounded sequence in R, so it

has a convergent subsequence. Let us denote this sequence by
(Zg(p(n)))neN- Let us restrict (x,(,))nen to this subsequence,

_ | Yoy Vo2 Yo
Xp(p(1)) = [ o >>], Xo(p(2)) = l o ”1/ Xo(p(3)) = [Z"’("’( )
@(¥(3))

Zp(p(1) Zp(y(2))
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¢ In other words, the entire sequence
lies within an n-dimensional ball of
radius M centred at the origin.



Observe that (y(y(n)))nen is a subsequence of (y () )nen, so it also
n n .
converges. Let y,y(n)) — ¥y and let z,(y(,)) = z. Define,

[yqow(n»] _ l y
Zp(yp(n) Zp(p(n)
yqv(l#(n))] _ y
Zp(p(n)) Zp(p(n))

= 1Yo = ¥l + [Zg(p(m) —2I-

Then

+

7

The two sequences on the right converge to zero, which means (by

e |

<

+

7

the convergence lemma) that x,(y(,)) % x. This shows that the
subsequence (X,(y(n)))neN Of (Xn)neN converges.

Cauchy sequence

IN ORDER TO KNOW whether a sequence (x;);eN converges, it suffices
to check the definition for convergence, namely:

Ve >0,IN € N,Vn > N : |[|[x — x,|| <e¢,

This, however, requires us to know the limit x in advance. Often,
however, we do not have this type of information.®* This is fixed by
the notion of a Cauchy sequence which does not contain the limit as
part of its definition.

To illustrate, consider the following sequence,

This gives the sequence,
1, 1.25, 1.36111, 1.423611, 1.463611, ...

Does this sequence converge? How can we check? Alternatively,
consider the sequence,

=1
xn=g(n) =) g
t=1
which produces the numbers,

1, 1.5, 1.8333, 2.0833, 2.2833, ...

Does this sequence converge?
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 You could always make a guess for x,
but guessing the right value might take
quite some time. Rejecting convergence
would then also mean that you reject
the definition for all possible guesses,
which takes even longer, infinitely
longer in fact.
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Definition 8 (Cauchy sequence). A sequence (x,)uen in R is called a
Cauchy sequence if for all € > 0 there is a number N € IN such that for all
n,m >N, ||xy — xm| <e

Written down as a formula, we have that,
Ve > 0,IN € N,Vn,m > N : ||xy — xu]| <&

The idea behind a Cauchy sequence is that elements arbitrarily far in
the sequence eventually become arbitrarily close together. Notice that
this definition does not involve a limiting value x. As such, verifying
whether a sequence is a Cauchy sequence only depends on the values
in the sequence itself.

Remark Observe that this definition is not the same as

Ve >0,3N. € N,V > N : ||xy, — x,11]| <e,

i.e. subsequent terms become arbitrarily close together. Any Cauchy
sequence satisfies this second condition but not every sequence that

satisfies this second condition is a Cauchy sequence.?

2 We will see a counterexample below.
CONVENIENTLY, CONVERGENT SEQUENCES IN RF turn out to be

Cauchy sequences and Cauchy sequences are the sequences that

converge. This is the main message of the following theorem.

Theorem 10. Any converging sequence is a Cauchy sequence and every
Cauchy sequence converges.

Proof. In order to see the first, assume x;, I x. Then, by definition,
for all ¢ > 0 there is an N; € IN such that for all n > N, ||x — x,|| <
e/2.

Then, for all n,m > NS,63 % The second line uses the triangle
inequality.

[1xn = Xm|| = l|%n = %+ x = X,
< x = x|l + [1xm — x|,
€
<2- =g,
5 =¢
This shows that the sequence is Cauchy.
The reverse, that any Cauchy sequence is convergent, uses the
Bolzano-Weierstrass theorem. Assume that (x;);c is a Cauchy

sequence. In order to use the Bolzano-Weierstrass theorem, we first
need to show that this sequence is bounded. We know that

Ve > 0,3N,, Vi, m > Ng : ||xn — x| < &
Take ¢ = 1.%4 Then there is an N € IN such that for all ,m > N, % Other values are also possible.

Ixn — xm]| < 1.



Let M = 1+ max{||x/| : ¥ < N}. We will show that for all n € N,
[[xn]| < M.

Take any x, in the sequence then either n < N, but then ||x,|| < M
s0 ||xx|| is bounded by M. If n > N then,

[l = lxi = xv +xn | < [ = xnl + [len ] < T4 [l
—|Ixn|] < [|xn]+1 < M.

So again ||x,,|| is bounded by M as was to be shown.

Knowing that (x,),cnN is bounded, we can apply the Bolzano-
Weierstrass theorem on the Cauchy sequence (x;),cnN, so there is a
convergent subsequence (X, () )neN- Let X () % x. We will finish
the proof by showing that x is also the limit of the Cauchy sequence
(Xn ) neN-

In particular, we need to show that,

Ve >0,3N; € N,n > N : ||xy —x|| <e.

Take any number ¢ > 0 then as for the subsequence x, ;) 5 x,

there is a number Nj such that for all ¢(n) > Nj in the subsequence,
€
HX — Xp(n) ” < 2"
Moreover as (X, )nen is Cauchy, there is a number N, such that for all

n,m > N,

€

5

Now, take a vector x,x) in the convergent subsequence with

%1 — Xm|| <

¢(k) > N = max{Ny, N, }.
Then for all n > N,

l[xn = x|| = [1%n = Xpx) + Xpk) — X,

& &
< I =Xl + Xy =xl < 5+ 5 =&

This shows that x, — x.95 O

GIVEN OUR MACHINERY of Cauchy sequences let us return to the two
examples at the beginning of this section. We had the sequence,

This sequence is convergent if and only if it is a Cauchy sequence,
ie.,
Ve > 0,3N; € N, Vn,m > Ne : |xp, — x| < &.
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% The idea is of this construction is

the following: we take a vector in the
subsequence that is far enough such
that (i) its distance from x is smaller
than &/2 and (ii) its distance from any
other vector further in the sequence

is also smaller than &/2. If (i) and (ii)
are satisfied, then the distance between
any of these vectors further on in the
sequence and x will be smaller than .



Now, take n,m and assume without loss of generality that m > n
then,

71 Ui |
Xn xm| = Z ﬁ - Z ﬁ ’
t=1 t=1
i 1
t=n+1 2]’
LA u 1
= Z ') S Z 7
t=n+1 2 t=n+1 t(t - 1)
N o .
t=n+1 t—1 t)’

So we only need to take N such that

1
N <&
—N > 1
€
As such, we see that (x,),cnN is @ Cauchy sequence, so it converges.®®
As an alternative proof of convergence, notice that the series, (x,)neN
are non-decreasing. As such, using Theorem 5, it suffices to show
that the sequence is bounded from above.
Towards this end, let us show that |x,| < 2. Indeed, this is true for
x1 = 1. For n > 1, we have,

=
N
|
1=
|
IN
—_
_|_
0=
—
—
~——
|
—_
~—

)
L
~
l

N

Il
—_
_|_

1=
—~
~

| ]| =
—_
S—

I
| =
N———
~

.*
Il
N

1
2—-—-<2
n

I
—_
+
—_

\
S|
I

So |x,| <2 for all n € IN which shows that (x,),en is bounded.

NEXT, LET Us consider the second sequence defined above,

xp = f(n) =

=
=l =

k=1

It turns out that this sequence is not convergent. One way to prove
this is to show that it is not a Cauchy sequence. In particular, we can
show that,

de > 0,YN € N,In,m > N : |x, — x| > &
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% In fact, it can be shown that

noq . 7.(2
- =Xn = —.

= 6

This is the so called Basel problem

which was solved by Euler in 1734 at

the age of 28. A proof of this result is

well beyond the scope of these notes.



Towards this end, take a number N € IN and two numbers n,m > N
with m > n we have,

P——
m n t

WMs

n

(m —n)zl—g.

1>
pR

1
m

I
\\Ms

Now, we are free to choose m as long as m > n. So take m = 2n
then,%7

1 1
— > 1 —_—_ = =,
[ = n] = 22
As such, we see that for all N € IN we can find n,m > N such that

Xy — x| > 1 which shows that (x,),en is not a Cauchy sequence.®

The sequence x, = Y }_; % is called the harmonic series.®
The following gives an alternative characterization of convergence
that will be useful later on.”°

Lemma 1. Let (x,),en be a sequence. This sequence converges to a vector
x if and only if every subsequence (Xy(n))neN Of (Xn)neN has a further
subsequence that converges to X.

Proof. (—) easy. (+—) The proof is by contrapositive. Assume that
(xn)nen does not converge to x. Then by definition, thereisa e > 0
such that for all N € N there is an n > N such that,

I — x| > e.
From this, we will construct a sequence (xy())nen- Let

N=1—3dn>N:
N=¢1)+1—3In>¢Q):|x.—x| >¢ setp(2) =n,
N=¢2)+1—=3n>¢2):|xy—x|| > ¢ setp(3)=n

Ixn — x|| > ¢, set ¢(1) =mn,

7

N=¢(t)+1—=3n> @) ||xps—x| >¢ setpt+1) =

Notice that (x,(,))neN is a subsequence of (x;),en and that for any
Xy (n) in this sequence,

[Ix —x|| > e,

¢(n)
Given this, (x(p(n))nE]N has no subsequence that converges to x (as
every element is ¢ far away from x). O

Closed and open sets
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7 Other multiples of n are also possible.
Try this.

% By setting ¢ = 1/2.

% The fact that the harmonic series
does not converge was first given

by Oresme in the 14th century. The
non-convergence of the harmonic sum
leads to some counterintuitive results.
One example is the leaning tower of
Lire. This shows that you can stack a
sequence of blocks on the edge of a
table such that they do not fall to the
ground and the overhang is arbitrary
large provided, of course, that you have
a (really) large number of blocks.

7> Another phrasing of this theorem

is that a sequence (x;)nen does not
converge to x iff and only if there is a
subsequence (Xyn)neN for which all
sub-subsequences do not converge to x.



A sET 15 closed if it contains all limit points of converging sequences
in the set. In particular the set S is closed if for all sequences x,, — x
and if x, € S forall n € IN then x € S.

Definition 9 (Closed sets). A set S C RF is closed if for any sequence
(Xu)new in S7* that has a limit x, > x, we also have that this limit is in S,
ie.x €S.

A set is open if any element in the set is the center of a small ball
that is entirely contained within the set.

Definition 10 (Open set). A set S C R is open if for all x € S there is a
e > 0 such that for all y € RF with ||y — x| <&,y € S.

Above definition can be summarized using the following formula.
vxeS$,de>0VyeR:|x—y||<e—>yeSs.

There are sets that are neither open nor closed.”? For example the
half open interval S =|a,a + 1] is neither open nor closed.

To see that it is not closed. Take the sequence x, = a4 1/n. We
have that x,, > abuta ¢ S so S is not closed. In order to show that S
is not open, it suffices to consider the point a + 1. Now for any & > 0
there are numbers in Ja +1 —¢,a+ 1+ ¢[ that are notin |a,a +1],s0 S
is not open. Given this counterexample, we see that it is not true that
a set is open if it is not closed.

The following, however is true.

Theorem 11. If S is open then its complement R* \ S = S€ is closed. On the
other hand, if C is closed then R* \ C = C€ is open.

Proof. Let S be open.
Vxe 8,3 >0VyeR:|x—y||<e—>yeSs.

We show that S¢ = R¥\ S is closed by contradiction. Assume that S
is not closed. Then there is a convergent sequence (x,),enN in S¢ (say
xn = x) with x ¢ S°.

Given that x ¢ S° it must be that x € S as S is the complement
of 5°. As S is open, there is a € such that y € S for all y that satisfies
|y — x|| < e. Also as x, — x we have that there exists a N, such that
foralln > N,

Ixn — x|| < e.

This means that foralln > N, x,, € S. This contradicts the
assumption that (x,),cn Was a sequence in S¢ = RF\ S.

Next let C be closed. We need to show that C° = R¥\ C is open.
Again, we prove this by contradiction. If C¢ is not open then”3

Ix € C%, Ve > 0,3y, € RF: ||x —ye|| < e Ay & CE.
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7' In other words, x,, € S for all n € N

72 In fact there are sets that are both
open and closed. These are called
clopen. For R¥, we have that R¥ and @
are the only two clopen sets. There is
a nice proof by contradiction showing
this that goes like this. Let A be a
clopen set which is neither R¥ nor @.
Then there a vectors y € A and z € A°.
For 6 € [0,1], let w(6) = 0y + (1 — 0)z.
Thenw(0) =z ¢ Aand w(l) =y € A.
Let w* = arginfyw(f) s.t. w(f) € A.
Then show that w* is both in and
outside A.

73 Here we use the notation y, to make
clear that y may change according to
the value of ¢.



Take this x € C° and consider the following sequence of values of ¢
and the following vectors z,.

e=1—3y:: ||[x—ye| <1setz; =y, & C,

1 1
g:iaﬂygzﬂx—yg” < isetzzzyegccr

1 1
£:§—>E|Y£3||X—y.€|| <§setz3:y£¢CC

1 1
SZE—>3yE:Hx—y£|| <Esetzn:y5¢CC

Consider the sequence (z,),en. Then,
1
|z — x|| < =.
n

Given that (1/n) = 0, the convergence lemma tells us that z, — x.
Also, foralln € N, z, € C. As C is closed and z, — x it must be that
x € C. This means that x ¢ C¢, a contradiction. O

Closed and bounded sets are called compact.

Definition 11 (Compact sets). A set C C RF is compact if and only if it is
closed and bounded.

Compact sets have two desirable properties that are often conve-
nient to work with. First, they are bounded, so every sequence in a
compact set C C RF has a convergent subsequence, by the Bolzano-
Weierstrass theorem. Second, they are closed, which means that the
limit of this convergent subsequence is also in C.

Corollary 1. If C C R¥ is compact then every sequence (x)nen in C has a
convergent subsequence and the limit of this subsequence is also in C.

If C is a subset of R (i.e. it contains real numbers, not vectors) and
if C is compact, then it contains both its supremum and infimum.

Theorem 12. If S C R and S is compact then sup S € S and inf S € S.

Proof. We prove the theorem for the supremum. The proof for the
infimum is similar.”4 Let S be a subset of R. As S is compact, it is
bounded, so sup S and inf S exist. Let y = sup S. By Theorem 4 we
know that,

Ve>0,dx, € S:y < xe+e.

7 Try it.
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We construct the following sequence in S,

e =1— take x; € Ssuchthaty <x; +1,

1 1
e=5— takexZGSsuchthaty§x2+§r

s:%—> takex3€Ssuchthaty§x3—|—%,

cey

1 1
g:;—> takeanSsuchthatySXn-f';/

So for all n. ,
lxn —y| < w

the right hand side (1/n) converges to zero. As such, by the conver-

gence lemma, x, LN y. As S is closed and (x,),en is a sequence in S,

we conclude that y € S. O

Exercises

1. Proof the following:

Lemma 2 (Convergence lemma). Let (y3)nen, - - -, (y5 )new be R
sequences in R and assume that forall j =1,...R, y}, 2 0.
Let also (xn)neN be a sequence in R and assume that there exist num-

bersa/ # 0(j = 1,...,R) and a number N € N such that for all
n>N,

R . .
el <Yl lynl-
j=1

Then x, - 0.

2. Consider the set A = {(—1)"/n,n € N}.

e Show that A is bounded from above. Find the supremum. Is
this supremum a maximum of A?

e Show that A is bounded from below. Find the infimum. Is this
infimum a minimum of A?

3. Consider the set A = {x € R|1 < x < 2}.
¢ Show that A is bounded from above. Find the supremum. Is
this supremum a maximum of A?

¢ Show that A is bounded from below. Find the infimum. Is this
infimum a minimum of A?

38
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. For each of the following sets S find sup S and inf S if they exist.
e S={xeR[x*<5}.
e S={xeR|x®>>7}.
e S={-1/nln € N}

. Let A C R.Letf,g : A — Rsuch that [f(x)] < M; and
|g(x)| < M; for all x € A. Show the following

o sup{f(x) +g(x)|x € A} <sup{f(x)|x € A} +sup{g(x)|x € A}.

o inf{f(x)+g(x)]x € A} > inf{f(x)|x € A} +inf{g(x)|x € A}.
* sup{—f(x)[x € A} = —inf{f(x)|x € A}.

* sup{f(x) —g(x)|x € A} <sup{f(x)|x € A} —inf{g(x)|x € A}.
. Prove Theorem 3.

. Show that if (x,),enN is Cauchy, then ((x,)?),en is also Cauchy.
Show that the reverse is not true, i.e., provide an example of a
sequence such that ((x,)?),en is Cauchy but (x,),eN is not.

. Let (x,)teN be a Cauchy sequence such that x, is an integer for all
n € IN. Show that there is a positive integer N such that x,, = C for
all n > N where C is a constant.

. Let (x,),en be a sequence in R that satisfies for all n € N,
|Xn42 = Xnt1| < clxpir — xul,
with0 <c < 1.

e Show that for all n > 2, |x,41 — xu| < cF 7 xo — xq].

e Show that (x,),enN is a Cauchy sequence.

10. Consider the following alternative definition of a Cauchy se-

quence.
Ve > 0,3N; € N,Vn > N; : ||xy — x| < &

Show that this definition is equivalent to the usual one.

11. Prove that if a subsequence of a Cauchy sequence converges to x,
then the full sequence also converges to x.

12. Consider a sequence defined recursively by x; = 1 and x,, 41 =
xn + (—1)"n3 for all n € IN. Show that such a sequence is not a
Cauchy sequence. Does this sequence converge?
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13. Consider any open interval (a,b). Show that
la,b|={xeR:|x—(a+b)/2| <e},
where ¢ = (b —a)/2.
14. Consider any two points x! and x? in R" with x! # x2. Let
B(x!,¢) be any open ball centred around x'.

(@) Let Z = {z|z = tx! + (1 —t)x%,t € [0,1]} be the set of all
convex combinations of x! and x?. Prove that B(x!,e) N Z # @.

(b) Let Z* = {z|z = tx! + (1 — t)x?,t €]0,1[} be the subset of Z
that excludes x' and x?. Prove that B(x!,e) N Z* # @.

15. Consider intervals in IR of the form [a, +co[ and | — oo, b]. Prove
that they are both closed sets. Is the same true for intervals of the
form [a,c[ and | — ¢, b] for c finite?

16. Let S C R be a set consisting of a single point, S = {s}. Prove
that S is a closed set.

17. Let x € RF. Show that the following set is open:

B(x,e) = {y € R||ly —x|| < ¢}



Functions

FuNCTIONS ARE ONE of the most important concepts in mathematics.
Restricting ourselves to the current setting we define a real valued
function f : S C R — R as a mapping that associates with every
vector x in a set S C RF a number f(x) € R. A multivariate function
f: S C RF — R’ associates to every vector x € S another vector

y € R%.

In this section, we will focus on real valued functions. Multivariate
functions will be encountered later on. Functions have the defining
property that if x = y then f(x) = f(y). Identical vectors map
to identical numbers. The following gives a rather abstract, but
mathematically correct definition of a real valued function.

Definition 12 (Function). A real valued function f with domain S C RF
can be defined by a subset G C R* x R. Such that,

e Forally € S, there is a number x € R such that (y,x) € G,

e If(y,x) € Gand (y,z) € G then x = z.
If (y,x) € G we call x the function value of y and write x = f(y).

The range of a function f : S — R is the set that collects all values
f(x) as x ranges over S,

{yeR:IxeSy=f(x)} ={f(x)|x € S}.

The range of f is often denoted by f(S).7> 75 Although S is a subset of R, the
range f(S) is a subset of RR.

A FUNCTION f : S — R is continuous at the point x € S if a small
change in x leads to a small change in the value of f(x). The usual
way to define continuity is via the use of the &-é formula.

Ve>0,30>0,VyeS:|x—vy| <d—|f(x)—f(y)| <e

Instead of this definition, we will use the following one.7° 76 Exercise: Show that the two defini-
tions are in fact the same.

Definition 13. A function f : S — R is continuous at x € S if for all
sequences (Xn)peN in S,

if Xy 2 X, then f(xn) = f(x).
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Observe that x, — x deals with the convergence of a sequence
of vectors (in R¥). On the other hand f(x,) — f(x) is about the

convergence of a sequence of real numbers (in R).77 77 In particular, the sequence (1 )neN
L ) ) ) ) o ] where y, = f(x,) for all n € N.
Definition 14. A function f on a domain S is continuous if it is continuous

at every vector x € S.

Intuitively, a function f is continuous if you can draw it with-
out lifting your pen. The following lemma provides an alternative
characterization of continuity, which we will use later on.

Lemma 3. Let f : D — R be a real valued function with D C RX. Then the
function f is continuous at x € D if and only if every sequence (X, )neN in
D with x,, = x has a subsequence (Xp(n) JneN stch that f(Xg(n)) 5 f(x).

Proof. (—) Let f be continuous at x and let x, — x. Then for any
subsequence (x,(,))neN We have that x,(,) % x. So by continuity

n
f(x(p(n)) - f(X)
(<) Now for the reverse, we prove it by contrapositive. Assume that
f is not continuous at x. We want to show that there is a sequence
(z4)nen in D with z,, = x such that for all subsequences (Zp(n)JneN

we have that f(z(,)) 2 f(x).
As f is not continuous at x, there is a sequence x, — x and

f(x4) £ f(x). But then, by Lemma 1, (f(xy))nen must have a
subsequence, say (f(xy(s)))nen that has no further subsequence that
converges to f(x).

However, (X, )neN is itself a sequence that converges to x, i.e.

Xy (n) % x. So there is indeed a sequence in D that converges to x
(namely (zy)neN = (Xy(n))nen) such that for all subsequences, (e.g.

(Zg(n)))neN = (Xg(y(n) JneN ), we have:

F(Zom) = fFXop(pny) 7 f(2).

Exercises

1. Let A and B be two sets in the domain of f with B C A. Prove that

f(B) C f(A).

2. Let A and B be two sets in the range of f with B C A. Prove that

fHUB) € fH(A).

3. For any mapping f : D — R and any collection of sets A; in the
range of f, show that

£ (U Ai> =Ur (4,



and

! (ﬂ Ai) = ﬂf_l(Ai)-

. Let S and T be two nonempty subsets of R, and take any two
functions f : T — S and g : S — R. Show that if f is continuous at
x € T and g is continuous at f(x). then g o f is continuous at x.

. Show that the definition of continuity as we used it here is equiva-
lent to the ¢ — J definition:

the function f : D — R is continuous at x if for all € > 0, there
existsa d > Osuch thatforally € D:if ||y — x| < J, then

f) = fy)l <e
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Extreme and intermediate value theorem

IN THIS CHAPTER we are going to present and proof two important
theorems. The extreme value theorem and the intermediate value
theorem.

Extreme value theorem

Let C C RFand let f : C — R be a real valued function. Consider the
following problem.

sup £ (x).

xeC

If f is unbounded on C, then this problem has no solution.” How- 7 Or we could say that the solution is
ever, if f is bounded from above on C, then the sup is well defined equal to co.
and returns a finite solution.
Example:

Let C =[0,1) and let f(x) = x. It is easy to see that,

1 =sup f(x).
xeC
Figure 2: The function f(x) = x has a

However, there is no value x € C such that f(x) = 1. So the supre- supremum but no maximum on [0, 1).
mum is not attained in C.
Let C = [0,00) and let f(x) = x. Here sup, . f(x) does not exist,
as the range f(C) is unbounded from above.
Let C = [-1,1] and let f(x) = 0 for x < O and f(x) = 1 — x for
x > 0. Then again,
1 =sup f(x).

xeC

|
|
|
|
|
but again the supremum is not attained in C. 1

If the supremum exist and is actually attained in the set C,79 we Figure 3: The function f(x) = 0 for
x<0and f(x) =1—xforx > 0hasa

say that f reaches a maximum on the set C and call the point x at .
supremum but no maximum on [—1,1]

which f(x) is maximal the maximum of the function f on C.

Definition 15. Let C C R¥ and f : C — R a real valued function with 14

-1 1

79 In other words, there is an x € C such
that f(x) = supycc f(y)-
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domain C. Then x¢ € C is a maximum of f on C if

Vx € C: f(xg) > f(x).

Also xp is a minimum of f on C if

Vx € C: f(x1) < f(x).

The three counterexamples given above shows the intricacies. For
the first counterexample, the basic problem was that the domain
C =[0,1) did not include the point 1. For the second counterexample,
the problem was that C is unbounded (from above). For the third
example, the function f is discontinuous at the origin. The extreme
value theorem shows that if these deficiencies are left out, i.e. the
function f is continuous and the domain C is compact, then not only
does the supremum exist but it is also equal to the maximum, i.e.,

sup f(x) = max f(x).
xeC xeC
Before we give the proof we first show an intermediate result,
namely that the range of a continuous function on a compact set is
always compact.

Theorem 13. If f is continuous on a domain C and C is compact, then f(C)

is also compact.go 8 Note that C is a compact subset of R”
while f(C) is a compact subset of RR.

Proof. Let f be continuous and let C be compact. We need to show
that f(C) C R is also compact. In particular, we need to show that
f(C) is bounded and closed.

Let us first show that f(C) is bounded. The proof is by contradic-

tion. If f (C ) is not bounded, then8? 81 We use the notation x,; to remind
that the choice of x may depend on the
VM € N,3xy € C: |f(xm)| > M. value of M.

We construct a sequence of vectors (x,,),eN in C in the following way.

M =1 — take x; € C such that [f(x1)] > 1,
M =2 — take x; € C such that [f(x2)| > 2,

cey

M =n — take x, € C such that f(x,) > n,

This creates a sequence (x;,),en. The sequence takes values in the
compact set C. By the Bolzano-Weierstrass theorem, it has a conver-
gent subsequence, which we denote by (x,(,))neN- Let us denote the
limit of this subsequence by x, so X, = x. The domain C is closed,
so we have that x € C.



As x € C, we can look at its value under the function, f(.), namely
f(x). Now, given that f(x) € R, we can find a number M € N such
that |f(x)| < M.82

By the construction above, we also have that for all ¢(n),

|f(x(p(n))| 2 (P(n)

Take the subsequence (X(P(n))(p(n)z m-23 This sequence is a subse-
quence of (X, () )neN SO it has the same limit: x,, % x. By continu-
ity of the function f(.), we have f(x,(,)) % f(x) and consequentially,
|f (Xp(m)) 5 1f(x)|.84 Also, for all ¢(n) > M,

|f(x(p(n))| > (P(n) > M.
Applying Theorem 2, gives,
f() =M,

which gives the desired contradiction (with f(x) < M. This shows
that f(C) is bounded.%

Next, we need to show that f(C) is closed. Let (y,),en be a se-
quence in f(C) and assume that y, — y. We need to show that
y € f(C).

By definition, y, € f(C) means that for all n € IN, there exists
a vector x, € C withy, = f(xy). Then (x,),en is a sequence in a
compact set C, so it has a convergent subsequence, say (xq,(n))neN.

Let X, % x. As C is compact, we know that x € C. Also f(x) €
C), efinition. Let us show that y = f(x) thereby showing that
by def how that y hereby showing th
y € f(C).
Now, X, (4) —* X, so by continuity of f, f(xe(,)) — f(x). We also
know that f(Xe(n)) = Yg(n) SO

hignygo(n) = hrrlnf(xgo(n)) = f(x).

The sequence (¥ (n))neN is a subsequence of (yx)nen and yn — y. So

Yo(n) % . Given that the sequence (Yg(n))neN converges to both f(x)
and y it follows that f(x) = y, thereby showing that y € f(C). O

Let f be a continuous function with domain C and assume that C
is compact. Above theorem shows that f(C) is also compact. Addi-
tionally, f(C) C R so Theorem 12 shows that,

sup f(C) € f(C) and inf f(C) € f(C).

In other words, there exist vectors xy and x; € C such that f(xp) =
sup,.c f(x) and f(x;) = inf,cc f(x). This is the main gist behind the
Extreme value theorem.
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8 For example, M can be set as the
smallest integer greater than |f(x)|.

8 This is the sequence starting at ¢(n)
equal to the smallest value above M.

8 Prove this. Namely, if (x,), € N is
a scalar sequence and x, — x then

n
[xn] = |x].

8 The short summary of the proof is
the following. If f(C) is unbounded,
we can find a sequence in the domain
whose function values are ever increas-
ing. This sequence has a convergent
subsequence, whose limit is (by continu-
ity) larger than any possible value.



Theorem 14 (Extreme value theorem). Let C be compact and f be
continuous. Then f has both a maximum and minimum in C.

Proof. We only proof that f has a maximum. The proof of a mini-
mum is similar.

We know that f(C) is compact, so f(C) has a supremum and the
supremum is in f(C). Let y = sup f(C). Then, by definition there is
an xp € S such that f(xg) = y. Also for all x € S,

fxo) =y = f(%).

SO Xp is @ maximum. O

As AN EXAMPLE of the extreme value theorem, consider the standard
consumer utility maximization model. There is a vector of prices

p € RE, and a strict positive income level m > 0. The consumer
chooses a bundle q € RE to maximize a continuous utility function
u : RE — R. Here, u(q) is the utility of consuming the bundle

q. Of course, the bundles that the consumer can choose can not be
more expensive than the total income that she has. As such, the set of
feasible bundles is given by,

B={qeRX :p-q<m}.
The consumer then solves the following maximization problem.

maxu(q).

qE€B
Let us show that this problem is well defined. First of all, u is contin-
uous. So in order to apply the extreme value theorem, we only need
to show that B is compact, i.e. bounded and closed. To see that B is
closed, let (qx),en be a sequence of bundles in B, and assume that
qn LN q. Then for all n € IN, q, € B, so,

qul’l/
P qn = m.

Applying Theorem 2 component-wise to he first set of inequalities
gives
0<q.
Next, Applying Theorem 2 to the sequence of scalars (p - qu)neN
gives,
p-q=m

This shows that q € B, so B is indeed closed. Next, we need to show
that B is bounded. Let q € B. Let p = miny p; > 0 be the lowest price
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% This set us called the budget con-
straint.

Recall thatp-q = Zi‘{:l pig; which is the
total amount spend on bundle q.
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of all goods. Then,

k
p-q=) pjyg<m,

j=1
—qi < M < =< =
Pk Pe P
Then,
m
= —vk.

P

So we see that B is indeed bounded.87 871t is possible to obtain lower upper-

bounds. However, in order to show that

This shows that the consumer optimization problem is well de- , :
B is bounded we only need to find one.

. 88 . o .
fined.®® However, it does not tell you how the solution may look like  Given that the utility function is
nor how one might find this utility maximizing bundle. continuous on S.

Intermediate value theorem

THE sEcOND RESULT of this chapter is called the intermediate value
theorem.

Theorem 15 (Intermediate value theorem). Let f : I — Rbea
continuous function where I C R is an interval. Then for all a,b € I and z
with,

fla) <z < f(b),

there is a ¢ € [a, ] such that f(c) = z.

Proof. Let f(a) <z < f(b).If z= f(a) or z = f(b), then we are done
as a,b € [a,b]. So assume that f(a) < z < f(b).
Assume that a < b.39 We are going to construct two sequences % Exercise: prove the theorem for a > b.
(an)nen and (by)yen in the interval [a, b] that will converge to the
same point. Also, for all n, we will require that f(a,) < z and
f(by) > z.
Forn = 1,seta; = a and by = b. Having defined a4, ...,a, and
by, ..., b, take the element c to be the midpoint between a,, and b,

an + by

2
There are two possibilities. If f(c) < z, we define 2,1 = ¢ and
byi1 = by. If f(c) > z, we define a,, 1 = a, and b, 1 = c. Observe

that )
|ap1 — byga| = Wn%ﬂ’

As such, after n steps we have that |a,.1 — b, 11| = ‘“{nb‘ Lo.



In addition, the sequence (a,),eN is a non-decreasing sequence,
which is bounded from above (by b). Next, the sequence (b,),enN is a
non-increasing sequence, which is bounded from below (by a). This
means that both converge, say to x and y. Then also,

lx—y|=|x—an+by—y+a,—by| < |x—an|—|—\bn—y|+|an—bn|i>0.

The three terms on the right hand side converge all three to zero
which means that [x —y| =0,s0 x = y.

Finally, notice that foralln € N, f(a,) < zand foralln € N,
f(bn) > z. As such, taking limits, we obtain f(x) < zand f(x) > z
which shows that f(x) = z.

O]
The following is a simple result from the intermediate value
theorem.
Theorem 16 (Mean value theorem). Let f : I — R be a C' function and % This means that f is differentiable
I C R an interval. Then for all a,b € I (a < b), there is a ¢ between a and b and that the derivative is continuous
such that,
oy F0) =@
b—a

The derivative f'(c) is defined as,

i £l 1) = F(e)

h—0 h

Proof. Given that f’ is continuous and [4, b] is compact, we have that
the following are well defined,

m = min_ f'(x),

x€a,b]
M = max f'(x).
x€a,b]
Then, for all x € [a, ],
m < f'(x) < M.

Integrating all sides from a to b gives,

b b b
/ mdx < f’(x)dxg/ Mdx,
mlb—a) < f(b) — f(a) < Mb—a],

mSMSM-

As such, by the intermediate value theorem, we see that there is a
¢ € [a,b] such that,

as was to be shown. O
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Exercises

1. Does the extreme value theorem imply that the profit maximiza-
tion problem

max pf(x) — w - x subject to x > 0,
X

where x € Rk , f a continuous function, p € Ry; and w € ]R’fF i
has a solution. If not, give a counterexample.

2. For each of the following problems, determine whether the ex-
treme value theorem guarantees a solution.

* maxyy x> + y? subject to x> + 2y < 1.

* max f(x) subject to x > 0 where f(x) = —x?if x < —1and
flx)=—-1ifx > —1.

* max f(x) subject to x € [0,1] where f(x) = x?if0 < x < 1/2
and f(x) =1/2if1/2 <x <1.

3. Let f : Ry — R4 be a continuous function such that for all y,

fly) <ky",

for some parameter values k > 0 and « € [0,1]. Show that the
problem maxy pf(y) — wy subject to y > 0 has a solution for any
p,w > 0.

4. Let f be a continuous function on [a, b]. Show that there exists a
number ¢ € [a,b] such that

[ feiz = fe) o —a).

5. Consider the equator as a large circle and assume that tempera-
ture is a continuous function of longitude. Show that there are two
points on the opposite side of the equator (and therefore the earth)
that have the same temperature.

6. A polynomial of odd degree is a function f(x) = ag + ajx +
ax% + ... + akxF such that k is an odd number. Show that any such
polynomial has a real root, i.e. there is a number x € R such that

f(x)=0.

7. Show that a plate of mashed potato can be evenly divided by a
single straight vertical knife cut.



8. (pancake theorem) Show that a plate of mashed potato and baked
beans can be evenly divided (both potatoes and beans) by a single
straight vertical knife cut.

9. (I'Hopital rule) How that if f : [2,b] - R and g : [4,b] — R are C!
atx = cand if f(c) = g(c) = 0and g’(x) # 0 for all x # ¢, then,
f(x) f(x)

lim =% = lim

x=eg(x)  x=eg(x)
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Correspondences

A CORRESPONDENCE IS a generalization of a function. Remember
that a function associates to each value in its domain a unique value
in the range. On the other hand, a correspondence may associates to
each value in the domain multiple values in the ‘range’.

Definition 16 (Correspondence). A correspondence F : D — R from a
domain D C R to a set R C RY associates to each vector x € D a subset
F(x) C R%

As AN EXAMPLE, let us go back to the consumer optimization model.

Here, we associated to each price vector p € R, and income level
m > 0 a budget set,

B={qeRk :pq<m}

We can formalize this in terms of a correspondence. B : RE , x
Riy — ]R]j_ that associates with each price vector and income level a
budget set.

B(p,m) = {q € R : pq < m}.

Definition 17. Let F : D — R be a correspondence. The graph of F, denoted
by grr is given by the set,

grr={(x,y) € DxR:y € F(x)}.

If D C RFand R C R’ then grr is a subset of R, We say that a
correspondence F : D — R is non-empty if F(x) # @ for all x € D.

PREVIOUSLY, WE DEFINED the concept of continuity for functions.
When looking at correspondences, there are various way by which
we can generalize this concept. We will present the two most actively
used. The first is called upper hemicontinuity. The second is called
lower hemicontinuity.

Definition 18. A non-empty correspondence F : D — R is upper
hemicontinuous if

9" To describe a correspondence F from
a domain D C R¥ to a set R C RY, we
use the notation F: D — R.



(i) for all sequences (Xn)neN in D and (yn)uen in R, if

Xn 23X, Yn —y, xEDand¥n € N :y, € F(xy), theny € F(x).

(ii) for all sequences (xy)yeN in D and (yn)nenN in R, if

Xn =X, X € Dand ¥n € N :y, € F(xy), then (yu)nen is bounded.

RETURNING TO OUR example, let us show that the budget set cor-
respondence B(p, m) : ]R’fﬁ;l — RE is upper hemicontinuous. As
we already showed above, B(p, m) is non-empty and compact for all
(p,m) € R

Now, consider a sequence ((pn, ) )neNn With

(pn,mn) 5 (p,m) € ]Rﬁ-t-lr
and a sequence (qu),en € R such that g, =+ q and for all n € N,
qn € B(pn, my).9> We need to show that q € B(p,m).
First of all, for all n, we have that,

0 < qu.

Applying Theorem 2 componentwise gives 0 < q. Next, we have that
for all n,

Pn'qn_mnga

It can be shown that p, - q;, — pq.93 Together with m, — m and
applying Theorem 2, we obtain,

pq—m <0,

so pq < m which shows that q € B(p, m).

Next, consider a sequence (py, my) —» (p,m) € R and a
sequence (qn)neN With q, € B(pn,my) for all n € IN. We need to
show that the sequence (qx),enN is bounded. First of all observe that
(my)nen is bounded as it converges. As such, there is an M such that
my, < Mforalln € IN. Also, p* = infn(minjpn,j) > ( as otherwise,
there would be a subsequence for which the price of one of the goods
converges to 0, again a contradiction.

From this, we can conclude that q,,; < M/p* for alln € N and
goods j, so the sequence (qn)nenN is bounded.

NExT, WE HAVE the definition of lower-hemi-continuity,

Definition 19. A correspondence F : D — R is lower hemicontinuous if for
any sequence (X, )neN in D with x, = x € D and every y € F(x), there is
a sequence (yn)nenN such that y, =5y € F(x) and a number M € N such
that for alln > M, y, € F(Xp).
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92 In other words, for alln € N, q, > 0
and Pr-qn < my.

93 Indeed,

lpn-qn—p-dl

=P qu—P ut+P-dn—P-ql,
<|(pn—P) aul +Ip-(an —q)l,
< llpx —pllllgxll +llpllllgx — qll,
— 0.

Observe the use of the Cauchy-
Schwartz inequality.



RETURNING TO OUR example, let us show that the budget set corre-
spondence B(p,m) is also lower-hemi-continuous. Let q € B(p, m)
and (pn, my) = (p,m). We need to show that there isan M € N
and sequence (q,),en such that q, -+ qand foralln > M

qQn € B(pn, mn).

If q = 0 then we can take q, = 0 for all n € IN as 0 € B(py, my,) for
all n € N. As such, assume that q # 0.

The problem is to look for a sequence q, € B(pn,m,) that con-
verges to q. We do this by setting q, = «,q and try to pick a; as
close to 1 as possible under the constraint that a,q € B(py, 11,).9% In
other words, we require,

pn - (anq) < my.

If py - q < my we can set o, = 1. Otherwise, if p,, - q > m;,, we can set,

my
Pr-q

0y = < 1.

Summarizing, we define:

. My
qn = &y q Where &, = min {1, - q} .

We would like to show that for this choice (1,q) = q, — q. In other
words, &y, 2 1. Notice that the function

! { o }
min< 1,
Pr-q

is a continuous function of m, and p,.9> As such, by continuity:

. imin{l,m} —1.
P-q

THE TOP PART of Figure 4 shows a picture of a correspondence that
is not lower-hemi-continuous. There is a sequence x, — x and we
have that y € F(x). however there is no sequence y, — y such that
Yn € F(xy) for all n above some threshold N € IN. The bottom
part shows an example of a correspondence which is lower hemi-
continuous but not upper-hemi-continuous. It is clear to see that the
graph is not closed.

Intuitively, upper-hemi-continuity is compatible only with discon-
tinuities that appear as explosions of sets. Lower hemi-continuity is
compatible only with implosions of sets.

Definition 20. A correspondence F : D — R is continuous if it is both
upper and lower hemi-continuous.
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9 In other words, we rescale q as little
as possible such that «,q is in the
budget set F(py, my).

9% Notice that we can write min{a, b} =

atb la—b]
2 2

Figure 4: Upper and Lower-hemi-
continuity

q
q
=0
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Exercises

1. Let f : S — R be a function and consider the correspondence,
F(x) ={y:y = f(x)}. Show that if F is lower hemicontinuous at x
or upper hemicontinuous at x then f is continuous at x.

2. Letf:S =+ Rand g : S = R be two bounded continuous
functions such that for all x € S, f(x) < g(x). Assume that S is
compact. Show that the correspondence G(x) = {y € R : f(x) <
y < g(x)} is both upper and lower hemicontinuous.

3. Let G: S — Tand F: S — T be two correspondences and define
K(x) = {y € G(x) N F(x)}. Assume that for all x € S, K(x) # @.
Show that if G and F are upper hemicontinuous then K is also
upper hemi-continuous.

4. Show that if the graph of a correspondence G is open and non-
empty for all x, then G is lower hemicontinuous.



Berge’s maximum theorem

In 1994 Claude Berge wrote a ‘mathematical’ murder mystery for
Oulipo.9 In this short story Who killed the Duke of Densmore
(1995),97 the Duke of Densmore has been murdered by one of his

six mistresses, and Holmes and Watson are summoned to solve the
case. Watson is sent by Holmes to the Duke’s castle but, on his return,
the information he conveys to Holmes is very muddled. Holmes uses
the information that Watson gives him to construct a graph. He then
applies a theorem of Gyorgy Hajos to the graph which produces the
name of the murderer.

J.J. O’Connor and E. E. Robertson (cfr:http:/ /www-history.mcs.st-
andrews.ac.uk/Biographies/Berge. html)

IN THE PREVIOUS chapter we saw how a correspondence can be
used to model the budget set of the consumer utility maximization
problem. This approach is much more general. Berge’s theorem deals
with optimization problems of the following form,

x?&)é)f(x’e)‘
where f(x,6) is a function and G(#) is a correspondence. This prob-
lem tries to find the “optimal’ vector x,98 given the feasibility con-
straint, x € G(8). The vector x is called the choice variable while
the vector 6 is called the parameter of the choice problem. We know
that when G(0) is compact and if f(x, ) is continuous in x, then
this problem has a solution. Berge’s theorem further investigates the
properties of this solution.
Example:
Let B(p,m) = {q € Ry : p-q < m} be the budget correspondence
and let u : R’} — R be a utility function. The consumer optimiza-
tion problem takes the form,

max u .
q€eB(p,m) (@)

Theorem 17 (Berge’s maximum theorem). Let X C R¥ and T C RY and
consider a continuous function f : X X T — R. Let G : T — X be a compact

% Qulipo was a group of writers and
mathematicians aiming at exploring in
a systematic way formal constraints on
the production of literary texts.

97 See https:/ /jacquerie.github.io/duke/
for more for a statement of the problem.
Can you solve it?

% In the sense of optimizing the func-
tion f(x,0).
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valued correspondence. For 8 € T, define

0) = 0),
v(0) xrencaé)f(x )

re)={xeG():f(x,0) =0v(0)} =arg m&)g)f(x,()).
(S
If G : T — X is continuous, then v is also continuous and I' : T — X is

non-empty and upper hemicontinuous.99 % Notice, G is a correspondence, v is a
function and I' is also a correspondence.

Proof. First of all, given that f is continuous and G(6) is compact val-
ued, we obtain by the extreme value theorem, that the optimization
problem is well defined. This also implies that I'(f) is non-empty for
allg € T.

Let us first show that v : T — R is a continuous function. By
Lemma 3 we only need to show that any sequence (6,),ecn with
6, — 6 has a subsequence (0g(n))nen such that v(6,(,)) 5 0(0).

As such, let 9, X 6. For every n € IN, we can find a vector
xn € T'(6,) that solves the maximization problem. This produces
a sequence (x,),eN in X with the property that x, € T'(6,) for all
n e N.

This means that x, € G(6,) for all n € IN. Then, by upper hemi-
continuity of G, the sequence (x;),eN is bounded. This means
that there is a convergent subsequence x

0
¢(n)
upper-hemicontinuity of G that x € G(6).

o(n) 5 x of (Xn)nen- As

Y X (n) % x and for all n, Xo(n) € G(8y(n)) it follows again by

Next, by continuity of f,
U(G(p(n)) = f(xqo(n)re(p(n)) = f(X, 9)'

Recall that we need to show that v(6,,(,)) % v(0), which is, given
above, equivalent to showing that f(x,0) = v(6). The proof is by
contradiction.

Assume x ¢ I'(6). Then, as I'(0) is non-empty, there is a vector
y € T'(f) which has the property that f(y,0) > f(x,6). Now, we
can use lower hemicontinuity of G together withy € G() and
Op(n) % 0 to find a number M and a sequence Yo(n) =y such that
Yo(n) € G(0y(n)) for all g(n) > M.

Also, given that x,(,) € I'(6,(,)), we have that for all n € N:

f ) Op(n)) Z F(Y (), Op(ny)-

taking limits, we have that, by continuity of f:

f(x0) = f(y,0),

a contradiction. From this, we conclude that v is continuous.
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Let us now show upper hemicontinuity of I'. Let (6),cn in T and
(xn)nenN in X be such that 6, L 0eT x, > xand foralln € N,
xn € T'(0y). Then,

f(x,0) = 1i7l1nf(xn,9n) = lirrlnv(Gn) = v(0).

The first equality follows from continuity of f. The last equality
follows from continuity of v. This shows that x € I'(6).

Next, let (6,)pen in T and (x;)yen in X such that 6, = 6 € T and
foralln € N, x, € T(0y). Then foralln € N, x, € G(6y). As G is
upper hemi-continuous, it follows that (x,),cN is bounded. O

Above theorem shows that under the stated conditions, the opti-
mal value correspondence T'(6) is upper hemicontinuous. It is not
necessarily the case that the correspondence I'(6) is also lower-hemi-
continuous. Consider, for example, the following problem,

0) = x + (1—6)(1 — x).
v(0) max x+(1-0)(1—x)

The solution correspondence is given by,
r@)={xc[0,1]:0x+(1-6)(1—-x)=n0(6)}.

Here G(0) = [0,1] for all 6 and f(x,0) = 6x + (1 —6)(1 — x). Itis
easily established that all conditions of the theorem are valid. The
optimal solution I'(6) is given by,

0 if0<1/2,
re)=< [0,1 if6=1/2,
1 if0>1/2

One easily confirms that this correspondence is upper hemi-continuous
but not lower hemicontinuous. Indeed, we have that 1/2 -1/t — 1/2
and that1/2 € T'(1/2) but forall t > 0,T(1/2—-1/t) = {0} and
04 1/2.

The continuity of the function v(#) implies that if the parameters
of the optimization problem, i.e. 6 changes a little bit, then the op-
timal value function only changes slightly. On the other hand, I'(.)
is only upper hemicontinuous, so it can be that this small change in
8 produces a large change in the optimal solution for the problem.
However, the various solutions (for varying 6) will only have a small
effect on the value function f(.,0) solution of the problem. In order
to have that a small variation in 0 leads to a small variation in the
optimal solution, we need more conditions. This is the subject of the
next section.



Exercises

1. LetT = RandletG(8) = Y = [—1,1] forall § € T. Define
f:TxX—Rby
f(x,0) = 6x%

Graph I'(0) and show that I'(#) is upper hemicontinuous but not
lower hemicontinuous at 6 = 0.

2. Let T =R and let G(0) = [0,4] for all 6 € T. Define,
f(x,0) =max]2 — (x —1)%,0 +1— (x —2)?],

Graph I'(6) and show that it is upper hemicontinuous. Where does
it fail to be lower hemicontinuous?

3. let T =[0,2n] and G(f) = {x e R: —0 < x < 6}, and f(x,0) =
cos(x). Graph I'(#) and show that it is upper hemicontinuous.
Where does it fail to be lower hemicontinuous?
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Convexity

GEOMETRICALLY SPEAKING, a set S is convex if for any two vectors x
and y in S, every point on the line segment between x and y is also in
S. Formally, it is defined in the following way.

Definition 21 (Convexity). Aset S C R" is convex if for all vectors
x,y € Sandall « € [0,1], ax+ (1 —a)y € S.

Let D be a convex set. Given a real valued function f : D — R, we
can define it’s epigraph,

epif = {(xy):y > f(x)}.

A function is said to be convex, if the epigraph of f is a convex set.
The hypograph of the function f : D — R is given by

hypof = {(x,y) :y < f(x)}.

A function is concave if the hypograph of f is a convex set. Rephras-
ing these conditions in terms of inequalities gives the following,

Definition 22 (convexity, concavity). Let D be a convex set and let
f D — R be a real valued function. Then,

e fis convex if forall, x;,xp € Dandy; > f(x1),y2 > f(x2) and
a € 0,1],
ay; + (1—a)y, > flaxg + (1 —a)xp).

» fis strictly convex if f is convex and for all x1,x, € D with x; # x2
and for all y1 > f(x1), y2 > f(xz) and all « € (0,1),
ayr + (1 —a)yr > flaxg + (1 —a)xz).

e fis concave if for all x1,x € D,and y1 < f(x1), y2 < f(x2) and
a€[0,1],
ay; + (1 — )y < flaxg + (1 —a)xp).

Figure 5: Convex sets

Figure 6: Non-convex sets
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* fis strictly concave if f is concave and in addition for all x;,x; € D
with x1 # xp and y1 < f(x1),y2 < f(xz) and all « € (0,1),

ay; + (1 —a)yr < flaxg + (1 —a)xy).

For D a convex set, let f : D — R be a real valued function. Define
it’s lower level set,

Lfy ={xeD: f(x) <a}.

A function is quasi-convex if for all &, the sets Lf, are convex. The
upper level set of a function f is given by,

Ufy ={xeD: f(x) >a}.

A function is quasi-concave if for all «, the upper level sets U f, are
convex.

Definition 23 (quasi-convexity, quasi-concavity). Let D be a convex set
and let f : D — IR be a real valued function. Then,

e fis quasi-convex if for all x;,x, € D,andy > f(x1), f(xz) and
a€0,1],
flaxy+ (1 —a)xp) <y.
e fis strictly quasi-convex if f is quasi-convex and in addition for all
x1,X2 € D with xq # xp and all y > f(x1), f(xz) and all « € (0,1),
flaxp + (1 —a)x) <.

e f:S — Ris quasi-concave if for all x;,x, € D and y < f(x1), f(x2)
and all « € [0,1],
flaxy + (1 —a)xp) > y.
e f is strictly quasi-concave if f is quasi-concave and in addition for all
X1,X2 € D with xq # xp and all y > f(x1), f(xz) and all « € (0,1),

flax + (1 —a)xp) > y.
Quasi-concavity or quasi-convexity is a weaker notion than convex-
ity or concavity.

Lemma 4. If f is convex, then f is quasi-convex. If f is strictly convex, then
f is strictly quasi-convex. If f is concave, then f is quasi-concave and if f is
strictly concave, then f is also strictly quasi-concave.

Proof. Here we only show that convexity implies quasi-convexity.'*° % Show the other implications yourself.
Let f be convex and let f(x1), f(x2) < y. Theny > f(x;) and
y > f(xz) so by convexity,

ay +(1—a)y =y > flax + (1 -a)xz),

as was to be shown. The strict and concave versions follows immedi-
ately. O



Definition 24 (Convex valued correspondence). A correspondence
G : S — T is convex valued if for all x € S, G(x) is a convex set.

The following theorem imposed additional assumptions on Berge’s
theorem in order to guarantee that the correspondence I'(6) is a
function. First, we need that the correspondence G is convex valued.
Second, it assumes that the objective function f is strictly quasi-
concave.

Theorem 18. Let, X and T be two convex sets, let f : X x T — R bea
continuous function and let G : T — X be a continuous, correspondence.
Let,

0) = 9),
v(6) xglgé)f(x )

re)={xeS:f(x,0)=0(0)}.
If f(x,0) is quasi-concave in x and G is convex valued, then T is also

convex valued. If in addition f is strictly quasi-concave, then I is single
valued.™".

Proof. Let f be concave in x and let G be convex valued. We need to
show that I'(9) is a convex set for all 6. If x1,x, € I'(6) then we have
that,

f(x1,0) =0v(0) = f(x2,0).
As such,

flax; + (1 —a)xp,0) > v(0).

Also, as G(0) is convex, ax1 + (1 — a)xp € G(0). So ax1; + (1 —a)x1 €
I'(6) as was to be shown.
For the second part, if x; # x; then,

flaxy + (1 —a)xp,0) > v(0).
However, this is impossible as v(#) is the optimal value function. As
such, it must be that x; = x, and therefore I'(6) must be unique.
The correspondence I'(6) is upper hemi-continuous, so if it is sin-

gle valued, we have by Exercise 1 of the chapter on Corresondences
that it coincides with the graph of a continuous function. O

Exercises
1. Show that a function f is (strictly) convex if and only if —f is
(strictly) concave.

2. Show that a function f is (strictly) quasi-convex if and only if —f
is (strictly) quasi-concave.

3. Show that above theorem also holds if max is replaced by min and
(strict) quasi-concave by (strict) quasi-convex.
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Contraction mappings

FIXED POINT THEOREMS are used in economics in order to find
equilibria of various models. The two main areas of application in
economics are general equilibrium theory and game theory. Let’s
begin by presenting the definition of a fixed point.

Definition 25. Let S C R be a set. A (multivariate) function f : S — S
has a fixed point at x if f(x) = x. In other words, the function f maps the
fixed point x to itself.

Fixed point theory aims at imposing reasonable restrictions on
the set S or the function f such that there is at least one fixed point.
We will focus on two fixed point results that are widely used in
economics: the Banach fixed point theorem and Brouwer’s fixed
point theorem. The first imposes rather strong restrictions on the
function f but has the advantage that it gives an explicit procedure
to find the fixed point and that the fixed point is unique. The second
imposes less restrictions on f but finding a fixed point is way more
difficult in practice. This chapter deals with the first fixed point
theorem.

THINK ABOUT HOW we could proceed by finding a fixed point of a
given function f. One approach would be to take an arbitrary point
xo in S and look at its value under the mapping f, i.e. x; = f(xo). If
X1 = Xg, we are done as X is then a fixed point. If x; # xg, we could
look at the value of x, = f(x;) and verify whether x, = x;. We could
iterate this procedure and hopefully (at some number of iterations)
end up at a fixed point.

In order to formalize this approach, define can define iteratively
x¢ = f(x;—1), with xop € S arbitrarily chosen and consider the se-
quence (X¢)teN. It is our hope that this sequence somehow converges
towards a fixed point in S. This will be the case, for example, if this
sequence is Cauchy, i.e. terms later on in the sequence get closer and
closer together. A special class of functions for which this is the case
are contraction mappings.



Definition 26. Contraction mapping Let S C RX. The function f : S — S
is a contraction mapping if there is a number q € [0,1) such that for all
X,y €8S,

1£6) = fFI <4qlx=yl,

The following gives the Banach fixed point theorem better known
as the contraction mapping theorem.

Theorem 19 (Banach fixed point theorem). Let S C RF. If f: S — Sisa
contraction mapping, and S is a closed set, then f has a unique fixed point.

Proof. Let us first show that the function f is continuous. Let (x;),en
be a sequence such that x, — x. We need to show that f(x,) — f(x).
As f is a contraction mapping,

1700 = FOx) | < qllx =

We have that ||x — x¢|| = 0 so from the convergence lemma, f(x;,)
f(x), which shows continuity of f.

Now, take any xp € S and consider the sequence (x,),eN, Where
xn = f(x,—1) for all n > 1. If this sequence has a limit x, then both
(xn)nen and (f(xn))nen converge to the same limit x € 5.7°% As such
f(x) = x and this limit is a fixed point. In order to show that (x)eN
converges, we prove that it is a Cauchy sequence.

Ve > 0,3Ng, Vn,m > N : ||xy — Xm || < €.

Take two integers 7, m and assume without loss of generality that

n < m, then
m—1 m—1
[xn = %mll = || Y (1 = xi) || < X IIxpen — xil,
k=n k=n
Also, [[xgr1 — k|| = [If(x) = f(xk—1) [ < g%k — xg—1]|- Repeated

application gives,
X1 = xiell < q¥[lx1 = xol-

As such,

A\

m—1 :
(1% = x|l <) q"[Ix1 = xoll,
k=n

= k
%1 —xoll ) 4
k=n

IN

= 1 =l

102 Given that (f(x))nen is the se-
quence (X, )nen shifted by one index
value.

66



This last term goes to zero as n (and m) go to infinity because g < 1.
As such, by the convergence lemma ||x; — x| — ("™ 0 which shows
that (x,)nen is a Cauchy sequence.

For uniqueness, assume that x and y are both fixed points of the
contraction mapping f, then it must be that,

qlx =yl = 1f6) = fFWIl = Ix =yl

This contradicts with the fact that g4 < 1 and x # y.™3 O

The Banach theorem is quite weak."®* Consider, for example, the
function f : [0,1] — [0,1] by f(x) = x. Then |f(x) — f(y)| = |x —y| so
f is not a contraction mapping. However, every point in the domain
is a fixed point.

Sometimes, the function f is not a contraction mapping but a
given iteration of f is a contraction mapping. To model this define,
for a given function f : S — S, f2(x) = f(f(x)), and define iteratively

N = F(FNH)
Theorem 20. If fN : S — S is a contraction mapping for some N € N,
then the unique fixed point of fN is also the unique fixed point of f.

Proof. Let us first show that f has a fixed point. Let x be a fixed
point of fV, which exists by the Contraction mapping theorem. Then,
f(x) = FN () = FN*1(x) = FN(f(x)). This shows that £(x) is
also a fixed point of fN. Given that the fixed point of fV is unique, it
must be that f(x) = x. Another way to see this is to notice that if x is
a fixed point of Y, then,

1F G = xIl = IF(FY () = Nl
=N () = N
<q[f() =x].

for some 0 < g < 1. However, this can only be if || f(x) — x|| = 0 which
shows that f(x) = x, or equivalently, x is a fixed point of f.

Now, let us show that the fixed point of f is unique. The proof
is by contradiction. Assume that f has two fixed points x and y
and x # y. But then, repeatedly application of f on x and y gives,
fN(x) = xand fN(y) = y contradicting the fact that fN is a contrac-
tion mapping with a unique fixed point. O

Theorem 21. If f : [ — [a,b]is C! and I is an interval, then f is a
contraction mapping if and only if sup .. |f'(x)] < 1.

Proof. Letq = sup,.;|f'(x)| < 1. Letx,y € I. Then by the mean
value theorem, there is a ¢ € [x,y] such that, f'(c)[y — x] = f(y) —

f(x), so,
f) = f@=1f )y =) = f ()lly — x| < qly — x.
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193 Notice that if x # y then ||x —y|| > 0.

4 Or in other words, the restrictions on
f are quite strong
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This shows that f is a contraction mapping.
On the other hand, if f is a contraction mapping, then there is a
g € [0,1] such that for all x,y € I,

() = f)] < qlx—y| ’f<>_f<y>

<q.
;s

If we take the limit for y to x we get,
f'(x)] < 9.
As this holds for all x € I, we obtain that,

sup |f'(x)] < g < 1.

xel

Exercises

1. Show that f(x) = 1 — x° is not a contraction mapping over [0, 1]
but that it does have a fixed point.

2. Let f: Ry = R:x— f(x) =x+e *. Is f a contraction mapping?

3. Using the contraction theorem, prove that the following sequences
are convergent,

o V2,V24+V2,\/24+V2+V2,...,
e V3,V/3+V3,\/3+V3+3,...,

4. Let f : S — Sbea function where S C R" is a compact set.
Assume that for all x,y € S with x # y,

1£6) = FI < [P =y-

Show that f has a unique fixed point.

5. Give an example of a function f that is not a contraction mapping
but satisfies the condition in the previous exercise.



Sperner’s lemma

THE MAJOR FIXED point theorem is due to Brouwer. There are several
proofs of Brouwer’s fixed point with various degrees of difficulty.
The easiest’® relies on an intermediate result that is called Sperner’s
lemma. In order to introduce this lemma, it is necessary to provide
some additional notation and definitions.

A polyhedral is the convex combination of a finite number of
vectors. An n-dimensional simplex, denoted by S, is a polyhedral
which is the convex combination of n + 1 affinely independent

vectors.'® An n dimensional simplex lies in an 1 dimensional plane
of R"*1.
Example:
¢ 5 is the one dimensional simplex. It is formed by the convex com-
bination of 2 linearly independent vectors. This means that S; is a
line segment.

® S, is the 2 dimensional simplex. It is formed by the convex combi-
nation of 3 linearly independent vectors, which means that S, is a
triangle.

¢ S is the 3-dimensional simplex. it is formed by the convex combi-
nation of 4 linearly independent vectors, so it is a tetahedron.

For these lecture notes, we will look at S; and Sy, i.e. line seg-
ments and triangles. Sperner’s lemma, however, also extends to
higher dimensions.

Consider a one dimensional simples S, better known as a line
segment. Let us denote the left endpoint of the segment by p, and
the right endpoint by p;. It is fairly easy to subdivide this line seg-
ment into smaller segments. This can be done by picking points
P1, P2, .., pn on the line segment (py, p;). Giving the smaller seg-
ments,

(Pe,p1), (P1,P2), (P3,Pa)s -0 (P, Pr)-

Dividing the segment into smaller segments is called a simplical

1°5 Probably.

26 The vectors Xy, . . ., X, are affinely
independent if {x; — X, ..., X, — Xo} are
linearly independent. In other words, if
Yiqai(x; —xp) = 0only if all #; = 0.
As an example, two vectors are affinely
independent if they are distinct. In two
dimensional space, 3 vectors are affinely
independent if they form the vertices of
a triangle.



subdivision. The points py, p1, ..., pu, pr are called the vertices of the
subdivision.

Let us now colour these vertices. For a one dimensional simplex,
we pick two colours, say red and blue and we may colour the vertices
anyway we want except for the fact that p, and p, have different
colours. Such colouring is called a Sperner colourling.

Theorem 22 (Sperner). Let S be a one-dimensional simplex which is
subdivided. Assume that all points are coloured in one of two colours and
that py and p, have different colours (i.e. a Sperner colouring). Then there
are an odd number of sub-segments for which both vertices have different
colours.

Proof. Use the following analogy. Let the line segment be a building
and let the points py, p1, ..., pn, pr be the walls of the building. A
subsegment (p;, p;11) is a room in the building.’®7 Let’s put a door
in every wall that has the color red. And before every door we put a
doormat, but only when we are inside the room.™8

How many doormats are there? Well we can count the number of
doormats in two different ways. First of all, according to the doors in
our building. We have one door that goes to the ouside,’® Next, for
every door on the inside, we have to put two doormats as each such
door connects two rooms. As such,

# mats = 2 (# inside doors ) + 1.

Next, let us count the number of mats according to the rooms. There
are three kind of rooms. Rooms where both walls are red. Rooms
where both walls are blue and rooms where one wall is red and

one is blue. The first type of room has 2 doormats (as there are two
doors). The second type of door has no doormats. The third type has
one doormat. As such,

# mats = 2 (# red-red room) + (# red-blue room).
Equating the two ways of counting the doormats gives,

2 (# inside doors ) +1 = 2 (# red-red room) + (# red-blue room),
<> (# red-blue room) = 2 ((# inside doors ) — (# red-red room)) + 1.

The right hand side is an even number plus an odd number, so it is
odd. This means that the number of red-blue rooms should also be
odd, in particular, there should be at least one. O]

Let us now have a look at the two dimensional simplex S;, which
is a triangle. First, we need to divide the triangle into smaller trian-
gles. There are many ways to do this but the following will work.
Take a triangle,
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Figure 7: A Sperner colouring of S;

107 This is a one-dimensional building,
so a room has only two walls.

198 T other words, we don’t put door-
mats outside the building.

99 There is the door in wall py or p,
according to which one of the two has
the colour red.



Pc

Pa Pb

divide each side of the triangle in half and connect these points. This
gives four smaller triangles.

Pc

Pa Pb

Each side of this smaller triangle can again be divided in four
smaller ones.

Pc

Pa Pb
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andsoon....

Each time we get smaller and smaller triangles. Let p,, p, and
pc be the three vertices of the big triangle and let py, pa, ... ps be all
other vertices in the triangulation. We will denote the big triangle by
T and the small triangles by 11, T, ..., T;;. We will colour the vertices
in 3 colours. The rules are the following

® The three vertices of the big triangle p,, py, pc have different
colours.

e If a vertex p; is on one of the sides of the big triangle, it needs to
have the colour of one of the vertices of the big triangle that makes Figure 8: Sperner colouring of S
this side. For example if p; is on the line segment made up by p,
and pj then p; must have the colour of p, or the colour of py.

Such colouring is called a Sperner colouring.

Theorem 23. Consider a triangulation of which the vertices are coloured
according to the rules above, i.e. a Sperner colouring. Then there are an odd
number of small triangles T; of which the three vertices that make up these
triangles all have distinct colours.

Proof. Let the colors be red, blue and green. Assume, wlog that p, is
red, py blue and p. green.

We will, once more, use the building analogy. Let the big triangle
be our building. A room is now a small triangle and (obviously)
every room now has three walls, where each wall is defined by two
vertices of the small triangle. These vertices which may or may not
have different colours, so every wall is defined by two (possibly
identical) colours.

Pick two of the three colours, say red and blue and let us put a
door into every wall with these colours. Finally, we put a doormat in
front of all doors, but only on the inside of the building.

As in the previous Theorem, we will count the number of door-
mats in two different ways, according to the number of doors and
once according to the number of rooms.

Concerning the second option, there are three types of rooms.
Rooms with the colours red-blue-green have one single door (in the
red-blue wall). Rooms with colours red-red-blue and red-blue-blue
have two doors as there are two red-blue walls. Therefore, they also
have two doormats. Finally, rooms with colours red-red-green; red-
green-green; blue-blue-green or blue-green-green have no doors, so
no doormats. Given this, the total number of doormats is given by

# mats =# red-blue-geen rooms,
+ 2 # red-blue-blue rooms,

+ 2 # red-red-blue rooms.
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Next, let us count the doormats according to the number of doors.
First, let us look at the outside of the building. There are no doors
on the (pa, pc) nor (py, pc) segments as these vertices only have the
colours red-green or green-blue.

As such, all doors are on the line segment going from p, to py,.
All walls on this segment have vertices that are coloured with red or
blue. As such, by the previous Theorem, there are an odd number
of (walls) line segments with distinct colours which are exactly the
walls with the doors. As such, there are an odd number of doors on
the outside of the big triangle. Each of these doors have exactly one
doormat.

Next, for every door on the inside of the triangle, these doors
connect two rooms. So there are two doormats for each inside door.
As such,

# mats =# doors on boundary of big triangle,

+ 2 # doors in interior.
Equating the two equations gives,

# red-blue-geen rooms =2 # doors in interior,
— 2 # red-blue-blue rooms,
— 2 # red-red-blue rooms,

+ # doors on boundary of big triangle.

The right hand side of this equation is odd, so the left hand side
should also be odd. In particular, there is at least one room with
three distinct colours. O

Exercises

1. Prove the following grid version of Sperner’s lemma: Consider a
3-coloring over {0,1,...,n} x {0,1,...,n}. The coloring is proper if
e The color of (0,i) is ‘red’ foralli € {0,1,...,n}.
e The color of (7,0) is ‘green’ for alli € {1,...,n}. and

e All other points on the boundary of the grid are blue.

Show that any proper 3-coloring has a unit-size square whose
vertices have all three colors.






Brouwer’s fixed point theorem

The Brouwer fixed point theorem is one of the most fascinating and important theorems of 20th century mathe-
matics. Proving this theorem established Brouwer as one of the preeminent topologists of his day. But he refused
to lecture on the subject, and in fact he ultimately rejected this (his own!) work. The reason for this strange
behavior is that Brouwer had become a convert to constructivism or intuitionism. He rejected the Aristotelian
dialectic that a statement is either true or false and there is no alternative, so he rejected the concept of “proof by
contradiction”.

(Stefen G. Krantz in the history of Mathematics, edited by Lundsgaard and Gray)

THE MAJOR FIXED point theorem is due to Brouwer.

Theorem 24 (Brouwer). If S is compact and convex and f : S — S is
continuous then f has a fixed point in S.

We will first proof the theorem for a particular kind of convex
compact set, namely the n — 1-dimnesional unit simplex. It is given by,

n
A = {xem:ijzl}.
=1

]
The set A"~! consists of all non-negative n-dimensional vectors

X
whose components sum to one. For A! these are the vectors x = 1]
X2

Figure 9: The one dimensional unit
such that x1,x, > 0 and x; + x, = 1. In other words, the vectors on &

simplex
. . 1 . . .10 . .
the line segment connecting lol with the point L] . Notice that this )
is simply a one-dimensional object, namely a line segment. As such,
we can see this as being a one-dimensional simplex.
The two dimensional unit simplex A? consists of the three dimen-
X1
sional vectors x = |x, | such that x1,x,x3 > 0and x1 + xp, +x3 = 1.
x3 o 1
These are the vectors that lie in the triangle bounded by the corners
1 0 0 Figure 10: The two dimensional unit
impl
0|,|1]| and |Of. P
0 0 1 1

It is simply a triangle, so a 2 dimensional simplex.
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The following theorem shows that any continuous function from
A" to itself has a fixed point.

Theorem 25. Let f : A" — A" be a continuous function. Then there is an
x € A" such that f(x) = x.

Proof. We will prove it for the two dimensional simplex A%. Re-
member, A? consists of 3-dimensional non-negative vectors whose
components add up to one. The proof uses Sperner’s lemma from the
previous chapter.

Consider A?, the two dimensional unit simplex. Let f : A> — A?
be a continuous function. We will show that f has a fixed point. The
proof is by contradiction, so assume that f(x) # x for all x € AZ.

Consider a triangulation A? into small triangles. We will colour
the vertices of this triangulation in the following way. Consider

01
three colours, red, blue and green. Let v = | v, | be a vertex of the
U3
triangulation.“o 11© Remember points in A? are 3-

dimensional non-negative vectors

Then we can put
put whose components add up to one.

f(v)
fv)=|fa(v)
f3(v)

we know that f(v) € A2 so, f1(v), f2(v), f3(v) > 0and f1(v) + fo(v) +
f3(v) = 1. We give v the following colour,

fi(v)) <ov; — red,
f1(v) > vy and fo(v) < v; — blue,

fi(v) > vy and fo(v) > vy and f3(v) < v3 — green.

First of all, let us show that we can actually colour each vertex. If not,
it must be that f1(v) > vy, f2(v) > v; and f3(v) > v3. However, as
v1+v+o3 =1= f1(v)+ f2(v) + f3(v), we have that f;(v) = v;
fori = 1,2,3s0 f(v) = v or equivalently, v is a fixed point, a

contradiction.**? 1 Show this, i.e. if Y7 x; = Y7, v

Next, let us show that the colouring is in fact a Sperner colouring. and x; < y; for all i then x; = y; for all i

1 0 0
First we need that x, = 0| isred, x, = |1| is blue and x, = [0] is
0 0 1
green.''> Next, for any vector on the line segment x, and x; we have 112 Show this.

to show that it is either red or blue. Well every vector on this segment
has a zero for the third component, so it can not have the colour
green. As such, it must be either red or blue as desired. Similarly, we
can show that any vector on the segment (x;, x¢) is blue or green and
any vector on the segment (x4, X.) is red or green.



Given this Sperner colouring, we know that there must be a small
triangle with three different colours. Let T; be this small triangle and
let y, z, w be the vertices of this triangle with colours, red, blue, green
respectively. We know that y; > fi(y), z2 > f2(z) and w3 > fz(w).

The idea is to take a sequence of finer and finer triangulations.
Each time, we can find a smaller and smaller triangle with three
different colours and vertices y in red, z in blue and w in green. This
creates a sequence of vectors,

(Yn)ne]N/ (Zn)nE]N/ (Wn>n€IN-

Where the vectors y;, z,, W, get closer and closer together as n — .
Now, given that the space A? is compact, we can find subse-
quences that converge,'"3

Yon) = Yr Zo(n) =" Z Wo(n) = W-

Of course, given that the distances between these vectors y (1), Zy (1), We(n)
become smaller and smaller, it must be that y = z = w, i.e. the subse-
quences converge to the same vector. Also, for all n,

fl(Y(p(n)) < VYp(n)1
fo(2g(n)) < Zp(n)2r
f3(w(p(n)) < w(p(n),3'

Now, taking the limit for ¢(n) — oo from both left and right hand
side, and given continuity of f, we get,

fly) <wn,
f2(y) <y,
f3(y) <vys.

Alsoy € A% soy; +y2 +y3 = fi(y) + f2(y) + f3(y) which gives that
f(y) = y or equivalently, y is a fixed point. This gives the desired
contradiction. O

Now, let’s go back to Brouwer’s theorem: if f : S — S is contin-
uous and S is a compact and convex set, then f has a fixed point.
We have shown that the theorem is true for S = A", so how can we
generalize this result for all S, compact and convex. We we can use
the following lemma.

Theorem 26. Let T be a compact set in R" such that there is a one to one
continuous function g : T — A" such that ¢~ is also continuous. If
f T — T is continuous, then f has a fixed point.
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3 First take a subsequence along y,
converges. Then from this subsequence,
take a further subsequence along which
z, also converges and from this sub-
subsequence, take a subsequence along
also w;, converges.
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Proof. Consider the mapping h : A" — A" where h(x) = g(f(g7!(x))).
So it takes a point x from A” maps it to T via g~ !. Then maps it ac-
cording to f and transfers it back to A" via g.

The function / is a continuous map from S to S as it is the compo-
sition of continuous functions. Also, by the previous theorem & has a
fixed point in A", i.e. a vector x € A" such that h(x) = x. But then,

s(f(g71 (%)) =x,
= f87(x) =87 ().
As such, g71(x) € T is a fixed point of f. O

Given this result, the only thing we need to show is that if S is
convex and compact then there exists a one-to-one and continuous
function ¢ : S — A" for which ¢~ is also continuous. Luckily this is
the case,’4 "4 skip the proof of this result.

Lemma 5. If S C R is convex and compact then there is a m < k and a one
to one continuous function g : S — A™ such that g~ is also convex.

Exercises

Jury

. Let f(x) = x? and suppose that S =]0, 1. Show that f has no fixed
point even though it is a continuous mapping from S to S. Does
this contradict Brouwer’s theorem, why, why not?

2. Use Brouwer’s theorem to show that the equation cos(x) — x —
1/2 = 0 has a solution in the interval 0 < x < %.

3. Place a map of your country on the floor. Show that there is at
least one point on the map that is exactly above the point it is
referring to.

4. Show thatif f: R" — R" is continuous and bounded, then f has a
fixed point.

5. A function f : R" — R" is said to have bounded displacement
if there is a number M such that for all x € R”, || f(x) — x|| < M.
Show that any such continuous function is onto (i.e. maps to every
point in IR").



General equilibrium in exchange economies

When Debreu received his Nobel prize in 1983, he was accosted by journalists who wanted to know his views

about where the economy was headed. He is said to have thought awhile and then continued, “Imagine an

economy with n goods and m consumers...”

A SIZEABLE PART of economics looks at the optimal behaviour of con-
sumers and producers buying and selling goods. These consumers
and producers meet each other on markets. The transaction of goods
is governed by (relative) prices. And as equilibrium dictates, prices
should be set as to equalize demand and supply.

As economists we are find it obvious that there should be some
prices at which markets clear. However, if you think more carefully
about this, there is something peculiar going on. Prices for certain
goods, will affect the demand and supply for other goods and there-
fore their prices. These price adjustments in turn affect demand and
supply behaviour on other markets and therefore the prices of other
goods. Given this, it is not at all obvious that there should exist a
single price vector that equates the supply and demand for all goods
simultaneously. The fact that such equilibrium price vector exists,
is one of the main theoretical results of economic theory of the past
century. Its proof relies heavily on Brouwer’s fixed point theorem.

CONSIDER AN ECONOMY with N consumers. Each consumer has
an endowment of goods. We denote the endowment of consumer i
by e’ € R. The endowment is simply a vector of good quantities,
e;- is the amount of good j that consumer i has to start with. Each
consumer also has a utility function u' : R¥ — R where u/(q) gives
the utility of consumer i for consuming the bundle q € RX. The
economy can be represented by the tuple

E={N,, ei)iSN}.

We consider the case of an exchange economy. This means that
there is no production (firms) involved. However, consumers are
allowed to trade with each other.

We require that that the utility functions u' are continuous and

The proof is due to Lionel McKenzy,
Kenneth Arrow and Gérard Debreu.



strictly quasi-concave. We also assume that goods are traded (i.e.
bought and sold) according to some price vector p € RE . If every

consumer is price taker, then the budget constraint of consumer i (i.e.

the goods that she can consume) is given by,

Bi(p)={qeRi:p-q<p-el

It can be shown that this correspondence B'(p) is continuous on IR]_‘F 4

As such,

max u(q),
q<B'(p)

leads, by Berge’s theorem, to an optimal solution, say the demand
function d’ : RE . — R, which gives the optimal consumption
bundle of consumer i, d'(p) for a given price vector p. We know this
function is continuous for p € lR’_i e

In addition to continuity and strict quasi-concavity, we also as-
sume that utility functions are locally non-satiated.

Definition 27 (locally non-satiation). The function u' : ]R’fF — R is locally
non-satiated if for all x € RX and all ¢ > 0 there is a y € RY such that,

Ix =yl < eand u'(y) > u'(x).

Local non-satiation states that at any bundle there is always an-
other bundle arbitrarily close that gives a higher utility.

The following result shows that if utility functions are locally
non-satiated, then the budget constraint will be binding.

Lemma 6. If u' is locally non-satiated then p - d'(p) = p - €'.

Proof. Let x = d(p). We know that p - x < p - e'. Towards a contra-
diction, assume that p-x < p - e’. Lete = p-e’ — p - x > 0. Then for
0 < |ly — x| < ¢/||pll, we have that,**5

py=px+p-(y—x),
=p-e—etp-(y—x),
<p-e—e+|pllly—xl,

1

<p-e.

As such there is a 6 > 0 such that for all y € RF with ||y — x|| < 4,
p-y < p-e.1® Also, by locally non-satiation there should be at least
one such y for which u!(y) > u(x), a contradiction with optimality
of x. O

Let d(p) be the demand function of consumer i at prices p. In
addition, consumer i has an endowment e’. The excess demand
function of consumer 7 is defined as,

di(p) — e

5 Observe the use of the Cauchy-
Schwartz inequality.

16Get § =¢/a.

8o



If for goods j, d;(p) — e;« > 0, then the consumer will buy this good
on the market. If on the other hand, good j has d;-(p) —¢; <0, then
the consumer will sell this good on the market. If we sum the excess
demand functions of all consumers together, we obtain the so called
aggregate excess demand function.

Definition 28 (Aggregate excess demand function). The (aggregate)
excess demand function is defined as,
N . .
z(p) = ) (d'(p) — ¢

i=1

The following gives some properties of the excess demand func-
tion.

Lemma 7. Ifz(p) : IR’; L RX is an excess demand function then:
* p-z(p) =0

e forall A >0, z(Ap) = z(p).

° z: ]R’fHr — R¥ is continuous.

Proof. We have that:

[
™=

p-z(p) =) (p-d'(p)—p-e),

i=1

|
=

by the fact that every consumers budget is balanced. Homogeneity
follows from the fact that d’(Ap) = d'(p). Rescaling of the prices
does not change the budget constraint so it does not influence the
optimization problem. Finally z is continuous as it is the sum of
continuous functions. O

The first property p - z(p) = 0 is called Walras’ law. It holds for
every price vector and is a simple consequence from the fact that all
consumers have a balanced budget.
The homogeneity of degree zero property, i.e. z(Ap) = z(p) allows
us to focus on price vectors p € Rk | for which ¥; p; = 1.7 This 17 Set A =
allows us to define the domain of the excess demand function to be
the set:

ANl ={pe R]—{&--&-'Z‘,Pi =1}
1

So we can set z : A’f@l — Rk,

We say that the price vector p is an equilibrium price if demand is
equal to supply on all markets. In other words, the excess demand
function is zero.

1
Yipi®
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Definition 29. Let z(p) be an excess demand function. Then p* is an
equilibrium price vector if
z(p*) = 0.

Theorem 27. Let z : A’f@rl — R¥ be a continuous function that satisfies
Walras law (p - z(p) = 0 for all p € A*1).

Assume also that for all sequence (py)neN in A’fgrl that converge to
some p the following property:

If there is some good j such that p; = 0, then there exists at least one good

¢ such that also py = 0 and the sequence (z¢(pn))neN is unbounded, i.e.
VM e N,3n € N :zy(pn) > M.

Then there exists an equilibrium price vector.

Proof. Consider an auctioneer whose task is to produce an equilib-
rium on all markets. What will this auctioneer do. Well she will
increase the prices of the goods whose excess demand is strictly
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positive. 8 And lower the price of the goods if

So a good price adaptation would be to set the price next period the excess demand is negative.

(say f(p)) equal to:
fi(p) = pj +zj(p)-

This would increase the relative price of the goods for which there is
an excess demand and decrease it for which there is negative excess
demand. There are a couple of problems with this price adjustment.
First of all, the value of z;(p) is not bounded. We can remidy this by
introducing:

8j(p) = min{1, max{0,z(p)}}.
The function g is continuous and bounded between zero and 1. This
gives the new adjustment process:

filp) = pj+;(p):
Again, prices relatively increase if z;(p) is positive (and thus rela-
tively decrease if not). We also need that the new prices f(p) sums to
one. This can be done by a suitable normalization:
flp) = —Frit&® _ pitsp)
i(p) = =
Ciap i gp) 1+ g(p)

This function maps from A1 o AF-T,

An issue therefore is that the domain of the function z(p) is not
A*=1 but rather A’f@l, and the latter is not closed. We will remidy
this by first restricting ourselves to a closed subset of Ak | and then
taking the limit of a sequence of such subsets that tend to A% . As
such, Consider the set:

k
AT = {pe ]Rij, pj > e and Z pj =1}
j=1



We have that A is compact (for ¢ sufficiently small, it is also non-
empty).

In order to apply Brouwer’s fixed point theorem, we need to
guarantee that f maps from points in AK~! to AF~1. We will do this
by adding a variable &, to the previous formula:

pj + 6 + gi(p)
fip) = — ! :
1+ ke + Y41 8t(p)
ke

Let us show that a value of J; = T ke = 0 indeed guarantees that f,

maps from AF~1 to A1,
Notice that the numerator is bounded from above by ¢ + J, the
denominator is bounded from above by 1 + ké; + k. As such:

. e+ 0
i)z G v

_ e(1 —ke+k)
1 —ke+k2e+k — k2
e(1 —ke+k)

1—ke+k

This shows that the function f(p) = (fi(p),-.., fx(p)) maps
from the compact and convex set A’g’l to A’S"l. As such, we can use

Brouwer’s fixed point theorem and show the existence of a vector
p¢ € A1 such that for all j:

; P+ 0 +8;(p°)
p] = X ’ (1)
14 kb + Y=y 8¢(p°)
k
opj(1+kde + ) gi(p°)) = pj + 0 + g;(p°)- (2)
t=1

Now, consider a sequence ¢, — 0. This gives an associated sequence
pn = p*" of fixed points. Given that every element of this sequence
is in A*1, a compact set, we know it has a convergent subsequence
with limit, say p ;) % p*. Let us show that every price in this limit
is strictly positive, i.e. p]’f > 0.

If not, then the additional condition in the theorem states that
there must be a good ¢ such that p; = 0 and the excess demand
along the subsequence (z¢(py(s)))neN of good ¢ are unbounded.

But then for good ¢ the limit of equation (2) is zero for the left
hand side (notice that J; converges to zero) and does not converge to
zero for the right hand side, a contradiction. As such p]* > 0 forall j.

This gives that:

k
P}‘(Z%gt(pg)) = g(p").
=
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Now, multiply both sides with z;(p*) and add up over all goods j:
k k
P z(p) (Y &:(p")) = Y. z(p")8i(P").
t=1 j=1

By Walras’ law, the left hand side is equal to zero. Also all terms on
the right hand side are either zero (if zj(p*) < 0) or strictly positive
(if zj(p*) > 0). As they must add up to zero, all of them must be
Zero.

This shows that for all goods j z;(p*) < 0. But given that p* -
z(p*) = 0, we can exclude the strict negativity case and conclude that
Z](p*) =0. O
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Kakutani’s fixed point theorem

Shizuo Kakutani was a Japanese mathematician. At the start of World War II, he was a visiting professor at the
Institute for Advanced Study in Princeton. With the outbreak of war he was given the option of staying at the
Institute or returning to Japan. He chose to return because he was concerned about his mother. So he was put on
a Swedish ship which sailed across the Atlantic, down around the Cape, and up to Madagascar, or thereabouts,
where he and other Japanese were traded for Americans aboard a ship from Japan. The trip across the Atlantic
was long and hard. There was the constant fear of being torpedoed by the Germans. What, you may wonder, did
Kakutani do. He proved theorems. Every day, he sat on deck and worked on his mathematics. Every night, he
took his latest theorem, put it in a bottle and threw it overboard. Each one contained the instruction that if found
it should be sent to the Institute in Princeton. To this day, not a single letter has been received.

Stanley Eigen, Annals of Improbable Research

BROUWER’S FIXED POINT theorem is very powerful. Sometimes,
however we would like to have a fixed point for correspondences
and not just functions. Remember, a function associates with each
point in a domain a unique point in the range. A correspondence, on
the other hand, can correspond to any point in the domain, multiple
points in the range.

Figure 11: A correspondence with a

Definition 30. Let G : S — S be a correspondence. The vector x € S is a fixed point.

fixed point of G if x € G(x). 1 7
Figure 11 gives a correspondence with a fixed point: 1/2 € G(1/2). /,’/
This case, however, can not be handled by the Brouwer fixed point o
theorem as the correspondence is not a function. o
The following gives the main fixed point results for correspon- e
dences, known as Kakutani'’s fixed point theorem. 7
Theorem 28 (Kakutani). Let G : S — S be a non-empty upper hemicon- o

tinuous convex valued correspondence on a compact and convex set S, then
there is an x € S such that x € G(x).

Proof. (sketch) The idea is to use Brouwer’s fixed point after approxi-
mating the correspondence with a function. The problem is that there
does not necessarily exist a continuous function f : S — S such that
f(x) € G(x) for all x € S. If such a function existed we could pick the
fixed point of f, which would give x = f(x) € G(x), so we’d have a
fixed point of G.



The idea is to slightly expand the graph of G by a small amount.
In particular define the e-ball around the graph of G,

Be(grc) = {(x,y) € S x S]3(X,y"),y" € G(X),

Define the correspondence G, where y € G¢(x) if (x,y) € Be(grg).
If the graph G is closed and convex, then for any € > 0, there exists
is a continuous function f; such that for all x, f:(x) € G¢(x) (This is
where the convexity part kicks in; this result is called von Neumann’s
approximation theorem.® By Brouwer’s theorem, f, has a fixed
point.

In this way, we can find a sequence of continuous functions
(f1/n)neN,, such that f1,,(x) € Gy/,(x) for all x € S. Each of these
functions has a fixed point, say X,. Also, because of the way that the
set B¢(g7g) is defined, we know that for all n there are (x,,y,) with
yn € G(x,) such that || (X,, Xn) — (xn, yn)|| < 1/n.

As S is compact, the sequence (X,),en has a convergent subse-
quence, say (Xy(n))neN With X, % %. But then (Xp(n)r Yo(n)) 5
(%,%). As G is upper hemicontinuous, it follows that (%, X) is in the
graph of G, so X € G(X) which gives us the fixed point. O

Exercises

1. Let C be a correspondence from [0, 2] into itself defined as

C(x) = {1}, if0 < x < 1,
Sl [02]if1<x<2

Show that C satisfies all the conditions of Kakutani’s theorem.

2. Verify whether the Kakutani fixed point theorem holds for the
following correspondences from the unit interval [0, 1] to itself. For
each correspondence, explain which conditions hold and fail, and
identify the set of fixed points.

* G(x) ={y e X[lly —x] <1/5}.
« H(x) = {y € Xllly - x|l > 1/10}.
o L(x) = argmax, [y — |

e M(x) = co(L(x)).

|(xy) = (X,y")|| <e}.

19 We are skipping the proof.
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Existence Nash equilibrium

CARNEGIE INSTITUTE OF TECHNOLOGY
ECHENLET PARK
FITTEBLRON 1, PENNEYLVANIA

DARARTMENT OF MATHEMATRS
Eotieet on ENIBKINING AND KIRHGE Pebruary 11, 158

Professor S, Lefschetz
Departmant of Mathematics
PFrinceton University
Frineeton, N, J,

Dear Professor Lefschetz:

This is to recommend Mr, John F. Nash, Jr,
who has applied for entrance to the graduate college
at Princeton,

Mr, Nash is nineteen years old and is
graduating from Carnegie Tech in June, He is a
mathematical genius,

Yours sinceraly,

ke LY Tihss
FRichard J, Duffin

RJD:hl

(Recommendation letter by Richard Duffin, Nash’s undergraduate advisor at the Carnegie Institute of
Technology, to Solomon Lefschetz, a math professor at Princeton)

IN THIS LAST chapter, we will use Kakutani’s fixed point theorem
to show a second great theoretical result in economics, namely the
existence of a Nash equilibrium.

A normal form game is given by a tuple (N,u;, A;). Here, N is
a finite set of players and A; C RF is the set of actions of player i.
The sets A; are assumed to be compact and convex. The functions
u' : TT; A; — R is the utility or payoff function of player i € N. Each
function u; is assumed to be continuous and quasi-concave in own
actions.

Let us restrict ourselves to a situation with only two players, 1 and
2.12° The Nash equilibrium assumes that each player chooses her 120 The proof can easily be extended to

best action give the action chosen by the other player. This gives the more than two players at the cost of
more confusing notation.



following optimal value and best response correspondences,

Z?1(«’:12) = arlneazﬁ u1(31,az),

Bi(ap) = {a; € A1 :uq(ag, a2) = vq(az)},

vy(ay) = gleafi up(ag, ap),

By(a1) = {az € Az 1 uz(ay, a2) = vz(ay)}.

By assumption, the sets A1, A, are compact and convex and the
utility functions are continuous and quasi-concave. Given this, we
know that the problems are well defined and in particular B;(a;) and
By (ap) are upper hemi-continuous and convex valued.

A strategy profile is a Nash equilibrium if it is a best response for
all players simultaneously.

Definition 31. A strategy profile (a1, ay) is a Nash equilibrium if a; €
Bq (az) and ap € Bz(al),

The idea is to reformulate the property of a Nash equilibrium as
the fixed point of a correspondence. We do this in the following way.
Let

B(al,az) = {(bl,bz) €Al xAy:by € B(az),bz S B(al)}.

This is a correspondence from A; x Ay to A; x Ap. We have that
(by,b2) € B(aj, ap) if by is a best response of player 1 to a, and if by
is a best response of player 2 to a;.

The crucial property of this correspondence is that (aj, ap) €
B(aj, ap) if and only if (a;,ay) is a Nash equilibrium. In other words,
the Nash equilibria are the fixed points of the correspondence B.

Theorem 29. Every normal form game has a Nash equilibrium.

Proof. It is easy to check that B : A1 X Ap — A X Ajp is upper
hemicontinuous and convex valued.™"

Also Aj x Aj is convex and compact. As such, if we apply Kaku-
tani’s fixed point theorem, we find that there is a strategy pair
(aj,a2) € B(aj, ap), i.e. a Nash equilibrium. O

Exercises

1. Consider two firms in a Cournot duopoly. Assume that g; and
g are the output levels of firm 1 and 2 respectively. The inverse
demand function is given by P(q; + g2)."** Assume that both firms
have cost functions given by c1(gq1) and c»(g2). What conditions
guarantee that there exists a Nash equilibrium?
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121 This follows from the fact that both
B; and B, are upper hemicontinuous
and convex valued.

22 The function P(q) gives the price
at which the consumer demands an
amount 4.
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2. Consider a two player game where each player has a finite num-
ber of pure strategies. Consider the mixed extension where each
player can choose a probability distribution over her pure strate-
gies. Use above theorem to show the existence of a mixed strategy

Nash equilibrium.
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